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Preface

In this book, we intend to give an extensive treatment of the basic theory of gen-
eral near polygons. The subject of near polygons has been around for about 25
years now. Excellent handbooks have appeared on certain important subclasses of
near polygons like generalized quadrangles ([82]) and generalized polygons ([100]),
but no book has ever occurred dealing with the topic of general near polygons.
Although generalized polygons and especially generalized quadrangles are indis-
pensable to the study of near polygons, we do not aim at giving a profound study
of these incidence structures. In fact, this book can be seen as complementary to
the two above-mentioned books.

Although generalized quadrangles and generalized polygons were intensively
studied since they were introduced by Tits in his celebrated paper on triality
([96]), the terminology near polygon first occurred in a paper in 1980. In [91],
Shult and Yanushka showed the connection between the so-called tetrahedrally
closed line-systems in Euclidean spaces and a class of point-line geometries which
they called near polygons. In [91], also some very fundamental results regarding the
geometric structure of near polygons were obtained, like the existence of quads,
a result which was later generalized by Brouwer and Wilbrink [16] who showed
that any dense near polygon has convex subpolygons of any feasible diameter. The
paper [16] gives for the first time a profound study of dense near polygons. Other
important papers on near polygons from the 1980s and the beginning of the 1990s
deal with dual polar spaces, the classification of regular near polygons in terms
of their parameters and the classification of the slim dense near hexagons. The
subject of near polygons has regained interest in the last years. Important new
contributions to the theory were the theory of glued near polygons, the theory of
valuations and important breakthrough results regarding the classification of dense
near polygons with three and four points on every line. These new contributions
will be discussed extensively in this book.

This book essentially consists of two main parts. In the first part of the
book, which consists of the first five chapters, we develop the basic theory of
near polygons. In Chapters 2, 3 and 4, we study three classes of near polygons:
the dense, the regular and the glued near polygons. Our treatment of the dense
and glued near polygons is rather complete. The treatment of the regular near



< Preface

polygons is concise and results are not always accompanied with proofs. More
detailed information on regular near polygons can be found in the book Distance-
regular graphs [13] by Brouwer, Cohen and Neumaier. In that book regular near
polygons are considered as one of the main classes of distance-regular graphs. In
Chapter 5, we discuss the notion of waluation of a near polygon which is a very
important tool for classifying near polygons.

The second main part of this book, which consists of Chapters 6-9, discusses
the problem of classifying all slim dense near polygons. These are dense near poly-
gons with three points on every line. There is a conjecture which states that all
these near polygons can be obtained by applying the direct product and the glue-
ing construction to a list of near polygons which consists of five infinite classes and
three exceptional near hexagons. In Chapter 6, we will discuss all the near polygons
of that list, thereby providing information on their convex subpolygons, spreads
of symmetry and valuations. The first main result with respect to the above-
mentioned classification was obtained by Brouwer, Cohen, Hall and Wilbrink [12]
who succeeded in classifying all slim dense near hexagons. Their proof relies on
Fisher’s theory of groups generated by 3-transpositions [72] and Buekenhout’s ge-
ometric interpretation of that theory [18]. In Chapter 7, we will give a purely
combinatorial proof of the classification of the slim dense near hexagons. In Chap-
ter 8, we classify all slim dense near polygons with a so-called nice chain of convex
subpolygons. All known slim dense near polygons, except for the ones with a so-
called E;- or Es-hex, have such a chain of subpolygons. In Chapter 9, we will give
a complete classification of all slim dense near octagons. In order to obtain the
classification results mentioned in Chapters 7, 8 and 9, we must invoke almost the
whole theory of near polygons which we developed in the earlier chapters. It is our
sincere hope that the techniques provided in Chapters 1-9 will ultimately lead to
a complete classification of all slim dense near polygons.

In the final chapter we will discuss nondense slim near hexagons and in the
appendix we will give an overview of what is known on the classification of dense
near polygons with four points on each line.

The study of near polygons is rather interesting and some of the tools which
we developed for dealing with general near polygons seem to have nice applications
to some specific classes of near polygons. We give two examples.

Admissible triples were originally introduced for the study of glued near
hexagons. One of the advantages of these structures was that they allowed a unified
construction for several classes of generalized quadrangles ([29]). Recently, these
structures have also been used to obtain some interesting characterization results
regarding the symplectic generalized quadrangle W (q) ([49], [55]).

Several of the near polygon techniques which we will discuss throughout this
book turn out to be useful for the study of certain important substructures of
dual polar spaces. E.g., the study of valuations of dual polar spaces has led to
two new classes of hyperplanes in dual polar spaces ([61]). Hyperplanes of dual
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polar spaces are often near polygons themselves and/or contain near polygons as
substructures, see e.g. [57].

Finally, I want to thank all my co-authors; it was a pleasure to work with
them on the subject of near polygons. I list them in alphabetical order: R. J. Blok,
I. Cardinali, F. De Clerck, U. Meierfrankenfeld, A. Pasini, S. E. Payne, H. Pralle,
K. Thas and P. Vandecasteele. Special thanks goes to my former Ph.D. student P.
Vandecasteele who was involved in realizing several of the results to be discussed
in this book. A large part of this book was written while the author was visiting
Antonio Pasini at the University of Siena in the first half of 2005. During this
visit, the author enjoyed his and several other people’s warm hospitality. I am also
very grateful to the Fund for Scientific Research — Flanders (Belgium) for financial
support during the last eight years.

Ghent, December 2005 Bart De Bruyn



Chapter 1

Introduction

1.1 Definition of near polygon

Let I' = (V, E) be a simple undirected graph without loops. The adjacency relation
in ' will usually be denoted as ~. A cliqgue of T' is a set of mutually adjacent
vertices. A clique is called mazimal if it is not properly contained in another
clique. We will denote the distance between two vertices z and y of T by d(z,y).
If X; and X, are two nonempty sets of vertices, then we denote by d(X7, X3) the
minimal distance between a vertex of X; and a vertex of Xs. If X is a singleton
{z1}, then we will also write d(z1, X3) instead of d({z1}, X2). For every i € N
and every nonempty set X of vertices, we denote by I';(X) the set of all vertices
y for which d(y, X) = i. If X is a singleton {«}, then we also write I';(z) instead
of T';({z}).

A near 2d-gon is a connected graph of finite diameter d with the property
that for every vertex x and every maximal clique M there exists a unique vertex
z' in M nearest to z. A near 0-gon consists of one vertex and a near 2-gon is just
a complete graph with at least two vertices.

A (point-line) incidence structureis a triple S = (P, L, 1), with P a nonempty
set whose elements are called points, £ a possibly empty set whose elements are
called lines and T a subset of P x L, called the incidence relation. If (p,L) € 1,
then we say that p is incident with L, that p is contained in L, that L contains p,
etc. .. A point-line incidence structure is called a partial linear space (respectively
a linear space) if every line is incident with at least two points and if every two
different points are incident with at most (respectively exactly) one line. The point
graph or collinearity graph of a point-line incidence structure S is the graph whose
vertices are the points of S with two different points adjacent whenever they are
collinear, i.e. whenever there exists a line incident with these points.

There is a bijective correspondence between the class of near polygons and
a class of partial linear spaces. If a graph I' is a near polygon, then the point-line
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incidence structure with points, respectively lines, the vertices, respectively max-
imal cliques, of T' (natural incidence) is a partial linear space S. The graph I' can
easily be retrieved from S: I' is the point graph of S. Because of this bijective
correspondence, we will call the partial linear spaces which correspond with near
polygons also near polygons. In the sequel we will always adopt the geometric
point of view. A near 0-gon is then a point and a near 2-gon a line. In the sequel
we will denote the line with s 4+ 1 points by Lsy1. If z is a point and L a line
of a near polygon, then we denote by 7 (z) the unique point of L nearest to x.
The diameter of a near polygon S is the diameter of its point graph and will be
denoted by diam(S).

A near 2d-gon, d > 2, is called a generalized 2d-gon if |[T1(y) NT;—1(x)] =1
for every i € {1,...,d — 1} and every two points x and y at distance ¢ from each
other. The generalized quadrangles (GQ’s) are precisely the near quadrangles. A
generalized 2d-gon is called degenerate if it does not contain ordinary 2d-gons as
subgeometries. For more background information on generalized quadrangles and
generalized polygons, we refer to [82], [95] and [100].

1.2 Genesis

Consider the n-dimensional Euclidean space with origin O. A line system of type
(a1,a2,...,a) is a set A of lines through O with the property that |cosa| €
{a1,aq,...,ax} for any two different lines of A at angle a. A system of vectors of
type (a1,as,...,ax) is a set 3 of vectors satisfying:

(i) ¥ =-2:={—zlz € I};
(ii) the norm (x,z) of x is a nonzero constant ¢ for all z € ¥;
(iii) if z,y € ¥ and = # +y, then |@| € {a1,a2,...,ar}.

Line systems of type (a,...,ax) are clearly equivalent to systems of vectors of
type (ai1,...,ax). In [91], E. Shult and A. Yanushka discussed line systems of
type (0, %) and showed that they were related to a class of point-line incidence
structures which they called near polygons. The angle o for which cosa = f% is
the angle subtended by two chords drawn from the barycenter of a tetrahedron
to two of its corner vertices. A line system of type (0, %) is called tetrahedrally
closed if it has 0, 1, 2 or 4 lines in common with every set of four lines obtained by
connecting the barycenter of an arbitrary tetrahedron centered at O with its four
corner vertices. A system of vectors of type (0, %) is called a tetrahedrally closed

(0, %) system of vectors if the corresponding line system is tetrahedrally closed.

Let ¥ be a tetrahedrally closed (0, %) system of vectors with norm 3. Fix a
vector u € 3 and let ¥_;(u) be the set of vectors of ¥ having inner product —1
with w. If ¥_1(u) # (), then we can define the following incidence system S: the
point set is equal to X_1(u); a triplet of three vectors {y1,y2,y3} C X_1(u) is a
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line if and only if u, 1, y2, y3 define the four vertices of a tetrahedron centered at

0.

Theorem 1.1 ([91, Proposition 3.10]). If for every two vectors of ¥_1(u) having
inner product 1, there exists at least one vector of X_1(u) having inner product
—1 with both vectors, then S is a near 2d-gon with d < 3. Moreover, every line of
S is incident with precisely three points.

1.3 Near polygons with an order

A near 2n-gon, n > 1, is said to have order (s,t) if every line is incident with
precisely s + 1 points and every point is incident with precisely ¢ + 1 lines. Here,
s and t are allowed to be infinite. If s = ¢, then we also say that the near polygon
has order s.

Theorem 1.2. Let S = (P, L,1) be a finite near 2n-gon, n > 1, of order (s,t) and

let x be a point of S, then Zyep(_%)d(w,y) = 0.

Proof. Since every line L of S contains a unique point nearest to x, the sum
ZyIL(—%)d(””’y) is equal to 0. Hence,

0= Z Z(,g)d( Y) — Z Z(,;)d( W = (t+1)- Z(,g)d( ),
LeLl yIL yeP Lly yeP

which proves the theorem. O

1.4 Parallel lines

The notion of parallel lines was introduced in [16].

Theorem 1.3. If K and L are two lines of a near polygon, then precisely one of
the following cases occurs.

(a) There exists a unique point k* on K and a unique point I* on L such that
d(k,l) = d(k, k*) + d(k*,1*) 4+ d(I*,1) for every point k on K and every point
lonL.

(b) For every point k on K, there exists a unique point 1 on L such that d(k,l) =
d(K,L).

Proof. We will make use of the following obvious observation, see also Lemma 1.8.

If w and v are two collinear points such that d(u,L) = d(v,L) — 1, then
mr(u) =7 (v).

We distinguish the following two possibilities.
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(a) All points 7 (u), u € K, are equal, say to [*. Let k* denote the unique
point of K nearest to [*. Then for all points kK € K and [ € L, we have
d(k,l) = d(k,1*) + d(*, 1) = d(k, k*) + d(k*,1*) + d(*, D).

(b) There exist points u1,us € K for which 7p(u1) # 7 (uz2). By the above
observation, d(uy, L) = d(us, L). Also by the above observation, every point
u € K has distance precisely d(u1, L) from L (otherwise 7r(u1) = 7r(u) =
71 (u2)). So, d(K, L) = d(u, L) for every point u of K. In a similar way one
proves that every point v of L has distance d(K, L) from K. O

Definition. If case (b) of Theorem 1.3 occurs, then the lines K and L are called
parallel and we will write K || L.

1.5 Substructures

A nonempty set X of points of a partial linear space S = (P, L,1) is called a
subspace if every line meeting X in at least two points is completely contained
in X. A subspace X of S is called geodetically closed or convex if every point
on a shortest path between two points of X is also contained in X. Obviously,
the intersection of two (convex) subspaces is again a (convex) subspace. Having
a subspace X, we can define a subgeometry Sx of S by considering only those
points and lines of § which are completely contained in X.

If X is a convex subspace of a near polygon S, then Sx clearly is a sub-near-
polygon of S. In the sequel, we will use the word “subpolygon” as a shortening of
“sub-near-polygon”. If the convex subpolygon Sx is a nondegenerate generalized
quadrangle, then X (and often also Sx) will be called a quad. For every point
x of a near polygon S, we can define the following point-line incidence structure
L(S,x): the points of L(S, ) are the lines through x, the lines of £(S,z) are the
quads through z and incidence is containment. £(S, z) is called the local space at
x. The modified local space ML(S,x) at a point x is obtained from L(S,z) by
deleting all lines of size 2.

Theorem 1.4. £(S,x) is a partial linear space.

Proof. Suppose that two different lines L; and Ly through x are contained in two
different quads @1 and Q2. Without loss of generality, we may suppose that @1
contains a point u not contained in @Q)o. If all points of ()2 are collinear with x,
then @ has no ordinary subquadrangles and hence is degenerate, a contradiction.
Hence, there exists a point 2’ in Q2 noncollinear with x. Let x;, ¢ € {1,2}, denote
the unique point of L; collinear with z’. The point z’ belongs to Q1 since it is
on a shortest path between ;7 € Q1 and zo € Q1. Hence, also the line z’'xq
belongs to Q1. Let u/, respectively v, denote the unique point of zx1, respectively
2'x9, nearest to u. Since Q2 is convex and u’,u” € Q2, also u belongs to Q2, a
contradiction. O
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Every nonempty set X of points is contained in a unique minimal convex
subpolygon C(X), namely the intersection of all convex subpolygons through X.
We define C(0) := 0. If Xy, ..., X}, are sets of points, then C(X; U---U X}) is also
denoted by C(X7, ..., X). If one of the arguments of C is a singleton {z}, we will
often omit the braces and write C(--- ,x,---) instead of C(--- ,{z},---).

A point x of a near polygon is called classical with respect to a convex
subpolygon F' if there exists a (necessarily unique) point 7p(x) € F such that
d(z,y) = d(z,7p(x)) + d(7p(z),y) for every point y of F. We call np(z) the
projection of x on F. If z is a point of a near polygon and L a line, then z is
always classical with respect to L.

Theorem 1.5. If x is a point of a near polygon and F' is a convex subpolygon such
that d(xz, F) <1, then x is classical with respect to F.

Proof. Obviously, the theorem holds if x € F. So, suppose z ¢ F. Since F' is
convex, there exists a unique point ' in F' collinear with z. Suppose there exists
a point y in F such that d(y,x) # 1+ d(y, 2’). Then d(y, z) < d(y, 2’). Hence, the
unique point z of the line za’ nearest to y lies at distance d(y,z’) — 1 from y. So,
z is contained on a shortest path between the points y and z’ of F. This would
imply that z € F and 2’z C F, contradicting z & F. O

A convex subpolygon F' of S is called classical in S if every point of S is
classical with respect to F. This means that F is gated in the sense of [69]. A
convex subpolygon F of S is called big in S if F # S and if every point of S\ F' is
collinear with a (necessarily unique) point of F'. By Theorem 1.5, every big convex
subpolygon of S is classical in S.

Theorem 1.6. The intersection of two classical convex subpolygons Fy and Fy is
either empty or again a classical convex subpolygon.

Proof. For an arbitrary point x of S, let 2’ denote the unique point in F nearest to
2 and let 2" denote the unique point of F» nearest to x’. Suppose that Fy N Fy # ()
and let u denote an arbitrary point of Fy N Fy. Since F5 is classical, 2’/ is contained
on a shortest path between ' € F} and u € Fj. Since Fj is convex, " € Iy
and hence z” € Fy N Fy. Now, let y denote an arbitrary point of F; N Fy. Then
d(z,y) = d(z,2') + d(2/, y) = d(z,2’) + d(2/, ") + d(2”, y) = d(x,2") + d(z", y).
Hence z is classical with respect to Fy N Fy. Since x was arbitrary, F; N Fy is
classical. O

Theorem 1.7. Let F be a big convex subpolygon of a near polygon S. Then every
convez subpolygon F' which meets F either is contained in F or intersects F' in a
big convex subpolygon of F'.

Proof. Suppose that F’ is not contained in F' and let z denote a common point
of F and F’. Let y denote an arbitrary point of F’ not contained in F N F’
and let y’ denote the unique point of F collinear with y. Since F' is classical,
d(y,x) = d(y,y’) + d(y’, z). Hence, the point y’, which is contained on a shortest
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path between the points x and y of F’, also belongs to F’. So, every point of F’
not contained in F' N F” is collinear with a unique point of F'N F”. This proves the
theorem. 0

Lemma 1.8. Let F be a convex subpolygon of a near polygon S which is classical
in S. If x1 and x4 are collinear points of S such that d(x1, F) = d(x2, F)—1, then
mp(r1) = mp(x2).

Proof. The point wr(x1) has distance at most d(z1, 7p(x1))+d(z1, 22) = d(a1, F)
+1 =d(x2, F) from x5 and hence coincides with 7p(z2). O

Theorem 1.9. Let K be a line of a near polygon S and let F denote a conver
subpolygon of S which is classical in S. Then one of the following holds.

e FEvery point of K has the same distance from F. In this case np(K) =
{np(x) |z € K} is a line of F parallel with K.

o There exists a unique point on K nearest to F. In this case all points wp(x),
z € K, are equal.

Proof. Suppose that all points 7r(z), x € K, are equal, to u say. Then there exists
a unique point on K nearest to F', namely the unique point of K nearest to u.
Suppose therefore that there exist points x1,z2 € K such that mp(z1) # 7p(z2).
By Lemma 1.8, d(x1, F) = d(x2, F). Put i := d(x1, F'). Since d(7wp(z1), 7p(x2)) =
d(l’l,ﬂ'F(.’L'Q)) - d(l’l,ﬂ'F<$1)) S d(!L‘l,IL‘Q) + d(!EQ,ﬂ'F<$2)) — d(ml,ﬂ'p(.’ﬂl)) = 1,
7r(x1) and wp(x2) are contained in a line K'. If w is a point of K different from
x1 and x2, then u has distance at most i+ 1 from the points 7 (1) and 7 (z2) of
K'. Hence there exists a point «' on K’ at distance at most ¢ from u. By Lemma
1.8, d(u, F') = i and wp(u) = u'. This proves that 7p(K) C K’ and that every
point of K has the same distance 7 from F. Suppose now that there exists a point
v in K’ \ mp(K). Then v’ has distance at most i + 1 from at least two points of
K and hence distance at most ¢ from a point u of K, showing that v’ = 7p(u), a
contradiction. (|

In Section 1.4 we defined the notion of parallel lines. We will now generalize
this notion to arbitrary subpolygons. Two convex subpolygons F; and F5 of a
near polygon are called parallel (notation: Fi||Fy) if the following holds for every
i € {1,2} and every point x of F;:

e 1 is classical with respect to F3_;;
o d(z,7mp,_,(x)) = d(F1, F»).

By Theorem 1.5 every two disjoint big convex subpolygons of a near polygon are
parallel.

Theorem 1.10. Let Fy and F5 be two parallel conver subpolygons of S. Then the

map m;3—; : F; — Fs_;, i € {1,2}, which maps a point x of F; to the unique point
of F3_; nearest to x, is an isomorphism. Moreover, Ty 1 = 71'1_%
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Proof. (a) We first show that 7 2 and 72 1 are bijections and that 7 ; = ﬂ;% Let
x denote an arbitrary point of Fy. Since d(z, m1 2(2)) = d(Fi, F2), x is the unique
point in Fj nearest to my 2(z). Hence, 71 2 is injective and x = 21 071 2(z). Since
x was arbitrary, w1 is surjective. By symmetry, 71 2 and w21 are bijections and
2,1 = 7'(‘1_’%

(b) Next, we show that 71,2 and 7o determine isomorphisms between Iy
and Fs. Let « and y denote two different collinear points of Fy. Since 7 2(y) is the
unique point of F5 at minimal distance d(F}, F») from y, we have d(y, 71 2(z)) >
d(Fy, Fs) + 1. Now, d(y,m2(z)) < d(y,z) + d(z, m12(x)) < 1+ d(Fy, F2). So,
L+ d(Fy, F) = d(y, me(@) = d(y, m2(y) + d(m2(y), me(@) = d(F1, F2) +
d(m1,2(y), m1,2(x)), namely d(m 2(x), m1,2(y)) = 1. So, 71 2 determines an isomor-
phism between the point graphs of F; and F5 and hence also between F} and Fs
themselves. [l

Definition. The map 7; 3—; defined in Theorem 1.10 is called the projection from
Fi to F3_i.

Definition. Let S = (P, L,I) be a near polygon with three points on each line
and let F' be a big convex subpolygon of S. For every point z of F', we define
Rp(x):=x. If zis a point of S not contained in F, then we put Rp(z) equal to
the unique point of the line x mp(z) different from = and 7p(x). Obviously, 7p is
a permutation of P. We call Ry the reflection about F.

Theorem 1.11. Ry is an automorphism of S.

Proof. Tt suffices to show that R maps two different collinear points x and y to
collinear points Rp(x) and Rp(y). Obviously, this holds if the line xy meets F.
Suppose therefore that xy is disjoint from F. By Theorem 1.9, mp(z) and 7p(y)
are collinear. Consider the lines L, := znp(x) and L, := ymp(y). Since d(z,y) =1
and d(rp(z), 7r(y)) =1, Ly || Ly and d(Lg, Ly) = 1. Hence d(Rp(z), Rr(y)) = 1.
This proves the theorem. O

1.6 Product near polygons

For any two graphs I'y = (V1, 1) and T'y = (Va, Es), a new graph I'y x 'y can be
defined. The vertices of I'y x I'y are the elements of the cartesian product V; x V5.
Two vertices (x1,x2) and (y1,y2) of I' are adjacent if and only if either (z1 = y1
and xg ~ yo) or (1 ~ y1 and x5 = y2). The graph I'y x 'y is called the direct
product of 'y and I's.

If S = (P1,£1,11) and S = (Pa, L2, 1) are two near polygons, then we can
define the following incidence structure § = (P, £,1):

o P ="P1 x Po;
[ ] E:(’P1X£2)U(£1 XPQ);
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e the point (z,y) of S is incident with the line (z,L) € P; x Lo if and only
if £ =z and y I L, the point (z,y) of S is incident with the line (M, u) €
L1 x Py if and only if x Iy M and y = u.

Let d;(-,-), ¢ € {1,2}, denote the distance in S; and let d(-,-) denote the distance
in 8. One easily verifies that d[(z1,x2), (y1,y2)] = di(z1,y1) + da(z2,y2) for all
points (z1,22) and (y1,y2) of S. From this it follows that S is a near polygon. We
denote S also by &1 X Sy and call it the direct product of S; and Ss. The point
graph of &1 X Ss is isomorphic to the direct product of the point graphs of &;
and 82. Since Sl X 82 = 82 X 81 and (Sl X SQ) X 83 = 81 X (82 X 83), also the
direct product of k > 3 near polygons Sy, ..., Sk is well-defined. If S;, 7 € {1,2},
is a near 2n;-gon, then &; x Sy is a near 2(ny + na)-gon. A product near polygon
is a near polygon which is the direct product of two near polygons with diameter
at least 1. A Hamming near 2n-gon, n > 1, is the direct product of n lines. An
(n1 X ng)-grid is the direct product of a line of size ny and a line of size ns.
Clearly, an (ny X ng)-grid is a generalized quadrangle. An (nq X ng)-grid is called
symmetrical, respectively nonsymmetrical, if n; = ng, respectively ny # ny. The
point-line dual of a (symmetrical, nonsymmetrical) grid is called a (symmetrical,
nonsymmetrical) dual grid. The following result is due to Brouwer and Wilbrink
[16].

Theorem 1.12. Let S = (P, L,1) be a near polygon and let s be a possibly infinite
number for which the following holds:

e S has a line of size s+ 1;
e S has a line whose size is different from s+ 1;

e if x and y are points at mutual distance 2 and if x and y have a common
neighbour z such that the line xz has size s + 1 and the line zy has size
different from s+ 1, then x and y have at least two common neighbours.

Then there exists two near polygons S1 and Sy such that
(i) every line of S1 has size s + 1,

(ii) no line of Sy has size s+ 1,

(iil) S= 81 X Sa.

Proof. Let L1 denote the set of all lines of S which are incident with precisely s+ 1
points and put Lo := L\ L£;. Let A; denote the partial linear space with point set
P and line set £; (natural incidence). For every point x of S, let o (1e{1,2})
denote the connected component of A; containing . Every line through z is either
contained in Fé” or Fg£2).

Definition. A path (zo,...,zx) is called nice if the following holds for a certain
point z; (0 <! < k) of that path:

o for every i € {0,...,1 — 1}, z;7,41 has size s + 1,
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o for everyi € {l,...,k — 1}, z;x;41 has size different from s + 1.
The unique point x; with that property is called the turning point of the nice path.

Property. Among all shortest paths between two points of S, there always exists
one which is nice.

Proof. Let x and y denote two points of S at mutual distance 2 and let (z, z,y)
denote a shortest path between x and y which is not nice. By our assumptions,
there exists a common neighbour 2’ of x and y different from z. Now, zz'||zy and
z'y||xz. Since parallel lines contain the same number of points, the line 2z’ has
size s+ 1 and the line 2’y has size different from s+ 1. As a consequence, (x, 2, y)
is a nice path.

Let z and y be two points of S such that d(z,y) > 3. Starting from an
arbitrary shortest path between x and y, we can obtain a nice shortest path
between x and y by successively altering a subpath of length 2 which is not nice
to a nice path of length 2. O

Definition. For every i € {1,2}, put P; := {Fz(l) |z € S}. Then P; is a partition of
the point set of S.

Property. Every element of Py intersects every element of Py in at least one point.

Proof. Let Fél) denote an arbitrary element of P; and let Fé2) denote an arbitrary
element of P,. Consider a nice path between = and y and let z denote the turning
point of that path. Then z is a common point of FS) and F152)- U

Property. Let (xg,...,x), x = xo, denote a closed path in S, and let L;, i €
{0,...,k—1}, denote the line defined by x; and ;1. Then for every j € {0,... , k—
1}, there exists a j' € {0,...,k — 1} \ {5} such that L;||L; .

Proof. Without loss of generality, we may suppose that 7 = 0. Suppose that none
of the lines Lq,..., L;_1 is parallel with Lg. Since L;, i € {1,...,k — 1}, is not
parallel with Lo, mp,(2;) = 7L, (zi+1)- So, we must have that 7r,(z1) = 7L, (a)
or that x1 = xg, a contradiction. O

Property. Every element of Py intersects every element of Py in a unique point.

Proof. Let G1 denote an arbitrary element of P; and let G5 denote an arbitrary
element of P5. Suppose that x and y are two different points of Gy N Gs. Let ~;,
i € {1,2}, denote a path between z and y in the collinearity graph of G;, let
denote a shortest path between x and y and let L denote a line defined by two
successive points of . Let L; # L, i € {1,2}, be a line parallel with L containing
two successive points u; and v; of the closed path between v + v; (see previous
property). Since v is a shortest path, it is impossible that both u; and v; lie on .
So, u; and v; are points of ;. Hence, L has size s + 1 and Ly has size different
from s+ 1. Since the lines L; and Ly are parallel with L, the three lines L, L and
Lo must contain the same number of lines, a contradiction. So, G; and G5 have
precisely one point in common. O
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Property. Every element o of Py U Py is a convexr subpolygon of S.

Proof. Suppose that « is an element of P;. Consider a shortest path v =
(zo,...,7x) between two vertices zg and zp of a. Let 4/ denote a path in «
connecting zo and xi. By the proof of the previous property, there exist two suc-
cessive points u; and v; in 4" such that ;2,41 ||uv; (7 € {0,...,k —1}). So, every
line x;x;41, % € {0,...,k— 1}, contains s+ 1 points and + is completely contained
in a. As a consequence, « is convex. In a similar way one shows that every element
of P is convex. O

Definition. Define now the following graph I'; = (P;, E;). Two different elements
« and g of P; are adjacent if and only if « contains a point which is collinear with
a point of .

Property. If & and B are adjacent inT;, 1 € {1,2}, then every point of « is collinear
with a point of (3.

Proof. Let x and y be two collinear points of a. We will show that if d(z, 5) = 1,
then also d(y, 8) = 1. The property then follows from the connectedness of «. Let
x’ denote a point of § collinear with z. Then d(z’,y) = 2 and z is a common
neighbour of 2’ and y. Moreover, one of the lines 'z, xy has size s + 1, while the
other line has size different from s + 1. Hence, z and 3’ have a second common
neighbour ' Since z'y’||zy, 'y’ has the same number of points as xy. Hence,
y' € (3. This proves the property. O

Property. Let i € {1,2}. Then two vertices o and B of T'; are adjacent if and only
if dlany,BNy) =1 for every v € P3_;.

Proof. This follows immediately from the previous properties. ]

Corollary. The point graph of every element of Ps_;, i € {1,2}, is isomorphic to
T;. As a consequence, all elements of Ps_; are isomorphic (to Ss—;, say).

Let I' denote the point graph of §. The following property completes the proof of
Theorem 1.12.

Property. The graphs T' and T'y x 'y are isomorphic.

Proof. Consider the bijection 0 : & — (Fé”, FE(Q)) from the vertex set of I' to the
vertex set of I'; x I'y. We will show that 6 is an isomorphism. Let z and 2’ denote
two arbitrary vertices of I'. Then

z~r o Fie{1,2},FD =FY and dFD nFP, FPnFEP) =1,
& Jie{1,2},FD =FY and F¢) ~ FE,
& 0(z) and 0(z') are adjacent.
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Corollary 1.13. Let S be a near polygon which satisfies the following properties:
e not every line of S is incident with the same number of points,

e if two points x and y at mutual distance 2 have a common neighbour z such
that the lines xz and yz have different sizes, then x and y have at least two
common neighbours.

If s1 +1,...,s, + 1 denote the k > 2 different line sizes which occur in S, then
there exist near polygons Si, . ..,Sk which satisfy the following properties:

o cvery line of S; (i € {1,...,k}) has size s; + 1,
L] S%Slx'uxSk.

Proof. We will prove this by induction on k. By Theorem 1.12, the corollary holds
if K = 2. So, suppose k > 3. Again by Theorem 1.12, there exist near polygons
S and 8’ satisfying the following properties: (i) every line of S; is incident with
s1+1 points; (ii) no line of 8’ is incident with s + 1 points; (iii) S = S; x S’. Now,
the product near polygon S; x &’ contains a convex subpolygon F' isomorphic to
S'. If z and y are two points of F' at distance 2 from each other having a common
neighbour z such that xz and yz have different sizes, then = and y have at least two
common neighbours in 8; X &’ and hence also in F. So, the induction hypothesis
can be applied to &’. The corollary now readily follows. O

Theorem 1.14. If S is a generalized quadrangle, then precisely one of the following
holds:

e S is degenerate: there exists a point in S which is incident with all lines of
S;

e S is a nonsymmetrical grid;
e S is a nonsymmetrical dual grid;
e S has an order (s,t).

Proof. Suppose first that every two points at distance 2 have at least two common
neighbours. Let x denote an arbitrary point of S. Suppose that there exists only
one line through z. Since & has diameter 2, there exists a point y € T'y(z). If 21
and z9 denote two different common neighbours of = and y, then the lines xz; and
xzo are different, contrary to our assumption. Hence, every point of S is incident
with at least two lines. It follows that the point-line dual of S is also a generalized
quadrangle. If not every line of § is incident with the same number of points, then
by Theorem 1.12, § is a grid. If not every point of S is incident with the same
number of lines, then again by Theorem 1.12, § is the point-line dual of a grid.
Suppose next that there exist two noncollinear points x and y which have a
unique common neighbour z. We will show that every point of S is collinear with
z. Suppose the contrary and let u be a point noncollinear with z. Let v denote the
unique point of zy collinear with u. Then v # 2z and = ¢ wv. Let K denote the
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unique line through « intersecting wv. Then K contains a unique point collinear
with y contradicting the fact that x and y have only one common neighbour. So,
every point is collinear with z. It now easily follows that z is contained in every
line. So, no ordinary subquadrangles exist and S is degenerate. This proves the
theorem. (|

1.7 Existence of quads

In this section, we will prove one of the main results in the theory of near polygons.
Theorem 1.20 which is due to Shult and Yanushka [91] gives sufficient conditions
for the existence of quads through two points at distance 2 from each other.

Let & be a near polygon. Let a and b denote two points of S at distance
2 from each other and let ¢ and d denote two common neighbours of a and b
such that at least one of the lines ac, ad, be, bd contains at least three points. Let
X (a,b,c,d) denote the set of points at distance at most 2 from a, b, ¢ and d.

Lemma 1.15. X(a,b,c,d) is a subspace.

Proof. The set I'<a(a) of points at distance at most 2 from a is a subspace. (If a line
L contains at least two points of I'<3(a), then it has distance at most 1 from a and
hence every point of L belongs to I'<a(a).) Hence, I'<a(a)NI'<2(b)NI'<2(c)NT<2(d)
is, as an intersection of subspaces, again a subspace. O

Lemma 1.16. Suppose ¢’ is a point of the line ac different from a and let b/ denote
the unique point of the line bd collinear with ¢’. Then X (a,b,c,d) = X (a,b',c,d).

Proof. The points at distance at most 2 from a and ¢ are the points at distance
at most 1 from the line ac. Similarly, the points at distance at most 2 from b and
d are the points at distance at most 1 from the line bd. The lemma now easily
follows. (|

Lemma 1.17. If 1 and x2 are points of X (a,b,c,d), then there exist points a’, V',
c, d for which the following holds:

(i) d(a’,0) =2 and ¢ and d' are two common neighbours of a’ and V';
(i) at least one of the lines a'c’,a’d ,b'c’, b/d’ contains at least three points;

(i) X(a\¥, ¢, d') = X(a,b, ¢, d);

(iv) for every i € {1,2}, x; has distance at most 1 from {a’, V', ¢/, d'};

(v) ifx; €d ULV UV Udd for a certain i € {1,2}, then x; € {d’,b',c,d'}.

Proof. We can construct the points a’, ¥, ¢’ and d’ by applying Lemma 1.16 a
few times. Let Z;, i € {1,2}, denote a point of ac U ¢b U bd U da nearest to x;.
By applying Lemma 1.16 at most two times, we can find points a”, ", ¢’ and d”
satisfying (i), (ii), (iii), (iv) and {&1,Z2} C {a”, 0", ", d"}. If also condition (v) is
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satisfied, then we are done. If condition (v) is not satisfied, then we can find the
required points a’, ¥, ¢, d’ by applying Lemma 1.16 again at most two times. [

Lemma 1.18. Every two points x1 and xo of X (a,b,c,d) lie at distance at most 2
from each other.

Proof. By Lemma 1.17, we may suppose that the following holds for every i €
{1,2}:

e z; has distance at most 1 from {a,b, ¢, d}

o if ; € acUcbUbdU da, then z; € {a,b,c,d}.

The lemma obviously holds if {z1, 22} N {a,b,c,d} # 0. So, we may suppose that
{z1,22} N{a,b,c,d} = 0. Let y;, i € {1,2}, denote a point of {a, b, c,d} collinear
with x;. We distinguish between the following possibilities.

[ ] d(y17y2) = O
Then we have d(z1,z2) < d(z1,y1) + d(y1, 22) = 2.

o d(y1,y2) = 1.

Without loss of generality, we may suppose that y; = a and y» = c¢. The
point b has distance 2 from a and distance at most 2 from x1. Hence, there
exists a unique point z; on the line az; collinear with b. Similarly, there exists
a unique point zz on the line czy collinear with d. Since ad||be||laz ||bd] ac,
each of the lines ad, bc, az1, bd and ac contains at least three points. Let u
denote an arbitrary point of az; different from a and z;. Since az1 ||bd, there
exists a unique point «' on bd collinear with u. Obviously, d # u’ # b. Since
cz2||bd, there exists a unique point u” on czo collinear with «’. Obviously,
¢ # u” # zy. If the lines axy and cxy were not parallel, then we would
have d(u,u”) = d(u,a) + d(a,c) + d(c,u”) = 3, contradicting d(u,u”) <
d(u,u’) + d(u',u”) = 2. So, the lines az; and cxy are parallel. This implies
that d(x1,z2) < 2.

o d(y1,y2) = 2.
The point y; has distance 2 from ys and distance at most 2 from x5. Hence,
there exists a unique point on the line yoxo collinear with y;. Similarly, there
exists a unique point on the line x1y; collinear with ys. It follows that either
x1y1 Nxay2 # 0 or x1y1||z2ye. In any case, d(z1,x2) < 2. O

Lemma 1.19. The set X(a,b,c,d) is a quad.

Proof. Take a nonincident point-line pair (x,L) with z € X (a,b,¢,d) and L C
X (a,b,c,d). Since every point of L has distance at most 2 from x, L contains
a unique point &’ collinear with x. This proves that X (a,b,c,d) is a generalized
quadrangle. Since X (a, b, ¢, d) contains an ordinary quadrangle as subgeometry, it
is nondegenerate. It remains to show that X (a, b, ¢, d) is geodetically closed. Let a’
and b’ be arbitrary points of X (a,b, ¢, d) at distance 2 from each other, let ¢’ and
d' denote two common neighbours of a’ and o’ contained in X (a, b, ¢, d) and let €’
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denote a third common neighbour of @’ and ¥'. The points a, b, ¢, d and €’ belong
to the subquadrangle X (a/, b, ¢/, d’). So, €’ € T'<a(a) NT'<2(b) NT<2(c) NT'<2(d)
by Lemma 1.18. This proves that X (a,b, ¢, d) is geodetically closed. [l

Theorem 1.20. Let a and b denote two points of a near polygon at distance 2 from
each other. Let ¢ and d denote two common neighbours of a and b such that at
least one of the lines ac,ad, bc,bd contains at least three points. Then a and b are
contained in a unique quad. This quad coincides with C(a,b) and consists of all
points of the near polygon which have distance at most 2 from a, b, ¢ and d.

Proof. Let @ denote a quad through a and b. Since () is convex, ¢ and d are
contained in Q). Any point of @ has distance at most 2 from a, b, ¢ and d. Hence,
Q C X(a,b,c,d). Every point x of X(a,b,c,d) has distance at most 1 from the
lines ac and bd. Since x has distance at most 1 from two different points of @, x
must be contained in Q. So, X(a,b,c¢,d) C Q. Hence, X (a,b,c,d) is the unique
quad through a and b. O

1.8 The point-quad and line-quad relations

In this section, we determine the possible relations between a point and a quad
and a line and a quad. These possible relations were first described in [91] and
[16].

Theorem 1.21. Let Q) be a generalized quadrangle which is not a dual grid. Then,
for every point x of Q, T'a(x) is connected and has diameter at most 3.

Proof. Let y; and yo denote two different points of T'a(x). We distinguish between
the following possibilities.

e d(y1,y2) = 1. Then y; and y2 have distance 1 in I'y(z).

e d(y1,y2) = 2 and there exists a point in 'y (y1) NT'1(y2) not collinear with .
Then y; and y2 have distance 2 in T'a(x).

e d(y1,y2) = 2 and every point of I'1 (y1)NT'1 (y2) is collinear with z. Let z; and
29 denote two different points of I'1 (y1)NI'1 (y2) and let y4 denote an arbitrary
point of the line yo29 different from yo and z5. Then g} is not collinear with
z1. Hence, the unique point y on y; 21 collinear with y} is contained in I'y(z).
Now, the path y1, ¥}, y5, y2 is completely contained in I'y(z). So, y1 and yeo
have distance 3 in I'y(x). O

Definition. An ovoid of a generalized quadrangle is a set of points which intersects
each line in a unique point. A fan of ovoids is a partition in ovoids. A rosette of
ovoids is a set of ovoids through a point partitioning the set of points at distance
2 from that point.

If @ is a finite generalized quadrangle of order (s,t), then every ovoid of @
contains st+ 1 points, every fan of ovoids contains s+ 1 elements and every rosette
of ovoids contains s elements.
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Theorem 1.22. Let x be a point and QQ a quad of a near polygon. Then precisely
one of the following cases occurs.

(1) The point x is classical with respect to Q. We will also say that the pair (z, Q)
ts classical.

(2) The points in @ nearest to x form an ovoid in Q. In this case we say that x
is ovoidal with respect to Q, or that (x,Q) is ovoidal.

(3) Q is a dual grid and the set of points of Q) nearest to x contains at least two
points and is a proper subset of one of the two ovoids of Q. In this case (z,Q)
ts called thin ovoidal.

Proof. Put d(z,Q) = 6 and let O, denote the set of points of @) at distance §
from z. No two points of O, are collinear. So, if @ is a dual grid, then we have
one of the cases (1), (2) or (3). We may therefore suppose that @ is not a dual
grid. If every point of () has distance at most d + 1 from x, then every line of @
contains precisely one point at distance ¢ from z. So, O, is an ovoid and we have
case (2). So, suppose there exists a point y in @ at distance § + 2 from x. Let z
denote a point of @ at distance § from z. Then every point of @) at distance 1
from z has distance § 4+ 1 from z. Suppose that 3’ is a point of I's(z) N Q collinear
with y and let y” denote the unique point of the line yy’ collinear with z. Since
d(z,y")=0+1and d(z,y) = §+ 2, d(x,y’") = 6 + 2. So, every point of I'2(z) N Q
collinear with y has distance § 4+ 2 from x. By Theorem 1.21, it now easily follows
that every point of I's(z) N @ has distance 6 + 2 from x. So, we have case (1). O

Let @ be a quad of a near polygon of diameter d and suppose that @ is not
a dual grid. For every ¢ € N, let X;(Q) denote the set of points at distance i from
Q, let X; ¢(Q) denote the set of points of X;(Q) which are classical with respect
to @ and let X; o(Q) denote the set of points of X;(Q) which are ovoidal with
respect to (). If no confusion is possible, we will write X;, X; ¢ and X; o instead
of X;(Q), Xic(Q) and X, 0(Q). Clearly, Xo = Q, X1.0 = 0, X4y—1,c = 0 and
X, =0ifi>d If z € X; c(Q), then 7o (z) denotes the unique point of Q) nearest
to x.

Theorem 1.23. Let Q) be a quad of a near polygon S and suppose that @ is not a
dual grid. Let i € N and let L be a line of S.

(1) If L contains points of X; and X;41, then |[LN X;| = 1.
(2) No point of X; 0 is collinear with a point of X, c.

(3) If L is a line contained in X; ¢, then mg(L) is a line of Q parallel with L.
(4)

4) If L is a line contained in X; o, then the points of L determine a fan of

ovoids in Q).

(5) If L contains points of X; 0 and X;+1, then L is contained in X; 0 UX,11 0.
In this case, all points of L determine the same ovoid of Q).
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If L contains points of X; ¢ and X,11,c, then all points of L determine the
same point in Q).

If L contains points of X; ¢ and X;y1,0, then the points of LN X, 11,0 deter-
mine a rosette of ovoids in Q. The common point of all these ovoids is the
point mo(L N X, c).

Proof. (1) Suppose the contrary. Let z and y denote two different points of LNX;

and let z denote a point of X; 1. Every point of I';(z) NT';(y) N Q must have
distance i — 1 from a unique point of L, which is impossible. Hence, I';(2) N Q
and T';(y) N Q are disjoint. Since both I';(z) NQ and T';(y) N Q are contained
in Ti41(2) NQ, Ti11(2) N Q must be an ovoid, I';(z) N Q must be a point
2, Ti(y) N Q must be a point ¢ and d(z’,y’) = 2. Now, z is classical with
respect to @ and hence d(z,y’) = d(z,2’) + d(2’,y") = i + 2. On the other
hand, d(z,vy’) < d(z,y) +d(y,y") < i+ 1. So, our assumption was wrong and
|ILNX;| =1.

Suppose the contrary. Let x € X; ¢ be collinear with y € X; . Let 2’ denote
the unique point of @ nearest to x and let O be the ovoid T';(y) N Q. Every
point of T'y(2’) N @ has distance i + 2 from = and hence distance i + 1 from
y. So, every point of the ovoid O is contained in {2’} U (I'1(z') N Q). This is
not possible, since () is not a dual grid.

Let z and y be two different points of L. If g (z) = 7o (y), then mg (x) has dis-
tance ¢ from two different points of L and hence distance i — 1 from a point of
L, a contradiction. Hence, mg(z) # mg(y). Now, d(z, mq(y)) = d(z, mq(z)) +
d(mq (), ma(y)) and so d(mq(x), ma(y)) = d(z, 7o (y)—d(z, Tq(x) < d(z,y)
+d(y,mq(y)) — d(z, mg(x)) = d(x,y) = 1. Hence, the points mg(z), z € L,
are mutually collinear. Hence, there exists a line I’ in @) containing all points
mq(z), z € L. Obviously, L is parallel with L and mg(L) = L.

For every point « of L, O, :=T;(z) N Q is an ovoid of Q. If y is a point of @,
then d(y,z) € {i,i+ 1} for every point € L. Hence, L contains a unique
point at distance i from y. It follows that the ovoids O,, € L, partition the
point set of Q.

Let x denote the unique point of L contained in X; o and let y denote an
arbitrary point of LN X;y1. The ovoid I';(z) N Q is contained in T';11 (y) N Q.
Hence, y € Xit+1,0 and I'i11(y) N Q =T (x) N Q. This proves the property.

Let = denote the unique point of L contained in X; ¢ and let y denote an
arbitrary point of X, 11 ¢ N L. The point mg(x) has distance at most 7 + 1
from y. Hence, 7o (y) = mo(x). This proves the property.

Let x denote the unique point of L contained in X; ¢. For every point y €
LN X110, put Oy :=T41(y) N Q. Obviously, mg(z) € O,. Every point z
of @ NTa(mg(x)) lies at distance i + 2 from = and distance at most 7 + 2
from any point of L\ {z}. It follows that z is contained in a unique ovoid
Oy, y € L\ {z}. O
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1.9 Some classes of near polygons

1.9.1 Thin and slim near polygons

A near polygon is called thin if every line is incident with precisely two points. A
near polygon is called slim if every line is incident with precisely three points.

Theorem 1.24. The class of thin near polygons coincides with the class of connected
bipartite graphs of finite diameter.

Proof. If T is a connected bipartite graph, then the maximal cliques of I" are the
edges of T'. For every vertex z and every edge E = {y, z}, d(x,y) and d(z, z) have
different parity and hence exactly one of the points y and z is nearest to z. This
proves that I" is the point graph of a thin near polygon S.

Conversely, suppose that S is a thin near polygon and let I" denote its point
graph. If xg,x1,...,2, denotes a path of length £ > 1 in I', then since the line
{zi,xi41}, 1 € {0,...,k — 1}, contains a unique point nearest to xq, d(zo,z;) and
d(zo, z;4+1) have different parity. So, d(zo, zx) and k must have the same parity.
Hence, every closed path in I" has even length. This implies that T" is a bipartite
graph. U

1.9.2 Dense near polygons

A near polygon is called dense if every line is incident with at least three points
and if every two points at distance 2 have at least two common neighbours. We
will discuss dense near polygons in detail in Chapter 2. A large part of this book
is devoted to the classification of the slim dense near polygons (Chapters 6, 7, 8
and 9). If z and y are two points of a dense near polygon at distance 2 from each
other, then by Theorem 1.20, x and y are contained in a unique quad. We will
generalize this property in Theorem 2.3.

1.9.3 Regular near polygons

A finite near 2d-gon S (d > 1) is called regular if it has an order (s,t) and if there
exist constants ¢;, i € {0,...,d}, such that for every two points x and y at distance
i, there are precisely t; + 1 lines through y containing a (necessarily unique) point
at distance ¢ — 1 from x. Obviously, tg = —1, t; = 0 and ¢4 = t. The numbers s,
t, t; (i €{0,...,d}) are called the parameters of S.

A finite graph T' of diameter d > 1 is called distance-regular if there exist
constants a;, b;, ¢; (i € {0,...,d}) such that |T;(z) NT1(y)| = ai, [Tix1(z) N
T1(y)| = b; and |T;—1(x) NT1(y)| = ¢ for any two vertices z and y at distance
i from each other. Obviously, ag = ¢y = bg = 0 and I' is regular with valency
k = bo. Also, a; + b; + ¢; = k for every i € {0,...,d}. The numbers a;, b;, ¢;
(1 € {0,...,d}) are called the parameters of the distance-regular graph.
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Theorem 1.25. The reqular near 2d-gons, d > 1, are precisely those near 2d-gons
whose point graph is distance-reqular.

Proof. Suppose that S is a regular near 2d-gon with parameters s, t and t; (i €
{0,...,d}). Then the point graph of S is regular with parameters a; = (s —1)(¢; +
1), b; :S<t—ti) and ¢; =t; +1 (Z S {0,,d})

Conversely, suppose that S is a near 2d-gon whose point graph is a distance-
regular graph with parameters a;, b;, ¢; (i € {0,...,d}). Then every line of S
contains s + 1 := a3 + 2 points. Since every point of S is collinear with by other
points, every point of S is incident with t+1 := b;” lines. If x and y are two points
of S at distance i € {0,...,d} from each other, then ¢; lines through y contain a
(necessarily unique) point at distance 7 — 1 from x. This proves that S is a regular
near polygon. U

We refer to [13] for more background information on distance-regular graphs.
We will give a more extensive treatment of regular near polygons in Chapter 3.

1.9.4 Generalized polygons

A generalized 2n-gon, n > 2, is a near 2n-gon with the property that |I';_q(x) N
T1i(y)| = 1for everyi € {1,...,n—1} and for every two points = and y at distance
i from each other. A generalized 2n-gon, n > 2, is called thick if every line is
incident with at least three points and if every point is incident with at least three
lines. A generalized 2n-gon is called degenerate if it does not contain an ordinary
2n-gon as subgeometry. A degenerate generalized quadrangle consists of a number
of lines through a given point. The point-line dual of a nondegenerate generalized
quadrangle is again a nondegenerate quadrangle.

Theorem 1.26 ([100, Corollary 1.5.3]). Let S be a generalized 2n-gon with the prop-
erty that every line is incident with at least three points and that every point is
incident with at least three lines. Then S has an order.

Theorem 1.27 ([71]). Let S be a finite generalized 2n-gon of order (s,t). Then at
least one of the following holds:

(a) S is an ordinary 2n-gon.

(b) S is a generalized quadrangle.

(c) S is a generalized hexagon. In this case, st is a square if s # 1 #t.
(d) S is a generalized octagon. In this case, 2st is a square if s # 1 #t.
(e) S is a generalized dodecagon. In this case, s =1 ort = 1.

Theorem 1.28. Let S be a finite generalized 2n-gon of order (s,t) with s,t,n > 2.
Then the following holds:

o ([75]) if n =2, then s < t? and t < s® (Higman’s bound);
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o ([74]) if n =3, then s <t3 and t < 53 (Inequality of Haemers and Roos);
e ([75]) if n =4, then s <t and t < s> (Higman’s bound).

If Q is a generalized quadrangle of order (s,t), then Q contains (s+1)(st+1)
points and (¢t+1)(st+1) lines. We have the following restriction on the parameters.

Theorem 1.29 (e.g. Theorem 1.2.2 of [82]). If Q is a finite generalized quadrangle
of order (s,t), then s+t divides st(s+1)(t + 1).

Theorem 1.30. If Q' is a subquadrangle of order (s,t') of a finite generalized quad-
rangle Q of order (s,t), s # 1, then either t' =t ort' < L. Ift' =L, then every
line of Q meets Q’.

Proof. Suppose that Q' is a proper subquadrangle of ) and let x denote an arbi-
trary point of @ not contained in Q’. The points in Q' collinear with x form an
ovoid of @’. From the ¢ + 1 lines through z, st’ + 1 meet @’. The theorem now
immediately follows. O

1.9.5 Dual polar spaces

In this section, we mean by a projective space an incidence structure with the
property that any three noncollinear points generate a (possibly degenerate) pro-
jective plane. It is called irreducible when there are no lines of size 2; otherwise it
is called reducible. Now, let (P;);c; be a family of irreducible projective spaces
whose point sets are pairwise disjoint. Then the union P of their point sets carries
the structure of a projective space whose lines are the lines on each P; on the one
hand and all pairs {z;,y;} with z; € P;,y; € P;,i # j, on the other hand. P is
called the direct sum of all the P;’s. It is known that a reducible projective space
is the direct sum of irreducible projective spaces.

Definition. A polar space of rank n > 1 is a set together with a set of subsets,
called subspaces, satisfying the following axioms.

(P1) Any proper subspace, together with the subspaces it contains, is a projective
space of dimension at most n — 1. This projective space may be reducible.

(P2) The intersection of two subspaces is again a subspace.

(P3) If L is a subspace of dimension n — 1 and if p is a point outside L, then there
is a unique subspace M through p such that dim(L N M) = n — 2; it contains
all points g of L with the property that there is a one-dimensional subspace
through p and q.

(P4) There exist two disjoint subspaces of dimension n — 1.

Polar spaces of rank 2 are precisely the nondegenerate generalized quadrangles.
With each polar space of rank n > 1, there is associated a dual polar space as
follows. The points of the dual polar space are the maximal subspaces of the
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polar space (i.e. the subspaces of dimension n — 1), the lines are the next-to-
maximal subspaces (i.e. the subspaces of dimension n — 2) and incidence is reverse
containment. Each dual polar space of rank n is a near 2n-gon by [21] or [91], see
also Section 6.1. By convention, the unique near 0-gon is a dual polar space of
rank 0.

If « is an (n — 1 — i)-dimensional subspace of a polar space I' of rank n
(0 < i < n), then the set of all maximal subspaces through « defines a convex
subspace of diameter i of the dual polar space S associated with I". Conversely,
every convex subspace of § is obtained in this way. A dual polar space is called
thick if all its quads (i.e. convex subspaces of diameter 2) are thick generalized
quadrangles.

Given a number of polar spaces, many others can be constructed. Let (T';);ers
be a family of polar spaces defined on the sets (P;)ier and with (A;)cr as a
collection of subspaces. We suppose that all P;’s are mutually disjoint. A new polar
space, called the direct sum, can then be constructed on the set P = (J;,; Pi. A
general form of a subspace is as follows: (J;.; a; where a; € A;. A polar space is
called irreducible if it is not isomorphic to a direct sum of at least two polar spaces
of rank at least 1. Let I';, I's be two polar spaces and let I's denote the direct sum
of Ty and T'o. If §;, @ € {1,2,3}, denotes the dual polar space related to T';, then
S3 =28 x Ss.

Dual polar spaces can be characterized in a nice way.

Definition. A near polygon is called classical if it satisfies the following properties:
e every two points at distance 2 are contained in a unique quad,
e every point-quad pair is classical.

Theorem 1.31 ([21]). The classical near polygons are precisely the dual polar
spaces.

By Tits’ classification of polar spaces ([97]), every finite irreducible polar
space of rank n > 3 without lines of size 2 is isomorphic to one of the following
examples:

e W(2n—1, q): the polar space with as subspaces the totally isotropic subspaces
of a symplectic polarity in PG(2n — 1, q);
e (QQ(2n,q): the polar space with as subspaces the subspaces of PG(2n, ¢) lying

on a given nonsingular quadric;

e Q7 (2n+1, q): the polar space with as subspaces the subspaces of PG(2n+1, q)
lying on a given nonsingular elliptic quadric;

e QT (2n—1, q): the polar space with as subspaces the subspaces of PG(2n—1, q)
lying on a given nonsingular hyperbolic quadric;

e H(2n,q?): the polar space with as subspaces the subspaces of PG(2n,¢?)
lying on a given nonsingular hermitian variety;
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e H(2n —1,¢?): the polar space with as subspaces the subspaces of PG(2n —
1,¢%) lying on a given nonsingular hermitian variety.

We denote the dual polar spaces arising from these polar spaces respectively

by DW(2n — 1,q), DQ(2n,q), DQ™(2n +1,q), DQ™(2n —1,q), DH(2n,¢*) and

DH(2n—1,4?). All these dual polar spaces are regular near 2n-gons with param-

thoty .
eters s and ¢; ;== 2=, 1 € {0,...,n}.

| dual polar space | (s,t3) |

DW(@2n—-1,q9) | (¢,9)
DQ(2n, q) (¢,9)
DQ~(2n+1,9) | (¢*,q)

DQT(2n—1,9) [ (1,9
DH(2n,q%) (&, ¢*)
DH(2n—1,¢°) | (4,¢°)

The dual polar spaces DW (2n — 1, q) and DQ(2n, q) are isomorphic if and only if
q is even.

QR

(S|

By the above classification it follows that every classical slim near polygon
of diameter at least 1 is isomorphic to the direct product of k£ > 1 elements of the
set {Ls} U{DQ(2n,2)|n>2} U{DH(2n —1,4)|n > 2}.

1.10 Generalized quadrangles of order (2,1)

In this section, we will determine all (possibly infinite) generalized quadrangles of
order (2,t). We determine all ovoids of these generalized quadrangles and derive
some properties which we will need later.

1.10.1 Examples

We now list some examples of generalized quadrangles of order (2,t).

e The (3 x 3)-grid, which is the direct product of two lines of size 3, is a
generalized quadrangle of order (2,1).

e (i) The dual polar space DQ(4,2) is a generalized quadrangle of order 2.
(ii) The polar space Q(4,2), see Section 1.9.5, is a generalized quadrangle of
order 2.
(iii) The polar space W (2) := W (3,2) is a generalized quadrangle of order 2.
(iv) For any set X of size 6, we can define a generalized quadrangle Qx of
order 2 in the following way, see Sylvester [92]. The points of Qx are the
elements of ()2( ), the lines of (Qx are the partitions of X in three subsets of

size 2 and the incidence relation is containment.

As we will see in Theorem 1.35, the four above-mentioned examples of gen-
eralized quadrangles of order 2 are isomorphic.
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e (i) The dual polar space DH (3,4) is a generalized quadrangle of order (2,4).
(ii) The polar space Q(5,2) := Q~(5,2) is a generalized quadrangle of order
(2,4).

As we will see in Theorem 1.37, the two above-mentioned examples of gen-
eralized quadrangles of order (2,4) are isomorphic.

1.10.2 Possible orders

Theorem 1.32. Let Q) be a (possibly infinite) generalized quadrangle in which each
line is incident with precisely three points. Then Q) is finite and its order is equal

to either (2,1), (2,2) or (2,4).

Proof. Let x be a given point of Q). For every point y € T's(x), we define A(y) :=
Ii(z) NT1(y) and A(y) := T1(z) \ A(y). If y and y’ are two collinear points of
Ta(x), then A(y) N A(y’) consists of the unique point of yy’ collinear with x. By
Theorem 1.21, the diameter of T's(x) is at most 3. So, if y and y’ are two points
of T's(x), we have one of the following possibilities:

o y =1y’ Then |A(y) N A(y')| = 0.
e y~y'. Then |[A(y) N A(y)| = 1.

e y and 3’ have distance 2 in I'y(z). Let y” denote a point of I's(x) collinear
with y and y’. Let Ly and Ly denote the lines through x meeting yy” and

y"'y’, respectively, and let x;, i € {1, 2}, denote the point of L; collinear with
y. Then A(y) N A(y’) = {z1,z2} and hence |A(y) N A(y’)| = 2.

"

e y and y’ have distance 3 in I'y(z). Let ¢ and y"” denote points of T'y(x)
such that y ~ 3" ~ 3" ~ y'. Let L1, Lo and L3 denote the lines through
x meeting yy”, y"y"" and y""'y’, respectively, and let z;, i € {1,2, 3}, denote
the point of L; collinear with y. Then A(y) N A(y") C {z1, 2,23} and hence

[A(y) NA(Y)] < 3.

Hence, we always have that [A(y) N A(y’)| < 3 or |[A(y) N A(y")] < 2 for all
Y,y € Ta(z).

Now, suppose t is infinite. Let ug and u; be two distinct collinear points of
I's(x) and let Ly denote the unique line through x meeting ugu;. We will now define
in an inductive way a path ug, u1, ua, us, . .. in I's(z). For every ¢ > 2, let L; denote
a line through x different from the lines L1, ..., L; 1 and let u; denote the unique
point of T’y (u;—1) NT(z) such that the line u;_qu; meets L;. For every i € N\ {0},
let z; denote the unique point of L; collinear with ug. One easily shows by induction
that A(ug) N A(ugi) = {x1,...,22;} and A(ug) N A(ugi+1) = {z1,..., 2241} for
every ¢ € N.

So, if ¢ would not be finite, then there would exist points v and v in T's(x)
such that |A(u)NA(v)| = 4 and |A(u) N A(v)| is infinite. This is impossible. Hence,
t is finite. From Theorems 1.28 and 1.29 it now follows that ¢t € {1,2,4}. O
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1.10.3 Generalized quadrangles of order (2, 1)

Lemma 1.33. Let QQ be a generalized quadrangle of order (2,t), t € {1,2,4}, then
every two disjoint lines are contained in a subquadrangle of order (2,1).

Proof. Let K and L denote two disjoint lines of @, let My, My and Mz denote
the three lines of @ meeting K and L and let z;, i € {1,2,3}, denote the unique
point of M; not contained on K and L. Then it is easily seen that any two points
of {z1,xo, x5} are collinear. So, {x1,x2,x3} is a line. This proves the lemma. O

Corollary 1.34. There exists a unique generalized quadrangle of order (2,1), namely
the (3 x 3)-grid.

In the sequel of this section, we will call a subquadrangle of order (2, 1) briefly
a subgrid.

1.10.4 Generalized quadrangles of order 2
Theorem 1.35. There exists a unique generalized quadrangle of order 2.

Proof. Since W (2) is a generalized quadrangle of order 2, there exists at least one
such GQ. Let @ denote a GQ of order 2, then () contains a subgrid G by Lemma
1.33. If = is a point of @ not contained in GG, then the points in G collinear with x
form an ovoid of G. It is now easily seen that there exists a bijective correspondence
between the six points of () not contained in G and the six ovoids of G. So, we
have given a description of the points of @) in terms of the points, lines and ovoids
of a (3 x 3)-grid G. The same is possible for the lines of @ as we will show now. The
generalized quadrangle @) has 15 lines, 6 lines are contained in G and the other 9
lines intersect GG in a unique point. Every point x of G is contained in a unique
line L, not contained in G and the two points of L, different from x correspond
with the two ovoids of G through x. The theorem now readily follows. O

1.10.5 Generalized quadrangles of order (2,4)

A proof for the uniqueness of the generalized quadrangle of order (2,4) was inde-
pendently obtained by several people ([67], [73], [86], [89], [93]).

Lemma 1.36. Let Q be a generalized quadrangle of order (2,4), let G be a subgrid of
Q@ and let x be a point of Q not contained in G. Then Q) has a unique subquadrangle
isomorphic to W (2) containing G and x. As a consequence, G is contained in three
subquadrangles isomorphic to W (2).

Proof. Let x1, ro and x3 denote the three points of G collinear with = and let
yi, i € {1,2,3}, denote the unique third point of the line xx;. Let {al,,als, ads}
and {a?,, als, a3;} denote the two ovoids of G disjoint from {x1,z2,z3}. Without
loss of generality, we may suppose that ; ~ aj-k ~ xy, for every i € {1,2} and all
j,k € {1,2,3} with j # k. Now, let 7 € {1,2} and let {4, k,{} = {1,2,3}. Since aj,,
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is not collinear with x and x;, it is collinear with y; and we denote the unique third
point of the line through aj-k and y; by b;k. We will now show that b, = b5 = bl
for every i € {1,2,3}. Consider the two lines alyys and alsys. Since aly % als,
als 7 Y2, Y3 7 aly and y3 # ya, the point bi, is collinear with aly and y, and
hence belongs to the line aj;ys. It follows that bj, = b};. Hence, there exists a
point b; such that b; = b, = b%3 = bls. The lemma now easily follows. The unique
subquadrangle of order 2 through = and G consists of the 9 points of G, the points
X, Y1, Y2, Y3, b1, ba, the six lines of G, the lines zx; (i € {1,2,3}) and the lines aﬁkbi
(i€ {1,2}, j,k €{1,2,3}, j # k). O
Theorem 1.37. There exists a unique generalized quadrangle of order (2,4).

Proof. Let G denote a subgrid of @ and let Ry, Rs and Rs denote the three
subquadrangles through G which are isomorphic to W(2). With every point x of
Q not contained in G, we associate the pair (O,, i, ) where O, is the ovoid 'y (z)NG
of G and i, € {1,2,3} such that R;, contains x. There are 18 pairs (O, i) where O
is an ovoid of G and i € {1,2,3}, and these pairs are in bijective correspondence
with the 18 points of @) not contained in G. Just as in the proof of Theorem 1.35,
the lines which intersect G can easily be described in terms of the points, lines
and ovoids of the grid G and the elements of the set {1,2,3}. The same holds for
the lines of @ disjoint with G. Any such line looks like {(O1, 1), (O2,42), (O3, i3)},
where {01,042, 03} is a fan of ovoids of G and {i1,i2,i3} = {1,2,3}. This proves
the theorem. O

Lemma 1.38. A subgrid G1 of Q(5,2) defines a unique partition {G1,Ga,Gs} of
Q(5,2) into three subgrids.

Proof. For a point z of Q := Q(5,2), let - denote the set of points of Q collinear
with 2. Call two vertices x,y € Q \ G1 equivalent if z+ N Gy and y* N G, are
equal or disjoint. There are two equivalence classes C; and C3 each containing 9
points. A point x € C; is contained in three lines meeting GG; and two lines which
are entirely contained in Cj. So, each C; contains % = 6 lines. Clearly, a grid G;
is formed by the 9 points and 6 lines in C;. The uniqueness of {G1, G2, G3} is also
obvious. O

Remark. In the sequel the generalized quadrangles L x L3, W (2) and Q(5, 2) will
often occur as quads in other near polygons. We will refer to them as grid-quads,
W (2)-quads and Q(5, 2)-quads, respectively.

1.10.6 Ovoids in generalized quadrangles of order (2, 1)

For all generalized quadrangles of order (2,t), we list all ovoids, fans of ovoids and
rosettes of ovoids.

e Let @ be the generalized quadrangle of order (2,1). So, @ is isomorphic to
the (3 x 3)-grid. Clearly, @ has 6 ovoids, 2 fans of ovoids and 9 rosettes of
ovoids.
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e Let @ be the generalized quadrangle of order 2. We consider Sylvester’s model
for W(2). So, the points of @) are the subsets of size 2 of a certain set X of
size 6. If z € X, then the five subsets of size 2 containing = define an ovoid
O, of Q. Since every two different points of an ovoid correspond with subsets
of size 2 which intersect in a point, it is easily seen that every ovoid of @) is
of the form O, for a certain point x in X. So, @) has six ovoids and any two
different ovoids intersect in a unique point. There are 15 rosettes of ovoids
but no fan of ovoids.

e Let @ be the generalized quadrangle of order (2,4). We will now show that
@ has no ovoids. Suppose the contrary and let O denote an ovoid of Q). Let G
denote a subgrid of @) and let Ry, R, and R3 denote the three subquadrangles
through G which are isomorphic to W (2). The ovoid O intersects each of the
subquadrangles G, R, Re and R3 in an ovoid of the respective quadrangles.
So, [GNO| =3, |GNRy| =|GN Ry =|GN R3] = 5. The ovoid in R;,
1 € {1,2,3}, is completely determined by O N G. The two points of O N R;
which are not contained in G are the two points = of R;\G for which I'y (z)NG
is an ovoid of G disjoint from O N G. Let = denote a point of R; for which
I (z)NG = ONG and let {z,y1,y2} denote a line through z not intersecting
G. Then {T'1(z) NG, T1(y1) N G,T1(y2) N G} is a fan of ovoids of G. Since
Ti(y;) NG, i € {1,2}, is disjoint from O N G, the point y; belongs to O. So,
|L N O| =2, a contradiction.

Lemma 1.39. Let O be an ovoid of the generalized quadrangle W (2). Then there
exists a cycle of length 5 in W(2) \ O.

Proof. We take Sylvester’s model for W (2) using the set X = {1,2,3,4,5,6}.
Without loss of generality, we may suppose that O = {{1,2}, {1, 3}, {1, 4}, {1, 5},
{1,6}}. Then the cycle {2, 3}, {4,5},{3,6},{2,4}, {5, 6}, {2, 3} satisfies all required
properties. U

Theorem 1.40. Let = be a point of the generalized quadrangle Q(5,2). Then T'a(x)
contains a cycle of length 5.

Proof. Let R be a subquadrangle of Q(5,2) isomorphic to W (2) and not containing
z. Such a subquadrangle exists by Lemma 1.36. The points in R collinear with x
form an ovoid O of R. By Lemma 1.39, there exists a path of length 5 completely
contained in R\ O. This path is completely contained in T'y(x). O



Chapter 2

Dense near polygons

2.1 Main results

A near polygon is called dense if every line is incident with at least three points
and if every two points at distance 2 have at least two common neighbours. The
aim of this chapter is to summarize the various nice properties which are satisfied
by dense near polygons. From Theorem 1.20, we immediately have:

Theorem 2.1. Let S be a dense near polygon. Then
(a) every two points at distance 2 are contained in a unique quad;
(b) every two intersecting lines are contained in a unique quad;
(¢c) every local space is linear.
Using the existence of quads, one can easily show the following.

Theorem 2.2. If S is a dense near polygon, then every point of S is incident with
the same number of lines.

Proof. If Q is a quad of S, then by Theorem 1.14, every point of ) is contained
in the same number of lines, say tg + 1. Now, take two collinear points = and y.
The number of lines through z is equal to 1 + 3 tg, where the summation ranges
over all quads through zy. The number 1+ > ¢¢ is also the total number of lines
through y. Hence, any two collinear points of S are contained in the same number
of lines. The theorem now follows by connectedness of S. O

If S is a dense near polygon, then we denote by ts + 1 the constant number
of lines through a point. In Section 2.2 we will prove the following Theorems 2.3,
2.4 and 2.5. These results are due to Brouwer and Wilbrink [16].

Theorem 2.3. If x and y are two points of a dense near polygon S, then C(x,y) is
the unique convez sub-[2 - d(x,y)]-gon through x and y.
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Convex subhexagons of a dense near polygon are also called hezes. Using
Theorem 2.3, we will show the following result.

Theorem 2.4. Let S be a dense near polygon, let H be a conver sub-26-gon of S
and let L be a line of S intersecting H in a unique point. Then C(H, L) is a convex
sub-2(d + 1)-gon.

With every dense near 2n-gon, n > 2, there is associated a rank-n-geometry.
We refer to Pasini [79] for more background information on rank-n-geometries.

Theorem 2.5. Let S be a dense near 2d-gon, d > 2. Let A be the rank d geometry
whose elements of type i € {1,...,d} are the convex sub-2(i—1)-gons of S (natural
incidence). Then A belongs to the following diagram.

points lines I quads I

Definition. Let S be a dense near 2n-gon, n > 3, and let = be a point of S. Let A
be the rank n geometry associated with S, see Theorem 2.5. Then the objects of
A which are incident with x form a rank n — 1 geometry G(S, x), called the local
geometry at the point x. G(S,x) is the so-called residue of = ([79]).

In this chapter, we will also prove the following results.

Theorem 2.6 (Section 2.3). Let S be a finite dense near 2d-gon. Then |T';(x)| only
depends on i € N and not on the chosen point x of S.

Theorem 2.7 (Section 2.4). If = is a point of a dense near 2d-gon, then (the
subgraph induced by) Tq(z) is connected and has diameter at most [3¢].

In this chapter, we will also consider the special case of dense near polygons
with three points on each line. For these near polygons, we will derive upper
bounds for the constant number of lines through a point (Section 2.5) and we will
prove a theorem in Section 2.6 which will be very useful later when we will classify
slim dense near polygons which contain a given big convex subpolygon.

2.2 The existence of convex subpolygons

In this section we prove the existence of convex subpolygons in dense near poly-
gons. We follow more or less the approach of [16].

Let S = (P, L,1) be a dense near 2d-gon with d > 2. For all two points z
and y of S, let S(x,y) denote the set of lines through = containing a point at
distance d(z,y) — 1 from y. If d(z,y) = 0, then S(z,y) = 0. If d(z,y) = 1, then
S(z,y) = {zy}. U d(x,y) = d, then S(z,y) = L(S, z).

Lemma 2.8. For every two different points x and y of S, S(x,y) is a subspace of
L(S,x).
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Proof. Let L; and Lo denote two different lines through x belonging to S(z,y)
and let @ denote the unique quad through L; and Ls. Since @) contains at least
one point at distance d(z,y) from y and at least two points at distance d(z,y) — 1
from y, one of the following possibilities occurs:

(a) y is ovoidal with respect to @ and d(y, Q) = d(z,y) — 1;
(b) y is classical with respect to @ and d(z, 7 (y)) = 2.

In any case each line through « contained in Q) contains a point at distance d(z,y)—
1 from y. This proves indeed that S(z,y) is a subspace of L(S, x). O

Lemma 2.9. If z, y and y' are points such that d(y,y’) = 1 and d(x,y) = d(z,y’),
then S(z,y) = S(x,y’).

Proof. Puti:=d(x,y) > 1. Let y” denote the unique point of yy’ at distance i — 1
from z. By symmetry it suffices to show that S(z,y) C S(z,y’). Let L denote an
arbitrary line through x belonging to S(x,y) and let 2’ denote the unique point
of L nearest to y”’. We distinguish two possibilities:

(a) ' # x. Then d(y”,2') =i—2, d(y,2’) = d(y’,2’) =i — 1. So, L also belongs
to S(z,y').

(b) 2’ = x. Then the projections of y and ¢y on L are different. So, L is parallel
with yy”. Hence, d(y’, L) = d(y, L) =i — 1, proving that L € S(z, ). O

Lemma 2.10. If z, y and z are points of S such that d(y,z) = 1 and d(z,z) =
d(z,y) + 1, then S(z,y) is a proper subspace S(z,z).

Proof. Every point of I'1(z) at distance d(z,y) — 1 from y has distance d(z,z) — 1
from z. This proves that S(z,y) C S(z,z). We will now show that S(z,y) #
S(x,z). We prove this by induction on the distance i := d(z,y). Obviously, this
holds if ¢ € {0,1}. So, suppose that i > 2. Let 2’ denote a point collinear with
x at distance ¢ — 1 from y. By the induction hypothesis, there exists a line L €
S(z',z) \ S(«',y). The line L is different from z'z and hence @ := C(2'z, L) is a
quad. The point z is classical with respect to @ and d(z,Q) = i — 1. There are
three possibilities for the relation of y with respect to Q.

(i) The point y is ovoidal with respect to @. Then d(y,Q) = ¢ — 1. This is
however impossible since no point of X, 1 0(Q) is collinear with a point of
Xi—1,0(Q), see Theorem 1.23.

(ii) The point y is classical with respect to @ and d(y, @) = i — 2. Then we would
have that 7o (y) = mg(2), contradicting L & S(z’,y).

(i) The point y is classical with respect to @ and d(y, @) = ¢ — 1. Then mg(y) =
a2’ and every line of @ through x different from za’ belongs to S(z,z) \
S(x,y). O
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Lemma 2.11. Let x, a, b and ¢ be points of S such that d(a,b) = d(b,c) = 1,
d(z,a) = i and d(x,b) = d(z,c) = i —1 for a certain i € N\ {0}. Then any
common neighbour d of a and ¢ different from b lies at distance i from x.

Proof. The line ab contains a unique point nearest to 2. Hence, ¢ ¢ ab. So, d(a,c) =
2 and there exists a unique quad @ through a and c. Let d’ denote the unique point
of the line bc nearest to . Then d(z, d’) = i—2. Since @) contains points at distance
i—2,17—1and 7 from z, x is classical with respect to Q. If d denotes any common
neighbour of @ and ¢ different from b. Then d(z,d) = d(z,d’) + d(d’,d) =i. O

Lemma 2.12. Let x, a, b and ¢ points of S such that d(a,b) = d(b,c) =1, d(a,c) =
2, d(z,a) = d(z,c) =i and d(z,b) =i — 1 for a certain i € N\ {0}. If z is ovoidal
with respect to the quad C(a,c), then there exists a path of length at most 3 between
a and ¢ which is completely contained in T';(x).

Proof. The quad @ := C(a,c) only contains points at distance ¢ — 1 and ¢ from
x. If there exists a point in I';1(a) NT'1(c) at distance ¢ from z, then the lemma
holds. So, we may suppose that any common neighbour of @ and c¢ is contained in
Ti_1(x). Let di denote a point of ab different from a and b. Then d(d;, c) = 2. Let
dy denote any common neighbour of d; and ¢ different from b. Then d(a,ds) = 2.
By our assumption, any point of I';(¢) N @ at distance i — 1 from z is collinear
with a. As a consequence, ds lies at distance ¢ from x. The path (a, d1, da, ¢) now
satisfies all required conditions. O

Lemma 2.13. Let x, a, b and ¢ be points of S such that d(a,b) = d(b,c) = 1,
d(a,c) =2, d(z,a) = d(z,c) =i and d(x,b) =i — 1 for a certain i € N\ {0,1}. If
x s classical with respect to Q := C(a,c) and d(x,Q) =i — 2, then there exists a
path of length at most 3 between a and ¢ which is completely contained in T;(x).

Proof. The quad @) only contains points at distance ¢ — 2, ¢ — 1 and ¢ from x.
Suppose that any common neighbour of @ and c lies at distance ¢ — 1 from x. By
Theorem 1.21, there exists a path of length 3 in I's(mg(x)) N Q connecting a and
c¢. This path is completely contained in T';(z). O

Definitions. If v = (yo, .. ., yx) denotes a path of S, then we define b(y) := yo and
e(y) := yx. For every point x of S, let Q, denote the set of all paths (yp,...,yr) in
S for which (S(z,y;) \ S(z,yi—1)) N S(z,y0) # 0 for every i € {1,...,k} such that
d(z,y;) > d(x,y;—1). For each such path v, we define i(y) := Zf:o 3d(@yo)—d(zys)
For every two different points x and y of S at distance ¢ > 1 from each other, we
define the following sets:

o Hi(z,y) ={ueP|S(z,u) CS(z,y)}

e Hy(z,y) contains all points u which are contained on a shortest path between
z and a point of the component C, of (the subgraph induced by) I';(x) to
which y belongs.

o H3(z,y) = {e(y)|v € Q and b(y) = y}.
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For every point x of S, we define Hy(z,z) = Ha(x,x) = Hs(z,z) = {z}.
Theorem 2.14. For all points x and y of S, Hy(x,y) = Ha(z,y) = Hs(x,y).

Proof. We may suppose that = # y. If 3 is a point of Cy, then by Lemma 2.9,
S(z,y’) = S(x,y). By Lemma 2.10, it then follows that Hy(z,y) C Hi(z,y). If u
is a point of Hy(x,y), then the path of S which consists of a shortest path between
y and x followed by a shortest path between x and u belongs to €2, by Lemma
2.10. As a consequence, Ha(z,y) C Hi(x,y) C Hs(z,y). We will now prove that
Hs(z,y) C Ho(x,y). So, let z denote an arbitrary point of Hs(x,y). Let v denote
a path of Q, with b(v) =y, e(y) = z and i(y) as small as possible.

e Suppose that there exist successive points u, v and w in 7 such that d(z,v) =
d(z,w) = d(z,u) — 1. By Lemma 2.11, any common neighbour @ of v and w
different from v lies at distance d(z, u) from z. Now, if we change the subpath
(u,v,w) of v by (u,?,w), then we obtain a path ¥ € Q, with b(3) = y,
e(¥) = z and i(¥) < i(y), a contradiction.

e Suppose that there exist successive points u, v and w in v such that d(z,u) =
d(z,w) = d(z,v) + 1. If u, v and w are on a line and v = w, then omitting
the points v and w in the path v, we obtain a path 4 with b(3) = y, e(¥) = 2z
and () < i(y), a contradiction. If u, v and w are on a line and u # w, then
omitting the point v in the path v, we obtain a path 4 with b(y) =y, e(3) = 2
and i(¥) < i(y), a contradiction. So, we may suppose that d(u,w) = 2. Let
(@ denote the unique quad through u and w. There are three possibilities.

(i) « is ovoidal with respect to Q. By Lemma 2.12, we can replace the
subpath (u,v,w) of v by a path of length at most 3 between v and w
which only contains points at distance d(x,u) from z. In this way, we
obtain a path 4 with (%) = vy, e(§) = z and i(¥) < i(7), a contradiction.

(ii) z is classical with respect to @ and d(z, Q) = d(z,u) — 2. By Lemma
2.13, we can replace the subpath (u,v,w) of v by a path of length
at most 3 between u and w containing only points at distance d(z,w)
from z. In this way, we obtain a path 4 with (%) = y, e(§) = z and
i(¥) < i(y), a contradiction.

(iii)  is classical with respect to @ and i := d(z, Q) = d(z, u) —1. Obviously,
S(z,v) C S(x,u) N S(z,w). Suppose that there exists a line L which
is contained in S(x,u) N S(z,w) but not in S(x,v). This line cannot
contain a point at distance ¢ — 1 from @, otherwise L would be con-
tained in S(z, v). The line L contains two different points of I';(Q) and
hence is completely contained in X; ¢(Q) by Theorem 1.23. Every point
of @ at distance ¢ from L lies on the line mg(L). So, u,v,w € mg(L),
a contradiction. As a consequence, S(x,v) = S(z,u) N S(z,w). Now,
let ¥ be a common neighbour of u and w different from v. Then
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(S(z,0) \ S(z,u)) N S(x,y) 2 (S(z, w) \ S(z,u) N S(z,y) = (S(z,w) \
S(z,v))NS(x,y) # 0. So, replacing the subpath (u, v, w) of v by (u,, w)
we find a path 4 with b(3) =y, e(§) = z and i(3) < i(y), a contradic-
tion.

e We will show that every point of 7 lies at distance at most d(z,y) from
x. Suppose the contrary and let u denote the first point on ~ for which
this does not hold and let v denote the point just before u on ~. Then
j:=d(z,v) = d(z,y) and d(x,u) = d(z,y) + 1. By the previous reasoning,
we know that the part of the path « before u is completely contained in I';(z).
This would imply that S(z,v) = S(z,y) and (S(z,u)\ S(z,v))NS(z,y) =0,
a contradiction.

Let y* denote the last point on the path « for which d(z,y*) = d(z,y). Then
y* € Cy and by the previous reasoning we know that z is contained on a shortest

path between y* and x. This proves that Hs(z,y) C Ha(x,y). As a consequence,
Hl(l’,y) :H2<:E?y) :H3<:E?y) U

Definition. For every two points x and y of S, we define H(x,y) := Hi(z,y) =
HQ(wa y) = H3<:E? y)

Lemma 2.15. For all points x and y of S, H(x,y) contains all points of a geodesic
path between x and any of its points.

Proof. Suppose that u is contained on a geodesic path between z and a point
v € H(z,y). Then S(z,u) C S(z,v) C S(z,y). This proves that u € H(x,y). O

Lemma 2.16. For all points x andy of S, H(x,y) is a subspace.

Proof. Let v and v denote two different collinear points of H(x,y) and let w
denote a third point on the line uv. Without loss of generality, we may suppose
that d(z,u) > d(z,v). If d(z,w) = d(z,u) — 1, then w € H(z,y) by Lemma 2.15.
If d(z,w) = d(x,u), then S(z,w) = S(z,u) C S(z,y) by Lemma 2.9. Hence, also
w € H(x,y) in that case. This proves that H(z,y) is a subspace. O

Lemma 2.17. Let = and y be two different points of S and let x1 be a point of
H(z,y) collinear with x such that d(z1,y) = d(z,y). Then H(x1,y) = H(z,y).

Proof. The set H(x1,y) is a subspace. By symmetry, it suffices to show that
H(z1,y) C H(z,y).

Step 1. If L is a line of H(x1,y) intersecting H(x,y) in a unique point, then
LN H(z,y) ={rp(z)} = {mr(z1)}.

Proof. Put LNH (z,y) = {u}. If u # (), then by Lemma 2.15, H(z,y) contains
the point 77, (x) since it is on a shortest path between the points « and u of H (z,y).
This is however impossible since w is the only point of H(z,y) on L. So, 71, (z) = w.
Suppose 71, (z1) # mr(z). Then the line xxz is parallel with L. Consider now the
path v which consists of a shortest path between y and x followed by a shortest
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path between = and 7y, (z) followed by the path (71, (z), 71 (x1)). This path belongs
to Q. As a consequence 7r(x1) € H(z,y), contradicting our assumption that
u = 7r(x) is the only point on L N H(x,y). Hence, L N H(z,y) = {rr(z)} =

U

{mr(21)}

Step 2. Let Cy denote the component of y in I'y(z1). Then C;, C H(z,y).

Proof. Let v € C; and consider a path y = ug,u1,...,ur = v in C; connecting y
and v. Using induction on ¢ and using Step 1, one easily sees that u;, € H(x,y) for
every i € {0,...,k}. In particular, v € H(x,y). O

Step 3. H(x1,y) C H(x,y).

Proof. Let z be an arbitrary point of H(z1,y). Then z is on a geodesic path
ug, U1, - .., ug of length k = d(z1,y) — d(x1, 2) between a point ug of C; and the
point u; = z. By Step 2, we have ug € H(z,y). Using induction on ¢ and using
Step 1, one easily sees that u; € H(z,y) for every i € {0,...,k}. In particular,
z € H(z,y). O

Lemma 2.18. If x and y are two different points of S, then for every u € H(x,y),
there exists a point v € H(x,y) at distance d(x,y) from u such that H(u,v) =
H(w,y).

Proof. Put d(z,y) = i. By connectedness of H(x,y) it suffices to prove this for
every point u collinear with 2. By Lemma 2.17, the property holds if d(u, y) = 4. So,
suppose that d(u,y) =i — 1. Since S(y,u) # S(y, z), see Lemma 2.10, there exists
aline L € S(y,z)\S(y, u). Let y’ denote a point of L contained in T';(x)\{y}. Then
y’ has distance i from z and u. As a consequence, H(u,y’) = H(x,y') = H(z,y).
(The latter equality follows from the fact that S(z,y’) = S(z,y), see Lemma
2.9.) O

Lemma 2.19. For all points x and y of S, H(x,y) is convez.

Proof. Let u; and uy denote two arbitrary points of H(z,y). Let v; be a point of
H(xz,y) such that H(uy,v1) = H(z,y). By Lemma 2.15, every point on a shortest
path between uq and ug belongs to H(u1,v1) = H(z,y). As a consequence, H(x,y)
is convex. (|

Lemma 2.20. For all points x and y of S, H(x,y) has diameter d(z,y).

Proof. Let u; and ug denote two arbitrary points of H(x,y). Let v; be a point
of H(x,y) at distance d(z,y) from u; such that H(uq,v1) = H(z,y). Since ug €
H(uq,v1), ug is contained on a shortest path between w1 and a point at distance
d(z,y) from uy. As a consequence, d(u1,v1) < d(z,y). O

Corollary 2.21. For all points x and y of S, H(x,y) induces a convex
sub-[2 - d(x,y)]-gon.

Theorem 2.22. Let x and y be two points of S. Then every convex subpolygon H
through x and y contains H(x,y). As a consequence, H(x,y) = C(z,y).
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Proof. Put i := d(z,y) and let Cy denote the component of I';(x) to which y
belongs. Suppose that z and 2’ are two different collinear points of I';(x) and let

" denote the unique point of the line 2z’ at distance i — 1 from z. If z € H, then

€ H since 2" is on a shortest path between two vertices of H. As a consequence,
the line zz” is completely contained in H. In particular, 2’ € H. Since y € H,
it now follows that every point of Cy is contained in H. Now, every point u of
H(z,y) is contained on a shortest path between x and a point of C,, and hence also
belongs to H. This proves that H(x,y) C H. Since C(x,y) is the smallest convex
subpolygon through the points  and y, we necessarily have C(z,y) = H(x,y). O

We will now prove Theorems 2.3 and 2.4.

Theorem 2.23. Let x and y denote points of S at distance i from each other. Then
H(z,y) = C(x,y) is the unique convex sub-2i-gon through x and y.

Proof. Let H'(x,y) denote a convex sub-2i-gon through z and y. By Theorem
2.22, H(z,y) C H'(x,y). Let L, denote the set of lines through = contained in
H'(x,y). Since the maximal distance between two points of H'(z,y) is equal to
i, every line of £, contains a point at distance ¢ — 1 from y. As a consequence,
L, C S(z,y). Now, let u denote an arbitrary point of H'(x,y). Since H'(z,y) is
convex, S(z,u) C L,. Hence, S(z,u) C S(z,y) and u € H(x,y). This also proves
that H'(x,y) C H(z,y). O

Theorem 2.24. Let H be a convexr sub-20-gon of S and let L be a line of S inter-
secting H in a unique point x. Then C(H, L) is a convex sub-(26 + 2)-gon.

Proof. Let y € L\ {z} and z € H at distance § from z. By Theorem 1.5, y is
classical with respect to H. Hence, d(y,z) = 6 + 1 and C(y, z) is a convex sub-

(26 +2)-gon. Since y,z € C(H, L), C(y,z) C C(H, L). Now, since z is on a shortest
path between y and z, x € C(y,2), L = C(z,y ) C C(y,z) and C(z,z) C C(y, 2).
By Theorem 2.23, H = C(z, z). So, C(H,L) C C(y, z). It follows that C(H,L) =

C(y, z). This proves the theorem. O

Theorem 2.25. Let Hy be a convex sub-2i-gon of S and let Hy and Hjs be two
different convex sub-2(i + 1)-gons through Hy. Then

L] HQ N H3 = H1 5
e there exists a unique convex sub-2(i + 2)-gon through Hy and Hs.

Proof. From Theorem 2.24, it follows that Ho N H3 = H;. Let u denote a point
of Hy such that d(u, H1) = 1, let v denote the unique point of Hy collinear with
u and let w denote a point of Hs at distance ¢ + 1 from v. Since w is classical
with respect to Hs and u ¢ Hs, d(u,w) = d(u,v) + d(v,w) = i + 2. Obviously,
every convex sub-2(i + 2)-gon through Hs and Hs must coincide with C(u,w). So,
it suffices now to prove that C(u,w) contains Hy and Hs. Since C(u,w) contains
the point v, H3 = C(v,w) is contained in C(u,w). In particular, C(u,w) contains
H,. Now, C(u,w) also contains C(Hy,uv). By Theorem 2.24, C(H;,uv) = Hs. This
proves the theorem. O
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The following corollary of Theorem 2.25 is precisely Theorem 2.5.

Corollary 2.26. Let A be the rank d geometry whose elements of typei € {1,...,d}
are the convex sub-2(i — 1)-gons of S (natural incidence). Then A belongs to the
following diagram.:

points lines I quads I

Theorem 2.27. The subgraph induced by T' on Ty(x) is connected for every point
z of S.

Proof. Let y and y' denote two points of I'y(z) and let C,, denote the connected

component of I'g(x) to which y belongs. Since S(x,y) = L(S,z) = S(x,y’), the

point y’ is contained on a shortest path between z and a point y” of C,. Hence,
!

y =vy" ey O

In Section 2.4, we will determine an upper bound for the diameter of T'y(z).

Theorem 2.28. A point x is classical with respect to a convex sub-26-gon H of S
if and only if there exists a point y € H at distance d(x,H) + § from x.

Proof. Suppose first that = is classical with respect to H and let y denote a
point of H at distance 6 from 7g (). Then d(z,y) = d(z, 7y (z)) + d(7u(x),y) =
d(z, H) + 4.

Conversely, suppose that there exists a point y € H such that d(z,y) =
d(z, H)+ 6 and let 2’ denote a point of H at distance d(z, H) from z. Every point
of I'y (y)NT'5_1 (z') lies at distance at most d(z, H)4+d—1 from x. As a consequence,
every point of 'y (y)NT'5—1 (') lies at distance precisely d(z, H)+0—1 from z. Since
every line of H through y contains a unique point at distance § — 1 from z’, every
point of I'y (y) N T's(x’) lies at distance d(x, H) + § from x. By the connectedness
of I's(z') N H it follows that every point of I's(z’) N H has distance d(x, H) + 0
from x. Now, consider an arbitrary point z of H. Then z is contained on a shortest
path between =’ and a point ¢’ of T's(a’) N H. From d(z,2) < d(x,2’) + d(z/, 2)
and d(z,z) > d(z,y') —d(z,y') = d(z,y') —d(/,y") + d(a’, 2) = d(z,2') + d(', 2),
it follows that d(x,z) = d(z,z’) + d(’, z). This means that = is classical with
respect to H and that 7y (x) = 2’ O

Theorem 2.29. Let H be a convexr sub-20-gon of S and let x be an arbitrary point
of H. Then for every i € {0,...,d — 0}, there exists a point y satisfying:

b d<ya H) = d(y,l') =1
e y is classical with respect to H.

Proof. We will prove this by induction on ¢. Obviously, the theorem holds if ¢ = 0.
So, suppose ¢ > 1 and that 3’ is a point of S such that (a) d(y', H) = d(y/,z) = i—1
and (b) v’ is classical with respect to H. Let z denote a point of H at distance §
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from x. Then d(y/,2z) = d(y',z) +d(z,2) =i — 1+ 0. Since i — 1 + § < d, there
exists a point y collinear with ' not contained in C(y’, z). Since z is contained
in a shortest path between y’ and z, H = C(z,z) C C(y’, z). Now, by Theorem
1.5, y is classical with respect to C(y', 2). Hence, d(y,z) = d(y,y’) + d(y', z) = 1,
dy,H) = d(y,y') + d(y', H) = i and d(y,u) = d(y,y') + d(¥',u) = d(y,y') +
d(y’, z) +d(x,u) = d(y, x) + d(z, u) for every u € H. This proves the theorem. [

Theorem 2.30. A convex sub-2(d — 1)-gon H of S is big in S if and only if every
quad which meets H either is contained in H or intersects H in a line.

Proof. If H is big, then by Theorem 1.7 it follows that every quad which meets H
either is contained in H or intersects H in a line.

Conversely, suppose that every quad which meets H either is contained in
H or intersects H in a line. If H were not big, then there would exist two points
xz and y with ¢ € T'9(H), y € H and d(z,y) = 2. The quad C(z,y) would then
intersect H in a point, a contradiction. Hence, H is big. O

We can improve Theorem 2.30 as follows.

Theorem 2.31. Let H be a convezx subpolygon of S and let x be an arbitrary point
of H. Then H is big in S if and only if every quad through x either is contained
in H or intersects H in a line.

Proof. If H is big in S, then every quad through x either is contained in H or
intersects H in a line, see Theorem 2.30. Conversely, suppose that every quad
through z either is contained in H or intersects H in a line. Suppose that H is not
big in S. Choose points y and y’ satisfying d(y, H) = 2 and y’ € T's(y) N H with
d(z,y’) as small as possible. If y' = z, then C(z,y) N H = {z}, a contradiction.
So, y' # x and we can take a point z’ collinear with 3’ at distance d(z,y’) — 1
from z. In the hex C(z’,y’,y) we take a line K through y which is not contained
in the quad C(y,y’). Let z denote the unique point of K at distance 2 from z’.
By the minimality of d(z,y’), z is collinear with a point Z € H. Since d(z,2z’) =2
and d(z,y') = 3, d(2,2’) = 1 and d(Z,y’) = 2. Hence the hex C(z',y’,y) intersects
H in the quad R := C(Z,2',y’). Since y has distance 2 or 3 to every point of R,
I'2(y) N R is an ovoid O of R. Now, O contains a point u not collinear with z’. If
v denotes a common neighbour of u and y, then the line yv has a unique point w
at distance 2 from z’. Since d(v,2’) =1+ d(u, 2’) = 3, w # v and w has distance
2 from H, contradicting the minimality of d(x,y’). As a consequence, H is big in
S. O

Theorem 2.32. Let H be a convex sub-2m-gon of S which is classical in S and
let  be a point of H. If H' is a convex sub-2(d — m + §)-gon through x, then
diam(H N H') > 6.

Proof. Let y denote a point of H' at distance d — m +  from z. Since y is clas-
sical with respect to H, d(y,7u(y)) < d — m. Hence, d(z,7g(y)) > J. Now,
7w (y) belongs to H’' since it is contained in a shortest path between x and
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y. Since z, 7y (y) € H N H, C(z,mu(y)) € H' N H. Hence, diam(H' N H) >
diam(C(x, 7y (y))) > 4. O

2.3 Proof of Theorem 2.6

We take the proof of [45]. For a convex subpolygon F' of a dense near polygon &’
and an ¢ € N, we define the following sets:

e GC(S'): the set of all convex subpolygons of S,
e GC,;(S'): the set of all convex sub-2i-gons of S,
e GC,(S', F): the set of all convex sub-2i-gons of &’ containing F'.
For every point = of &’ and every i € N, we define GC;(S’, z) := GC;(S’, {=}) and

n;(S’, ) denotes the number of points of " at distance ¢ from x. By Theorem 2.3,

ni(8x)= Y ni(Uax). (2.1)

UegC,;(S',x)

Using Theorem 1.2, we easily see that the following property holds.

Property. Let S’ be a finite dense near 2d'-gon, d' > 2, of order (s,t) and let x be
a point of S'. Then

d'—1
na (S x) = U—Zni(S’,x), (2.2)
i=0
1 d'—2 '
na-1(S,x) = —7 v D=9 = 1) ni(Sx) | (2.3)
i=0

where v denotes the total number of points of S'. As a consequence, if the numbers
n;(S',x),1 € {0,...,d -2}, do not depend on x, then also the numbers ng _1(S’, x)
and ng (S8, x) do not depend on x.

We will prove Theorem 2.6 by induction on the pair (d,7). We will use the
following ordering on the set of all such pairs: (d’,i") < (d, ) if either d’ < dor (d' =
d and ¢’ < 7). Obviously, the theorem is true if (d,i) < (2,0). Suppose therefore
that (d,i) > (2,0) and that the theorem holds for any finite dense near 2d’-gon
S’ and any ¢ € {0,...,d'} satistying (d',i") < (d,4) (= Induction Hypothesis). In
particular, the theorem holds for any proper convex subpolygon of S.

Suppose first that not every line of S is incident with the same number of

points. Then by Theorem 1.12, there exist dense near polygons &1 and Ss satisfying
S = &1 xSy, diam(S;) < diam(S) and diam(Sz2) < diam(S). For every point (z,y)
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of 81 x Sz, we have n;(S1 x S, (z,y)) = Zé‘:o n;(S1,2) - n;—j(S2, y) and, by the
Induction Hypothesis, this number does not depend on the chosen point (z,y).

So, we may suppose that S has an order (s, t), where t = ts. By connectedness
of S, it suffices to show that n;(S,z) = n;(S,y) for two arbitrary collinear points
z and y. By the above Property, we only need to consider the case i < d — 2. By
equation (2.1), we have

ni(S,x) = > mi(U)+ > ni(U, z). (2.4)
U€EGEC:(S,ay) U€eGC:(S,2)\GCy(S,zy)
By Theorem 2.24,
Z n;(U,x) = Z Z n; (U, z).
UeGC,;(S,x2)\GC;(S,zy) VeGC;+1(S,xy) UeGC;(V,x)\GC;(V,zy)

Now,

Z n(U,z) = n;(V,x) — Z n; (U, x)

UegC,;(V,z)\GC,;(V,zy) UegC,;(V,zy)
by equation (2.4). So,

n;(S,z) = Z n; (U, x) + Z n(V,z) — Z n; (U, x)
UegGC,(S,xy) VeGC;11(S,xy) UegC,;(V,zy)
(2.5)
All convex subpolygons occurring in the right-hand side of the latter equation
contain the point y and have diameter at most ¢ + 1. Since ¢t + 1 < d — 1, we can
apply the Induction Hypothesis. It follows that

ni(S,x) = > U+ > n(Viy)— Y ni(Uy)

UegC,(S,xzy) VeGC;11(S,zy) UegC,;(V,zy)
Now, applying equation (2.5) with y instead of =, we obtain that
ni(S, ) =ni(S,y).

As mentioned earlier, the theorem now follows from the connectedness of S. [

2.4 Upper bound for the diameter of I';(z)

In this section, let S = (P,L,I) be a dense near 2d-gon and let z denote an
arbitrary point of S. In Theorem 2.27, we showed that the graph induced by I' on
I'4(x) is connected. The aim of this section is to derive an upper bound for the
diameter of T'y(z). We follow the approach of [37].

Definitions. A path v = (xg,21,...,2%) in S is called saw-edged (with respect to
x) if the following three conditions are satisfied:
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(1) d(z,z0) = d(x, zx);
(2) d(z,z;) € {d(x,x0),d(z, o) + 1} for all 7 € {0,...,k};
(3) if d(z,z;) = d(x, z0) + 1, then d(z, z;—1) = d(z, zi+1) = d(z, z0).

Let I() = k denote the length of v. We call [(y) = I(y) + t(v) the modified length
of ~; here t(y) denotes the number of teeth of v, i.e. the number of vertices x;,
i €{0,...,k}, at distance d(z,z9) + 1 from x.

Theorem 2.33. Let y,z € P such that d(z,y) = d(x, z). If y and z are connected
by a path of length & consisting only of points at distance at most d(z,y) from x,
then y and z are connected by a saw-edged path ~ with I() < %(5.

Proof. We use induction on ¢. Clearly, the theorem holds if § = 0 or § = 1. Let
0 = 2 and let v and u’ be two common neighbours of y and z. We may suppose
that d(z,u) = d(z,v') = d(z,y) — 1. Choose now collinear points v € uz \ {u, z}
and v' € yu' \ {y,u'}, then the path (y,v’,v,2) is saw-edged and has modified
length 3. Suppose therefore that § > 3 and consider a path y = zg,z1,...,25 = 2
for which d(z,z;) < d(z,y) for all i € {0,...,6}. If d(x,2;) = d(z,y) for some
i €{1,...,0 — 1} then there exists a saw-edged path of modified length at most
3i4 2(6 — i) = 36 connecting y and z. Suppose therefore that d(z,z;) < d(z,y)
forallt € {1,...,0 —1}. By induction, 27 and z5_1 are connected by a saw-edged
path 1 with I(y1) < 3(6 — 2) = 26 — 3. The path v; can be extended to a path
v of length k = I(71) + 2 connecting y and z. By Lemma 2.11, the path 2 can
be replaced by a path 3 = (ag, ..., ax) which satisfies the following properties:

(a) ao =y, ar = z;
(b) there are exactly ¢(v1) + 1 points a;, ¢ € {0,...,k}, satisfying d(z,a;) =
d(z,y) — 1; all the other points of the path 73 lie at distance d(z,y) from x.
(¢) Ifd(x,a;) = d(x,y)—1 for some i € {0,...,k}, then d(z,a,—1) = d(z,ai4+1) =
d(z,y).
If d(z,a;) = d(x,y) — 1 for some i € {0,...,k}, then the path (a;-1,a;,a;+1) can

be replaced by a saw-edged path of modified length at most 3. Hence y and z are
connected by a saw-edged path of length at most

I(v3) = 2(t(m1) + 1) +3(t(n) + 1) =1(n) +t(n) +3=1(n) +3 < gé. O

Corollary 2.34. (a) If y and z are points of S such that d(x,y) = d(z,z), then

)
they are connected by a saw-edged path vy with 1(y) < 3 d(z,y)

(b) For every point x of S, T'4(x) has diameter at most |3d].
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2.5 Upper bounds for ¢ + 1 in the case of slim dense
near polygons

Recall that a near polygon is called slim if every line is incident with precisely
three points. In this section, we will prove the following result.

Theorem 2.35. There exist constants M;, i € N\ {0}, such that ts < M; for every
slim dense near 2i-gon S. In particular, S is finite.

This theorem has been proved in [20] for generalized quadrangles (see also
Theorem 1.32), in [12] for near hexagons and in [37] for general near polygons. We
follow the approach of [37].

We will prove Theorem 2.35 by induction on the diameter of the near polygon.
Obviously, the theorem holds if the diameter is equal to 1 (M; = 0). By Theorem
1.32, the result is also true if the diameter is equal to 2 (M = 4). So, suppose that
S is a dense slim near 2d-gon with d > 3 and that Theorem 2.35 holds for any
dense slim near polygon of diameter at most d — 1. In particular, we suppose that
the theorem holds for any convex subpolygon of S. Let M be a positive integer
such that every convex sub-2(d — 1)-gon H of S has order (2,ty) with tg < M.
Let = denote an arbitrary point of S and put ¢ :=ts.

Lemma 2.36. If there is a cycle of length 2n + 1, n > 1, in Ty(z), then t +1 <
(2n+1)(M +1).

Proof. Let yo,y1,..-,Y2n+1 = Yo be a cycle of length 2n + 1 in Ty(z). Let z;,
i € {0,...,2n}, denote the unique third point on the line y;y;+1. Suppose that
t+1> (2n+1)(M+1). Then there exists a line L through x which is not contained
in one of the subpolygons H(x, z;). Now, let u be the point of L at distance d — 1
from yo. If d(u,2;) < d —1 for a certain i € {0,...,2n}, then d(z,z;) = d —1
implies that d(w, z;) = d — 2 for a certain point w on zu or that L is contained
in H(z,z;), a contradiction. Hence d(u, z;) = d for every i € {0,...,2n}. Since
d(u,y0) = d — 1 and d(u, z9) = d, we necessarily have that d(u,y1) = d. Since
d(u,y1) = d and d(u, z1) = d, d(u,y2) = d — 1. Repeating this argument several
times, one finds that d(u, yan+1) = d, contradicting d — 1 = d(u, yo) = d(u, yont1)-
Hence t +1 < (2n+ 1)(M +1). O

Corollary 2.37. At least one of the following possibilities occurs:
(1) t+1< (23] +1)(M+1),
(2) Ty(x) is a bipartite graph.

Proof. Let d'(-,-) denote the distance in I'y(x). Suppose that I'y(z) is not bipartite.
Let y denote an arbitrary point of I'y(z). Define V. := {z € T'y(z) | d(y, 2) is even}
and V_ := {z € Ty(z)| d(y, 2) is odd}. Since TI'y(x) is not bipartite, there exists
an edge connecting two vertices of V¢ for a certain e € {4, —}. This edge gives rise
to a closed path which contains y and whose length [ is odd and at most equal to
2|32 | + 1. The result then follows from Lemma 2.36. O
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Theorem 2.38. If ['y(z) is bipartite, thent +1 < |3¢](M + 1)2.

Proof. Let d'(-,-) denote the distance in T'y(x). Let y be a fixed vertex of I'y(z).
For every z € T'y(z), let C, be the set of lines through z containing a point of
Ta—1(y) NT4_1(2), and let D, denote the set of all the other lines through x. If
d'(y, z) is even, then we put A, := D, and B, := C,; otherwise A4, := C, and
B, := D,. Clearly A, = (). For two collinear points z and 2z’ in I'q(x), let E, ./
denote the set of all lines through x contained in H(x,2"”) with z” the unique
third point of the line zz’. Since T'y1 () N (Ty—1(2) NT4—1(2")) = T1(x) NTy_2(z"),
we have that A, = A, A E, ./, the symmetrical difference of A, and E, ... Hence
for every point z of I'y(z), [A.| < [3¢](M + 1). Now, let z be a point of I'q(z)
for which |A.| is maximal. Let A, = {L1,..., L4, }. For every i € {1,...,|A.[},
let H; denote the unique convex subpolygon through z and the unique point of
L; at distance d — 1 from z. If there would be a line 22/, 2’ € T'4(z), through z
not contained in any of these subpolygons, then |A,/| = |A;| + |E. /| > |A.], a
contradiction. Hence ¢ +1 < [ 3¢ [(M + 1)% O

Theorem 2.35 now follows from Corollary 2.37 and Theorem 2.38. In certain
cases, we are able to improve the upper bound given in Lemma 2.36.

Theorem 2.39. Let H be a convex sub-25-gon of S. If there exists a (2n+ 1)-cycle
in Ts(x) N H for some point x € H, thent+1< (2n+1)(M + 1) — 2n(d — §).

Proof. By Theorem 2.29, there exists a point y at distance d(y,z) = d(y, H) = d—¢
from z such that y is classical with respect to H. If C(x,y) has order (2, N), then
a similar reasoning as in the proof of Lemma 2.36 yields (t +1) — (N + 1) <
Cn+1)(M+1)—(N+1)). Hence t +1 < (2n+ 1)(M 4+ 1) — 2n(N + 1). The
theorem now follows since N +1 > d — §. [In a dense near QJ—gon, the number of
lines through a given point is at least d, as one can easily show by induction on d,
making use of Theorem 2.3.] |

By Theorem 1.40, the previous theorem applies if H = Q(5,2). In Chapter
6, we will give other examples of near polygons H for which the theorem applies
(Theorems 6.4, 6.54, 6.68 and 6.80).

2.6 Slim dense near polygons with a big convex
subpolygon

In this section, we will prove a result which will be very useful for classifying slim
dense near polygons containing a big convex subpolygon.

2.6.1 Statement of the result

Let S be a dense slim near 2d-gon and let F' denote a big convex subpolygon of
S. Define the following geometry (S, F).
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e The POINTS of Q(S, F) are the lines of S which intersect F' in a unique
point.

e The LINES of Q(S, F) are the (not necessarily convex) subgrids of S which
intersect I’ in a line.

e Incidence is containment.
We will prove the following result.

Theorem 2.40. For every i € {1,2}, let S; denote a dense slim near 2d-gon and
let F; denote a big convex subpolygon of S;. Then Q(S1, F1) = Q(Sa, Fs) if and
only if there exists an automorphism from S1 to So mapping Fy to Fy.

Obviously, if there exists an automorphism from S; to S mapping Fj to
Fy, then Q(S1, F1) =2 Q(Ss, Fy). We will prove the other direction in the following
section.

2.6.2 Proof of Theorem 2.40

We will take the proof from [34]. Let 6 denote an isomorphism from Q(Si, F1) to
O(Ss, F3). Let d;(-,-) denote the distance in S;, i € {1,2}. For every j € N and
every POINT K of Q(S;, Fi), i € {1,2}, I';(K) denotes the set of POINTS of
O(S;, F;) at distance j from K. We prove Theorem 2.40 in a sequence of lemmas.

Definition. If x is a point of S;, i € {1,2}, then we denote the point 7p, (x) also
by 7 (z).

Lemma 2.41. Two POINTS K and L of Q(S;, F;), i € {1,2}, are parallel regarded
as lines of S; if and only if the distance between K and L in Q(S;, F;) is equal to
(K NF;,LNEF;).

Proof. We first notice that if K and L are two POINTS of Q(S;, F;), i € {1,2},
then dZ(K,L) = dl<K n FZ‘, LN Fz)

Suppose that K and L are parallel and let xg,...,xx be a path of length
k = d;(K,L) between the points zop € K \ F; and z; € L\ F;. Then v =
xom(xg), ...,z m(x)) is a path of length k in Q(S;, F;) connecting K and L,
proving one direction of the lemma.

Conversely, suppose that the distance between K and L in Q(S;, F;) is equal
to k = &;(K N F;,LNF;). Then d;(p, L) < k for every point p on K. Since
d;(K,L) =k, d;(p, L) = k for every point p on K. This shows that K and L are
parallel lines. O

Lemma 2.42. There exists an isomorphism p from Fy to Fy such that n(KNFy) =
0(K) N Fy for every POINT K of Q(S1, F1).

Proof. Let i € {1,2}. Call two POINTS K and L of Q(S;, F;) equivalent if they
intersect F; in the same point. We show that two POINTS K and L of Q(S;, F;) are
equivalent if and only if I'] (K)NI'; (L) contains two collinear POINTS of Q(S;, F3).
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By Theorem 1.7, the quad @ := C(K, L) intersects F; in a line {a1, as, a3} with
{a1} = KN L. If M;, i € {2,3}, denotes any line of @ through a; different from
QN F;, then My and M3 are two collinear POINTS in I'f (K) NT'5(L). Conversely,
suppose that M and N are two collinear POINTS in I'{ (K) NI' (L). Since K N F;,
M N F; and N N F; are three mutually collinear points, K N F; is the unique third
point on the line through M N F; and N N F;. The same holds for L N F;. Hence,
K and L are equivalent POINTS in Q(S;, F;).

If K denotes an arbitrary POINT of (Sy, F1) intersecting Fy in a point
x, then we put u(x) := 0(K) N Fy. We show that p is well-defined. If K’ denotes
another POINT of Q(Sy, F1) through «, then I'j (K)NI'; (K') contains two collinear
POINTS of Q(Sy, F1). Since 6 is an isomorphism, I'f (0(K)) NT'5(6(K’)) contains
two collinear POINTS of Q(Ss, F2). As a consequence §(K) N Fy = 6(K') N Fa.
This proves that p is well-defined. Obviously, u is a bijection between F; and Fb.
If K and L are collinear POINTS of (83, F1), then §(K) and (L) are collinear
POINTS of Q(Ss, F3). From this, it follows that p maps collinear points of Fj to
collinear points of F,. Hence, u is an isomorphism. O

Lemma 2.43. Two POINTS K and L of Q(S1, F1) are parallel regarded as lines of
Sy if and only if O(K) and O(L) are parallel.

Proof. Suppose that K and L are parallel. By Lemma 2.41, the distance between
K and L in Q(S8;, F1) is equal to di (K N Fy, L N Fy). Since 6 is an isomorphism,
the distance between §(K) and §(L) in £2(Sz, F3) is equal to di (KN Fy, LN Fy) =
do(p(K N Fy), (LN Fy)) =da(0(K) N Fz,0(L) N Fy). By Lemma 2.41, (K) and
O(L) are parallel. This proves one direction of the lemma. The other direction
follows by symmetry. O

Let (z,y) denote a pair of opposite points in F; (i.e. di(z,y) = d — 1), let
A denote an arbitrary POINT of Q(S1, F1) through y, let By, ..., By denote all
the POINTS of Q(S;, F1) through z, and let a1 and ay denote arbitrary points of
A\ Fy and 6(A) \ F» respectively. Since dj(z,y) = d — 1 and F is convex, the
lines By, ..., By are parallel with A. For every permutation ¢ of {1,...,k}, let ue
denote the following bijection between the point sets of S; and Sa.

e For every point z of Fi, let pg(z) = p(z);

e For every point z of &1 \ Fi, take the smallest ¢ € {1,...,k} such that
z7(2) || Byi), and let 2}, denote the unique point of By(;) nearest to z. Since
each line of Sp has exactly three points, there exists a unique point z;)’ on
0(By(iy) \ F2 for which di(zj,a1) = da(2}, az). By Lemma 2.43, the lines
0(Bg(i)) and 0(z7m(z)) are parallel. The point pg(2) is now defined as the
unique point of 6(z 7(z)) nearest to zj.

Lemma 2.44. All the maps 14 are equal.

Proof. Let u and v be two collinear points in I'y(z) and suppose that all the
points p4(u) are equal. Let w denote the third point on the line uv. There are
three possibilities.
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(a) If w € Fy, then pg(v) is the unique point of §(uv) different from p(w) and
g (w)-

(b) If w ¢ Iy and wn(w) || By(r), then u, = vj, is the unique point of By
nearest to w. Hence uj = vj. Since 0(w m(w))[|0(By1)), pe(u) and pug(v)
are the unique points of f(um(u)) and (v w(v)), respectively, collinear with
e (w). Since the lines 8(w w(w)), O(un(u)) and O(vw(v)) are contained in a
grid, pe(v) is the unique point of (v w(v)) collinear with p4(u).

(c) If w ¢ Fy and wn(w) is not parallel with Bg(), then uv || By(yy. Hence
uy, # vy and uy # vy. Since f(wm(w)) and 6(By(1)) are not parallel, the
unique line through pe(u) intersecting 6(w w(w)) and O(vw(v)) is parallel
with 0(Bg(1)). The point ¢ (v) necessarily lies on the intersection of this line
with 6(vm(v)). Hence pg(v) is the unique point of (v w(v)) collinear with
i ().

In each of the three considered cases, j4(v) does not depend on ¢. Since I'y(z) is
connected and pg(a1) = ag for every permutation ¢, ue(2) does not depend on ¢
for every z € T'y(z).

Suppose now that u is a point of S; with the property that p4(u) is indepen-
dent of ¢, and let v be an arbitrary point collinear with u on a shortest path from
u to . We will prove that also ue(v) is independent of ¢. This trivially holds if
v € Fi. Suppose therefore that v ¢ F}, then the line uv is disjoint from Fj. For
every permutation ¢ of {1,...,k}, another permutation ¢ of {1,...,k} can be de-
fined in the following way: take the smallest i € {1,...,k} such that By || v (v)
and choose ¢ such that ¢(1) = ¢(i). Since vj = uii—) and vy = uj, pue(v) is the
unique point of (v 7(v)) collinear with ji5(u). Hence g (v) is independent of ¢.

Now, let w denote an arbitrary point of ;. By Section 2.2, there exists a
path v of length d — d; (z, w) between w and a point w’ of I'y(x). We already know
that pe(w’) is independent of ¢. It follows by induction that pe(r) is independent
of ¢ for every point r on ~. In particular, pue(w) is independent of ¢. This proves
our lemma. 1

Put p = py with ¢ any permutation of {1,...,k}. The following lemma
completes the proof of Theorem 2.40.

Lemma 2.45. Two points u and v of Sy are collinear if and only if p(u) and p(v)
are collinear points of Sa.

Proof. Suppose that u and v are collinear points of S;. Obviously, u(u) and u(v)
are collinear if the line uv meets Fj. So, suppose that the line uv is completely
contained in & \ Fi. Let w be the unique point of uv nearest to z, and let ¢ be
a permutation of {1,..., k} such that By || wm(w). Then uj = v}, is the unique
point of By nearest to w. Hence u;; = vj. Following a similar reasoning as in
the proof of Lemma 2.44, case (b), we immediately see that pe(u) and pe(v) are
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collinear. This proves one direction of the lemma. The other direction follows from
symimetry. U



Chapter 3

Regular near polygons

3.1 Introduction

In this chapter § = (P, L,1) denotes a finite regular near 2d-gon, d > 2, with
parameters s, t, t; (i € {0,...,d}), i.e. S has order (s,t) and for every two points
x and y at distance ¢ there are ¢; + 1 lines through y containing a (necessarily
unique) point of T';_j(x). The remaining ¢ — ¢; lines through y contain besides
the point y only points of T';;1(z). Notice that tg = —1, t; = 0 and ¢4 = t. The
number |T;(z)|, ¢ € {0,...,d}, is independent from the chosen point 2 and equal
to

s TT—o(t —t))
H;:1(tj + 1) .

The total number of points is equal to

ki =

U:k0+k’1+"'+kd.
If z, y and z are points such that d(z,y) = i, d(y,2) = 1 and d(x,2) = i + 1,
then Ti(z) NT;—1(y) C Ty1(z) NTi(2). As a consequence, t; < t;y1 for every

i €{0,...,d—1}. Since I'y(x) # 0 for at least one (and hence all) point(s) of S,
we must have that ty_1 # t.

3.2 Some restrictions on the parameters

In this section S is supposed to be dense; so, s > 2 and t5 > 1.

Theorem 3.1. For all i, j,k € {0,...,d} withi < j <k, % e N.
1=¢ \ty—lu
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Proof. Let F and F’ denote two convex subpolygons of S such that diam(F') = i,
diam(F’) = k and F C F’. Then the number of convex sub-2j-gons G satisfying
G=1(p
F c G C F’ is equal to 722?1% :?
1=i \ti Tl
two different ways the number of tuples (Lit1, Lito,...,L;), where Litq1,...,L;
are lines through z such that C(F,L;y1,...,L;), 1 € {i+1,...,7}, is a convex
sub-2[-gon contained in F’.) O

(Let = be a given point of F. Count in

Let  denote an arbitrary quad of S. As in Section 1.8, let X; ¢, respectively
X0, denote the set of points of S at distance ¢ from () which are classical,
respectively ovoidal, with respect to Q. We will calculate the numbers | X; | and
| Xi.0| and derive some restrictions on the parameters s, ¢ and ¢; from that.

Lemma 3.2. Let L denote a line of S and x a point at distance i € {0,...,d — 1}
from L. Then

(a) x is contained in t; + 1 lines which contain a (necessarily unique) point at
distance 1 — 1 from L;

(b) x is contained in t;11 — t; lines which contain only points at distance i from

L .

7

(¢) x is contained in t — t;41 lines which contain points at distance i+ 1 from L.

Proof. (a) If x is collinear with a point y at distance i — 1 from L, then 7y (y) =
71 (z) and y is one of the t; + 1 points collinear with x at distance ¢ — 1 from
7 (z).

(b) If a line M through x contains only points at distance ¢ from L, then M is
contained in the convex sub-2(i + 1)-gon C(x, L). Conversely, if M is one of
the ;11 —t; lines of C(z, L) through x not containing points at distance i — 1
from 7z, (x), then every point of M has distance i from L.

(c) This follows from (a), (b) and the fact that there are precisely ¢t + 1 lines
through z. O

Corollary 3.3. The total number of points at distance i € {0,...,d} from a given
7 ngl(t*tj)
[Ti=: i+

Lemma 3.4. If x € X, ¢, then

line is equal to (s + 1)s

(a) x is contained in t; + 1 lines meeting X;,_1 ¢ (in a unique point);
(b) z is contained in (t2 + 1)(tig1 — t;) lines contained within X; ¢;

(c) x is contained in t — t;1o lines meeting Xit1,c.

(d) z is contained in tizo —t; — (t2 + 1)(tix1 — ti) lines meeting X;41.0-

Proof. (a) If z is collinear with a point y of X;_1 ¢ U X;_1 0, then by Theorem
1.23, y is classical with respect to @ and 7o (y) = mg(x). So, y is one of the
t; + 1 points collinear with  at distance i — 1 from mg(x).
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(b) If L is a line through x contained in X;, then by Theorem 1.23, every point
of L is classical with respect to @ and mg(L) is a line of @ through mg(z).
Moreover, L is contained in C(x,7g(L)). Now, there are ¢t + 1 lines in @
through 7mg(z). Fix such a line L’ and consider the convex sub-2(i + 1)-gon
C(L',z). In this convex subpolygon, there are ¢;11 —t; lines through = which
do not contain a point at distance i—1 from ) and all these lines are contained
in Xi.C-

(c) Let z denote a point of @ at distance 2 from mg(x). Then d(z, z) =i + 2.

If y is a point of X, 11 ¢ collinear with z, then 7 (y) = mo(z), d(y, z) =
i+ 3 and y is not contained in the convex subpolygon C(z, 2).

Conversely, if y is a point collinear with x not contained in the convex
subpolygon C(z, z), then by Theorem 1.5, d(y,u) = 1 + d(z,u) for every
point u of C(x, z). Since z is classical with respect to @, also y is classical
with respect to Q. Since x has distance i from @, y has distance 7 + 1 from

Q.

It now easily follows that there are t — ¢;42 lines through = meeting

Xit1,0-
(d) This follows from Theorem 1.23, from (a), (b), (c) and from the fact that
there are t + 1 lines through . O

Corollary 3.5. Leti € {0 d—1}. Then there are slm
y 3.5. yeees . Ny

for which mq(z) is a given point of Q. As a consequence,
i+1

points x i X; ¢

| Xicl = (s+1)(sta +1)

Lemma 3.6. For everyi € {1,...,d},

(Stg + 1) . |X¢70| + sto - |Xi—1,C| + |Xi,C| = (S + 1)(St2 + 1)8 —_—
Hj:l(tj + 1)
Proof. Let L denote a fixed line of Q. Every point x of S at distance i from L,
either belongs to X;_1,c, X;.c or X; 0. If z € X;_1 ¢, then mg(x) does not belong
to the line L. If © € X, ¢, then mg(x) belongs to the line L. As a consequence,

s+1)s s
|F1(L)| = |Xi,O| + |Xi71,C| . (Siﬁ)»(s)t;j-l_) + |Xi,C| . m The lemma now

follows from Corollary 3.3. O
Using Corollary 3.5 and Lemma 3.6, we are now able to calculate |X; o.
Corollary 3.7. (a) For everyi € {0,...,d — 1},

|Xiol = (s + 1)s'[tix1 — ta(t; +1)] ~
j:l(tj + 1)
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(b) For everyi € {0,...,d— 1}, tiy1 > ta(t; + 1).

(c) S is classical if and only if t;11 = t2(t; + 1) for every i € {0,...,d —1}.
Remark. If t2 > 2 and t3 = t2(t2 + 1), then S is classical by [11].
Theorem 3.8. If d > 3 and t3 # ta2(ta + 1), then t3 + 1 > (t2 + 1)(st2 + 1).

Proof. Since t3 # ta(ta + 1), there exists a point x € X3 0 by Corollary 3.7.
Consider the sto+1 quads C(x, y) where y is one of the points of the ovoid I's (2)N@Q
of Q. These quads define (t2 + 1)(st2 + 1) lines through = which are all contained
in the hex C(z, Q). All these lines are different. If two of them were equal, then
there would exist a point in T';(Q) which is collinear with two different points of
Q. This is impossible since @ is convex. Hence, (t2 4+ 1)(sta +1) < 3+ 1. O

3.3 Eigenvalues of the collinearity matrix

Let M denote the set of all (v x v)-matrices over C whose rows and columns are
indexed by the points of S. For every i € {0,...,d}, let 4; be the following matrix
of M (z,y € P):

(Ai)zy = 0 otherwise.

The matrix Ag is equal to the identity matrix I and A := A; is called the collinear-
ity matriz of S. If J denotes the (v x v)-matrix with each entry equal to 1, then

A0+A1+"'+Ad:<],

AJ =s(t+1)J.

Since A is symmetric, it is diagonizable. Let m(X) € C[X] denote the minimal
(monic) polynomial of A.

Theorem 3.9. For every i € {0,...,d},
AA; = st —tim1)Aicr + (s = Dt + 1) Ai + (tigr + 1) Aiga.

Here tyy1 and t_1 are arbitrary elements of Z and A_1 = Agy1 = 0.

Proof. We have (AA;)zy = >, Az2(Ai)zy = |T1(x) NTi(y)|. As a consequence,
(AA;)zy isequal to 0if d(x,y) & {i—1,1,i+1}, equal to s(t—t;—1) if d(z,y) =i—1,
equal to (s —1)(¢; + 1) if d(z,y) = ¢ and equal to t;41 + 1 if d(z,y) =i+ 1. O

Corollary 3.10. For every i € {0,...,d}, there exists a polynomial p;(X) € Q[X]
of degree i such that A; = p;(A).

Corollary 3.11. If p(X) # 0 is a polynomial of C[X] with degree less than d + 1,
then p(A) # 0.
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Proof. This follows directly from Corollary 3.10 and the fact that Ag, Ay,..., Ag
are linearly independent elements of M (regarded as a v2-dimensional vector space
over C). O

Corollary 3.12. m(X) = a[X —s(t+1)]- [po(X)+p1(X)+- - -+ pa(X)] for a certain
element a in Q\ {0}.

Proof. This follows from Corollary 3.11 and the fact that [A — s(¢t + 1)I][po(A4) +
p1(A) + -+ pe(A)] =[A—-st+1IJ=AJ —s(t+1)J =0. O

Since A is symmetric, the number of distinct eigenvalues of A is equal to the
degree of the polynomial m(X), i.e. equal to d+ 1. We will denote the eigenvalues
of A by Ao, A1, ..., \g- Without loss of generality, we may suppose that A\g > \; >

-+ > Ag. Since A is symmetric, Ag,...,A\g € R.

Theorem 3.13. Ao = s(t + 1).

Proof. The sum of the entries on each row is equal to s(t+1). Hence, |\;| < s(t+1)
for every i € {0,...,d}. Since AJ = s(t+1)J, s(t + 1) is an eigenvalue of A. O

Theorem 3.14. Ay = —(¢t+1).

Proof. Let N be the incidence matrix of A (the rows of N are indexed by the points
of § and the columns of N are indexed by the lines of S). Then N-N7T = (t4+1)I+A.
Since N - NT is positive semi-definite, every eigenvalue of A is at least —(¢ + 1).
Now, put

AM = Z(—%)%Ai

= Z(—%)i[ (t —tic1)Ai—1 + (s — 1)(ti + DA + (tig1 + 1) Ai]

_ ; : 3—1 (s=Dti+1) , )+,
- ZZ; — z; AMLZ;WAz
d
= ) —(t+1)( ZAi
=0
= —(t+1)M

So, every nonzero column of M is an eigenvector of A with eigenvalue —(t+1). O
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For every ¢ € {0,...,d}, let f; denote the multiplicity of the eigenvalue A;.
We have

Jo+tfit+- -+ fa=v0.
Theorem 3.15. fo = 1.

Proof. If £ = [x1 --- x,]7 denotes an eigenvector of A corresponding with the
eigenvalue s(t + 1), then we may suppose that zg,z1,...,2, e R. Ifi € {1,...,v}
such that |z;| is maximal, then by considering the i-th entry of AZ, we see that
x; = x; if p; is collinear with p;. By the connectedness of S it then follows that
all entries of T are equal to each other. This proves the theorem. O

Now, let U be the (d+1)-dimensional subspace of M generated by all matrices
Ap, A1, ..., Aq. Then not only

U= (Ap,...,Aq)
but also
U= (AO,Al,...,Ad).
Theorem 3.16. For all My, Ms € U, My - My € U.

Proof. For every i € {1,2}, there exists a polynomial ¢;(X) € C[z] of degree at
most d such that ¢;(A) = M;. Now, let r(X) be the remainder of the division of
q1(X) - q2(X) by m(X). Then M, - My =7(A) € U. O

Theorem 3.16 implies that U/ is an algebra, if we take the ordinary addition
and multiplication of matrices as operations. This algebra is the so-called Bose—
Mesner algebra [6] of the association scheme associated with the regular near
polygon S, see also Chapter 20 of [5].

Theorem 3.17. There exist constants pﬁj €N (4,5,0 €{0,...,d}) such that A;A; =
S Pl A for alliyj € {0,. ... d}.

Proof. This follows from Theorem 3.16 and the fact that all entries of A4;A4; are
nonnegative integers. O

Corollary 3.18. Let i,j,1 € {0,...,d}. For all points x and y at distance l, the
number of points z satisfying d(z,x) =i and d(z,y) = j is equal to pﬁj.

Calculation of the multiplicities
Since (A%, AL, ..., AY) = (Ay,..., A4), there exist constants a;j, i,j € {0,...,d},
such that A" = Z?:l a;;A; for every i € {0,...,d}. Obviously,

Tr(AY) = v - as.
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On the other hand, we have
Tr(A") =) £\,
j=0

for every i € {0,...,d}. Now, the eigenvalues A1, ..., Ay and the numbers v - a;o —
s*(t + 1)" are functions of the parameters of S. Since the determinant

D VRPN
LA - AE
is nonzero, the multiplicities fi,..., fg can be calculated from the nonsingular
system
S XN =v-ai — s+ 1) (0<i<d—1).
j=1

As a consequence, we can determine the multiplicities as functions of the param-
eters s, t, t; (2 <1i < d—1). Since the multiplicities have to be strictly positive
integers, we obtain additional restrictions on the parameters. We will now list the
eigenvalues and multiplicities for the regular near hexagons and near octagons.
Calculations can be found in [87] and [88].

Example 1: The case of regular near hexagons

Put

s2(t+ 1)t s3(t —ta)
ta+1 to+1

m=1+s(t+1)+

The eigenvalues of the collinearity matrix A are A\g := s(t + 1), A1, A2 and A3 :=
—(t+1), where A\; and Ay are the roots of the polynomial 22 — (s — 1)(t2 + 2)z +
(s — s+ 1)ty — st + (s — 1)2. The multiplicity of the eigenvalue s(t + 1) is equal
to 1, the multiplicity of the eigenvalue —(t 4+ 1) is equal to

_ a(ta 1)+ sty + 1)t + 5%t — ta)
§2(ta + 1) + st(ta + 1) + t(t — t2)’

and if {7, 5} = {1, 2}, then the multiplicity of \; is given by

Ai(m—1)+s(t+1)— (A +t+1)f3
A — A '
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Example 2: The case of regular near octagons

Put
b = —(s—1)(ta+1t5+3),
c = (8% —s+ Dotz + (25% — 35+ 2)(ta +t3) — st(ta +2) +3(s — 1),
= —(s=D[(ta + 1)tz +1)(s* +1) = s(t + 1)(t2 + t3 + 2)],
B 2+ 1)t S+ Dt —ta2) | sttt —ta)(t —t3)
mo= ldst+1)+ to+1 (ta+1)(ts+1) (ta+1)(t3+1) ’
e = s(t+1)(m—s(t+1)),
f = —s{t+1)[(s—1)m—s*(t+1)?.

Then the eigenvalues of the collinearity matrix are Ag = s(t + 1), A1, A2, A3 and
A1 = —(t+1), where A\, A2 and )3 are the roots of the polynomial 23 +bx?+cx+d.
The multiplicity of the eigenvalue s(t + 1) is equal to 1. If {7, 5, k, 1} = {1, 2, 3,4},
then the multiplicity of the eigenvalue J\; is equal to

6()\j + A + )\l) — 5)\1'()\j)\k + )\j)\l + >\k>\l) + (m — 1)>\j)\k>\l + f
(A = 2) (A = A) (A = Aq)

3.4 Upper bounds for ¢

The multiplicity of —(¢ 4 1) is of the form 21) “where py (t) and p2(t) are polyno-

p2(t)’
mials in ¢ whose coefficients are again polynomial functions in s, to, ..., t4—1. In
general, for given values of s, ¢, ..., tg—1, we can use the fact that the multiplicity

must be integral to derive an upper bound for ¢. For instance, in the case of regular
near hexagons, the multiplicity of the eigenvalue —(t + 1) is equal to

& (ta + 1) + s(ta + 1)t + s2t(t — ta)
$2(ta + 1) + st(ta + 1) + t(t — ta)”

If s # 1, then the fact that this number is integral can be used to derive an upper
bound for t as a function of the parameters s and .

There is a well-known result in the literature which gives an upper bound for
t in terms of s and to. It is called the Mathon bound.

Theorem 3.19 ([16],[76],[77]). If S is a regular near hexagon with parameters s # 1,
ty and t, then t < 83 +t5(s®> — s+ 1).

In the case s = 2, we have the following possibilities:
e If s=2and ¢t3 =0, then t <8.
e If s=2and ¢ty =1, then t < 11.
e If s=2 and t5 = 2, then t < 14.
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e If s =2 and t5 = 4, then t < 20.
These bounds are better than the ones we have derived in Section 2.5.

Remark. The Krein conditions, due to Scott [85], give additional restrictions on
the parameters, see also [13], [16] and [77]. The Mathon bound is in fact one of
these Krein conditions.

3.5 Slim dense regular near hexagons

In this section, we suppose that S is a regular near hexagon with parameters s = 2,
to and t. If to # 0, then S is a dense near hexagon and every two points at distance
2 are contained in a quad, which is necessarily isomorphic to L3 x Lz, W (2) or
Q(5,2). So, either t3 € {0,1,2,4}. The following parameters survive the above-
mentioned restrictions on the parameters (Theorem 3.1, Corollary 3.7, Theorem
3.8, Theorem 3.19, Conditions on the parameters for k; and f;, i € {0,...,d}, to
be integers).

— —
| O =Moo | =

BN R Rlololo

~
!
H
e

DO
(e

The first three examples in the table are generalized hexagons. The unique
generalized hexagon of order (2,1) is the flag-geometry of PG(2, 2). So, the points,
respectively lines, of the generalized hexagon are the flags, respectively points and
lines, of PG(2,2) (natural incidence). In [25], it was shown that there are two
generalized hexagons of order (2,2), namely the split Cayley hexagon H(2) and its
point-line dual. Also in [25] it has been shown that there exists a unique generalized
hexagon of order (2, 8) (the point-line dual of a twisted triality hexagon). For more
details, we also refer to [100]. In [7], it was shown that there exists a unique regular
near hexagon with parameters (s,t2,t) = (2,1,11). We will define it in Section
6.5. In [8], it was shown that there exists a unique near hexagon with parameters
(2,2,14). We will define it in Section 6.6. The near hexagons with parameters
(s,t2,t) equal to (2,1,2), (2,2,6) and (2,4, 20) are classical near hexagons because
t =ta(ta + 1). If (s,%2,t) = (2,1,2), then the classical near hexagon is the direct
product of three lines; if (s,ta,t) = (2,2,6), then the the classical near hexagon is
isomorphic to DQ(6,2); if (s,ta,t) = (2,4,20), then the classical near hexagon is
isomorphic to DH (5,4).
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3.6 Slim dense regular near octagons

In this section, we suppose that S is a regular near octagon with parameters s = 2,
to, t3 and t. If to = 0, then S is a dense near octagon and every two points at
distance 2, respectively 3, are contained in a unique quad, respectively hex. Hence,
if o > 1, then (t2,t3) is equal to either (1,2), (1,11), (2,6), (2,14) or (4,20). The
following parameters survive the above-mentioned restrictions on the parameters
(an upper bound for ¢ follows from the fact that the multiplicity of the eigenvalue
—(t+1) is an integer):

tats [ ¢ | # |
1

00 1
004 21
0|3 | 4 1
0| 8 |24 7
1123 1
216 |14 1
4 120 84 1

The first two examples in the table are generalized octagons. There is a unique
generalized octagon of order (2,1). It is the point-line dual of the double of the
generalized quadrangle W (2). There is a unique example known of a generalized
octagon of order (2,4) (a so-called Ree-Tits octagon). It is not known whether
there are more such generalized octagons. In [25], it has been shown that there
exists a unique regular near octagon with parameters (s, ts,t3,t) = (2,0,3,4). Its
point graph is the graph with vertices the 315 involutions of the Hall-Janko group
([27]) whose centralizers contain Sylow-2-subgroups, and two involutions are ad-
jacent whenever they commute. It is possible, see [24] or Section 13.6 of [13], to
give an alternative description of this near octagon which exploits the quater-
nionic root system given in [23], see also [98] and [101]. It is not known whether
there exists a regular near octagon with parameters (s, t2,%3,t) = (2,0,8,24). The
regular near octagons with parameters (s, t2, t3,t) equal to (2,1,2,3), (2,2,6,14),
(2,4,20,84) are classical near octagons since t3 = ta(t2 + 1) and t = ta(ts + 1).
If (s,ta,ts5,t) = (2,1,2,3), then S is the direct product of four lines of size 3;
if (s,to,ts,t) = (2,2,6,14), then S is isomorphic to DQ(8,2); if (s,ta,t3,t) =
(2,4,20,84), then § is isomorphic to DH(7,4).



Chapter 4

Glued near polygons

Let S and Sy be two near polygons and let § be a nonnegative integer. We will
show that if S; and S, satisfy certain nice properties, then (a) new near polygon(s)
of diameter diam(S;) 4+ diam(S;) — § can be derived from S; and S;. We call these
new near polygons glued near polygons of type . The contents of this chapter are
based on the papers [29], [30], [33], [35], [38], [41], [46], [58] and [59].

The glued near polygons of type 0 are precisely the product near polygons
which we have defined in Section 1.6. We start this chapter with some characteri-
zations of product near polygons.

4.1 Characterizations of product near polygons

We refer to Section 1.6 for the definition of direct product of two near polygons.
The aim of this section is to give a number of characterizations of product near
polygons.

Theorem 4.1. Let F be a big convex sub-2(n — 1)-gon of a dense near 2n-gon S,
n > 2, then the following are equivalent:

(a) there exists a line L and a point x1, on L such that S = F x L and
o(F x {x}) =F for a certain isomorphism ¢ from F x L to S;

(b) through every point of F' there is a unique line which is not contained in F';
(¢c) every quad intersecting F in a line is a grid.
Proof. (a) = (b): This is trivial.

(b) = (c): If @ is a quad which intersects F' in a line, then tg = 1 since through
every point of F' there is a unique line which is not contained in F. Hence @ is a
grid.

(¢c) = (b): Suppose the contrary. Then there exists a point € F' and two lines
Ly and Lo through = which are not contained in F'. By Theorem 1.7, the quad
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Q = C(L1, Lo) intersects F' in a line, proving that t¢ > 2. This contradicts the
fact that @ is a grid.

(b) = (a): Let x1 and x5 denote two points of F' at distance n— 1 from each other.
Let L;, i € {1,2}, denote the unique line through z; which is not contained in
F. The point 7p, (1) is contained in F since it is on a shortest path between x4
and xo. Hence, 71, (z1) = x2. In a similar way, one shows that 1 = 7, (z2). If
Ly and Ly were not parallel, then d(y, z) = d(y, 1) + d(z1, 22) + d(x2,2) =n+1
for every point y € L; \ {x1} and every point z € Ly \ {z2}, a contradiction.
Hence, Lq || Le. For every point y of L1, let F, be the convex sub-(2n — 2)-gon
C(y,7r,(y)). Obviously, Fy,, = F, F, N L1 = {y} and F, N Ly = {71, (y)}.

Property. If y1 and y2 are two different points of L1, then Fyy, and F,, are disjoint.

Proof. Suppose that v is a common point of F, and Fy,. By Theorem 1.5, y3 is
on a shortest path between y; and u. Hence y» € F,,, contradicting L1 N F,, =

{y1}. [l

Property. Let y € L1\ {z1} and z € F,;. Then zrp(z) is the unique line through z
not contained in F,.

Proof. Let 2z’ denote a point of F, at distance n — 1 from z. Let M denote an
arbitrary line through z different from zmp(z). We must show that M C F,, or
equivalently, that M contains a point at distance n — 2 from z’. The grid-quad
C(M, zrp(z)) intersects F in a line M’'. Let u denote the unique point of M’ at
distance n—2 from 7p(z’) and let L’ denote the unique line through u not contained
in F. The line L' meets M. The point 2z’ has distance n — 1 from u and the convex
sub-2(n — 1)-gon C(u, z’) is not completely contained in F. As a consequence, L'
contains a point v’ at distance n — 2 from z’. Since d(7p(2), z’) = n, the point 2’
is necessarily classical with respect to C(M, zmp(2)). Moreover, v’ is the unique
point of C(M, zmp(z)) nearest to z’. Since d(z/,2z) = n — 1, «’ is collinear with z
and hence v’ € M. This was precisely what we needed to show. O

Property. For every y € Ly, Fy is big in S.

Proof. Suppose the contrary and let x be a point of § at distance 2 from Fy. If
x' € T'a(z)NFy, then the quad C(x, 2’) intersects Fy, only in the point z’. The quad
C(z,2’) then has at least two lines through z’ not contained in F,,, a contradiction.
So, F,, is big in S. O

Let A denote the set of lines of & which meet F' in a unique point. By the
previous property, every Fy,, y € L1, intersects each line of A4 in a unique point. By
Theorem 1.10, the projection from F, to F' is an isomorphism for every y € L.
Obviously, the map z — (7r(z), 71, (z)) defines an isomorphism between the near
polygons S and F' x L. O

Theorem 4.2. Let S be a dense near polygon and let Ty and Ts be two partitions
of § in convex subpolygons satisfying the following properties:
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e cvery element of Ty intersects every element of Ty in a point,
e cvery line of S is contained in precisely one element of T1 UT5.
Then
(a) all elements of Ty are isomorphic;
(b) all elements of Ty are isomorphic;
(c) S2Fy X Fy for any Fy € Ty and any Fy € Ts.

Proof. For every point = of S, let A,, respectively B, denote the unique
element of T3, respectively Ts, through x.

Step 1. If x and y are two collinear points such that xy C B, then A, N B, and
Ay N B, are collinear for every point z of S.

Proof. Without loss of generality we may suppose that z is a point of A,. We will
prove Step 1 by induction on the distance d(z, z). Obviously, the property holds
if z = x. Suppose therefore that d(z,z) > 1 and that the property holds for a
point z’ € T'1(z) at distance d(z,z) — 1 from z. Let w’' denote the unique point
in Ay N B/, then 2z’ and u’ are collinear. Since the quad C(z, z/,u’) is a grid, the
points z and u’ have a unique common neighbour u different from z’. The line zu
is not contained in A, = A.; so, it is contained in B,. Similarly, since the line
uw'u is not contained in B,s = By, it is contained in A,, = A,. The property now
follows from the fact that A, N B, = {u} and A, N B, = {z}. O

Step 2. All elements of Ty are isomorphic. All elements of Ty are isomorphic.

Proof. Take two elements A,, and A,, in Ty. For every point y of A, , let 0(y)
be the unique point in A;, N B,. Then 6 is a bijection between A;, and A,,. By
Step 1, 6 is an isomorphism. So, A,, and A,, are isomorphic. In a similar way one
proves that all elements of T, are isomorphic. O

Step 3. S = A X B for any A € Ty and any B € Ts.

Proof. For every point z in S, put 6(z) := (B, N A, A, N B). Obviously, 0 is a
bijection between the point sets of S and A x B. We show that # maps collinear
points of S to collinear points of A x B. If 2 and y are collinear points of S such
that the line zy is contained in By, then B,NA = ByNA and d(4,NB,A,NB) =1
by Step 1. If  and y are collinear points of S such that the line xy is contained in
Ay, then A,NB=A,NB and d(B, N A,B,NA) =1 by Step 1. Hence, 6§ maps
collinear points of S to collinear points of A x B. In a similar way, one shows that
6~! maps collinear points of A x B to collinear points of S. So, # is an isomorphism
between S and A x B. O

Theorem 4.3. Let S be a dense near polygon and let Ty and Ts be two partitions
of § in convex subpolygons such that the following holds.
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e A, N B, = {x} for every point x of S. Here A,, respectively B,, denotes the
unique element of Ty, respectively Ty, through x.

o FEvery line of S is contained in a unique element of T1 U Ts.
Then
(a) all elements of Ty are isomorphic;
(b) all elements of Ts are isomorphic;
(¢) S2 Ax B for any A€ Ty and any B € T5.

Proof. In view of Theorem 4.2, we must show that every element of 77 intersects
every element of 7T, in a point. Let x and y be arbitrary points of S. We will
show that |A; N By| = 1. Let 3’ denote a point of A, at minimal distance from y.
Obviously, A, = A,. If Lis aline of A,yNC(y,y’) through 3/, then the unique point
on L nearest to y belongs to A, and has distance d(y, y") —1 from y, contradicting
our assumption that ' is a point of A, at minimal distance from y. So, every line
of C(y,y’) through 3’ is contained in By/. By Theorem 2.14, C(y, y’) C B,,. Hence,
y € By and B, = B,. It now follows that A, N B, = A, N B, = {y'}. d

Theorem 4.4. Let S be a dense near 2(ny + na)-gon and let Fy and F» be two
convex subpolygons for which the following holds:

o diam(F;) =n; > 1 (i € {1,2});
e [ intersects Fs in a point x;
o cvery line through x is contained in either Fy or Fs.
Then S = Fy x F5.
Proof. We prove the theorem in several steps.
Step 1. If L is a line of Fy through x, then C(Fy,L) =2 Fy x L.

Proof. Let A;, i € {n1,...,n1 +na}, be convex subpolygons through x satisfying:
(l) dlam(Al) = i, (11) An1 = Fl, (lll) An1+1 = C(Fl,L) and (IV) AZ - Ai+1 for
every i € {n1,...,n1+ng — 1}. Let B; := A; N Fy, i € {n1,...,n1 + na}. Since
A; # Aiy1, the set of lines of A; through z is different from the set of lines of A;11
through z. Since every line through x is contained in F; UF3 and since F; C A; and
Fy C Ai41, B; and B,y are different. It follows that B;, i € {ni,...,n1+na}, are
convex subpolygons of Fy through x satisfying (i) B,, = {z}, (ii) B; # B;1 for
every i € {n1,...,n1 +ng — 1}, and (iii) Bp,4n, = Fa. Hence, diam(B;) =i —ny
for every i € {n1,...,n1 + no}. It follows that By, +1 = C(F1,L) N Fy = L.

We now show that through every point y of Fj, there is a unique line of
C(F1, L) not contained in F;. Suppose this property holds for a certain y; € Fy
and let y2 be a point of I'1(y1) N F1. The set of quads of C(Fy, L) through y1ys2
not contained in F partition the set of lines of C(Fy, L) through y;, i € {1, 2}, not
contained in Fj. It follows that the property also holds for y,. Since the property
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holds for x € Fy, the property holds for every y € F; by the connectedness of Fj.
So, through every point y of Fi, there is a unique line of C(Fy, L) not contained
in Fy. This implies that F} is big in C(F1, L) (see the proof of the last property in
Theorem 4.1). From Theorem 4.1, it then follows that C(Fy, L) = Fy X L. O

For every point y of F;, i € {1,2}, let F3_;(y) denote the convex subpolygon
generated by all lines through y not contained in F;. Clearly Fy(z) = Fy and
FQ (.’,E) = FQ.

Step 2. For every point y of S, there exists a point y1 € F1 and a point ys € Fy
such that y € Fa(y1) N F1(y2).

Proof. Let y;, i € {1,2}, denote a point of F; nearest to y. If C(y, y1) N Fy contains
a line through y;, then this line would contain a point at distance d(y, y1)—1 from
y, a contradiction. Hence C(y,y1) C Fa(y1) and y € Fa(y1). Similarly, one proves
that Yy € F1<y2) O

Step 3. For every point y of F1, diam(Fy(y)) = na and Fa(y)NFy = {y}. Similarly,
for every point y of Fa, diam(Fi(y)) = n1 and Fy(y) N Fy = {y}.

Proof. Suppose that y; and yo are collinear points in Fy such that Fa(y1) N Fy =
{y1} and diam(F»(y1)) = ne. If L is a line through y2 not contained in Fy, then
C(L,y1y2) intersects F5(y1) in a line and hence L C C(y1y2, F2(y1)). Now, by
Step 1 applied to y; instead of x, C(y1y2, Fo(y1)) = y1y2 X Fa(y1) and hence
diam(Fz(y2)) = na and Fa(y2) N Fy = {y2}. Since diam(Fz(x)) = ny and Fa(x) N
Fy = {a}, the result follows from the connectedness of Fj. O

Step 4. For all points y € Fy and z € Fa, Fa(y) intersects F1(z) in a unique point.
Moreover, every line through this point is contained in either Fs(y) or Fi(2).

Proof. By Step 3, we may suppose that y # x # z. Suppose y; and yo are two
distinct collinear points of F; such that the claim holds for the pair (y1,2) €
Fy x Fy. By Step 1 applied to y; instead of z, C(y1y2, Fo(y1)) = y1y2 X Fa(y1). It
follows that |Fa(y2) N F1(z)| = 1. Suppose L were a line through Fy(y2) N Fi(z)
not contained in Fy(y2) U F1(z) and hence also not in C(y1y2, Fa(y1)). Let L' C
C(y1y2, F2(y1)) denote the unique line through F5(y2) N Fi(z) meeting Fy(y1). The
quad C(L’, L) is not contained in Fj(z) and hence intersects F5(y1) in a line L.
(Recall that every line through Fy(z) N Fy(y1) is contained in Fiy(z) U Fa(y1).) It
follows that C(L, L") = C(L', L") C C(y1y2, F2(y1)), a contradiction. It follows that
the claim also holds for (y2, z).

Now, since the claim holds for the pair (z,z), the result follows from the
connectedness of Fj. O

Step 5. If y1 and yo are different points of F1, then Fy(y1) is disjoint from Fa(ys).
Similarly, if y1 and ya2 are different points of Fa, then Fi(y1) and Fi(ys2) are
disjoint.
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Proof. Let y; and ys be two different elements of F} and suppose that z is a
common point of F5(y1) and Fa(y2). Let 2’ be an element of Fy such that z €
Fi(2"). Since Fi(2') N Fa(y1) = {2}, the lines of F5(y;1) through z are precisely
those lines through z which are not contained in Fj(z’) (recall Step 4). Since
this property also holds for Fy(y2), we necessarily have Fa(y1) = Fa(y2). As a
consequence {y1} = F1 N Fa(y1) = F1 N Fa(y2) = {y2}, contradicting y1 # yo.
Hence, Fz(y1) and Fs(y2) are disjoint. O

St@p 6. S = F1 X FQ.

Proof. Put Ty := {Fi(z) |2 € Fy} and Ty := {Fa(x) |z € F1}. By Steps 2 and 5,
T, and T, define partitions of S. By Step 4 and Theorem 4.2, § = F} x F5. O

4.2 Admissible )-spreads

Definition. Let S be a near polygon. A §-spread of S (§ € {0,...,d}) is a partition
of § in convex sub-26-gons. A J-spread is called admissible if every two elements
of it are parallel. By Theorem 1.10, any two elements of an admissible §-spread
are isomorphic.

Theorem 4.5. Let T be an admissible §-spread of S and let F' denote a conver
subpolygon of S. Let T’ denote the set of all elements of T meeting F' and put
Tr :={GNF|G € T'}. Then Tr is an admissible §'-spread of F for some §' €
{0,...,8}. Hence, if an element of T is contained in F, then every element of T
which meets F' is contained in F'.

Proof. Clearly Tr determines a partition of F' in convex subpolygons. Take now
two elements Fy and Fy in Tr. Let G;, ¢ € {1,2}, denote the unique element of
T’ through F; and let m; 3_; denote the projection from G; to Gs_,. If z; and
x2 are points in Fy and Fy, respectively, then 7y 2(x1) is contained in a shortest
path between x; and x5 and so belongs to F' (since F is convex). We even can say
that 1 2(z1) € Fs. This proves that m; o(F1) C Fy. By symmetry, ﬂ;%(FQ) CF
and so 7T172<F1) =I5 and 7T271<F2) = Fj. It is now easily seen that F} and F> are
parallel. O

Definition. If S is a near polygon and if T and T3 are two partitions of S in convex
subpolygons of diameter at least 6 + 1, then we say that {T1,T>} € As(S) if the
following conditions are satisfied:

(1) every element of T intersects every element of T% in a convex sub-24-gon;
(2) every line of S is contained in an element of T} U T5;

(3) for every element F of T; (i € {1,2}), the d-spread S of F obtained by
intersecting F' with all elements of T5_; is an admissible spread of F'.
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4.3 Construction and elementary properties of glued
near polygons

Let B denote a near 20z-gon. Let A;, i € {1,2}, denote a near polygon of di-
ameter at least dp + 1 admitting an admissible dp-spread S; consisting of convex
subpolygons isomorphic to B. Put §; = diam(A4;) and let S; = {Fl(i), . ,F,S:)}
In S;, we choose a special element Fl(i) which we call the base element of S;. For
all i € {1,2} and all j,k € {1,...,n;}, let 7(](1])6 denote the projection from Fj(i) to
Flgi). We denote the distances in Aj, Az and B respectively by d; (-, ), da(-,-) and
dp(-,-).

Lemma 4.6. The mazimal distance between two elements of S;, i € {1,2}, is equal
to 51' — 6[5.

Proof. The lemma follows from (a) and (b) below.

(a) Let F and F’ denote two arbitrary elements of S;. Let € F and 2’ € F’
such that d;(z,2") = d;(F, F’). Let y be a point of F at distance dg from
2. Then d;(2/,y) = d;(2',2) + d;(z,y) = &;(F, F') + 0 < §;, proving that
di(F, F') < 6; — dg.

(b) Let « and y be two points of A; at distance §; from each other and let
F, and F, denote the respective elements of S; through x. Then §; =
di(z,y) = di(z, 7, (x)) + di(7p, (z),y) < di(Fy, Fy) + 5, proving that
0; — 0p Sdi<FE,Fy). O

() .

91-_1 Oﬂl(;,)1 o7r§’ll)C owgf; 00; (1 <j,k<mn;) andIl; := <<I>§Z?€|1 < 4,k <n;). Since @gzi

is a composition of isomorphisms, it is itself an isomorphism and so II; < Aut(B).

For every i € {1,2}, consider an isomorphism 6; : B — Fl(i). We put &

Lemma 4.7. II; = () |1 < j,k < n; and di(F\", F") = 1).

Proof. Let Fj(i) and F,gi) denote two arbitrary elements of S; and put n =

di(Fj(i),F,gi)). Choose elements Fl(oi),Fl(li), .. .,Fl(ni) of S; such that Fj(i) = Fl(oi),

Flgi) = Fl(:) and di(Fl(Ti)’Fl(,i)ﬂ) = 1 for every m € {0,...,n — 1}. The map
(4) (4) ()

W= o---om % om " is, as composition of isomorphisms, again an iso-
morphism. Now, x4 maps every point x of F j(i)
most n from x. So, we must have that

(4) (@) (4)

)
Tk = K= T 0, 0 O T, © Mgty

n—1,ln

to a point of Flgi) at distance at

This equation is equivalent with

CID(.i) = CI)l(i) 0---0 CI)(i) o q)(i)

n—1,ln 1,2 lo,l1”

The lemma now readily follows. O
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Consider now the following graph I' with vertex set B x .S x S2. Two different
vertices a = (w,Fi(ll),Fj(f)) and § = (y,Figl),Fj(f)) are adjacent if and only if
exactly one of the following three conditions is satisfied:

(A) FV =FM FP = FPand dg(z,y) = 1,
B) F?P =F® 4 (FD, V) =1and y = o'V, (2),

Jz2 11 0

©€) FV=F, &F?, FP)=1andy = o2, ().

J1 J1,J2
An edge {a, B} of T' is called of type (A), (B) or (C') depending on which one of the
above possibilities occurs. Distances in I' will be denoted by d(:,-). The following
property is obvious.

Lemma 4.8. If o, 8 and v are three different mutually adjacent vertices, then
{a, B}, {B,7} and {«,~} have the same type.

For every element F} € S; and F» € So, let Ay (Fy), respectively As(F),
denote the set of all vertices of I' whose third, respectively middle, coordinate
is equal to Fy, respectively Fi. We put B(Fy, Fp) = A1(F) N Ax(Fy), T; =
{AZ(F”F € 5371'} and S := {B(Fl,F2)|F1 €51 and F5 € SQ}

Lemma 4.9. Let F1 € S and Fy € Sy. Then
(i) the graph induced by T' on Ay (Fy) is isomorphic to the point graph of A;;
(ii) the graph induced by T' on As(F1) is isomorphic to the point graph of As;
(iii) the graph induced by T' on B(F1, Fy) is isomorphic to the point graph of B.

Proof. For a vertex a = (z, Fi(l), Fy) of Ay (Fy), let u(a) be the following point of
.All

p(or) =) o 0 ().
If o and (3 are two vertices of Ay (F»), then one easily verifies that p(a) ~ wu(B) if
and only if {«, 8} is of type (A) or (B). Hence, p defines an isomorphism between
the graph induced by I" on A; (F3) and the point graph of 4;. This proves (i). In
a similar way, one proves (ii). Claim (iii) is obvious. O

Lemma 4.10. Every two adjacent vertices of I' are contained in a unique mazximal
clique.

Proof. Let « and 3 denote two adjacent vertices of T'. If {«, 5} is of type (A),
then «, § € B(F, F») for certain Fy € S; and Fy € Se and, by Lemma 4.8, every
maximal clique through a and ( belongs to B(F1, F»). If {«, 5} is of type (B), then
a,f € Ai(Fy) for a certain Fy € Sy and, by Lemma 4.8, every maximal clique
through a and 8 belongs to A;(Fs). If {«, 8} is of type (C), then «, 5 € Az(F1)
for a certain F; € S; and, by Lemma 4.8, every maximal clique through « and
B belongs to As(F1). Now, B(Fi, Fy), Ai(F2) and Ax(F1) are near polygons by
Lemma 4.9 and hence every two adjacent vertices in one of these near polygons
are contained in a unique maximal clique, proving the lemma. O
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Let St denote the partial linear space whose points are the vertices of I' and
whose lines are the maximal cliques of T' (natural incidence). A set X of vertices
in T is called classical if for every vertex x in T there exists a (necessarily unique)
vertex ¢’ € X such that d(z,y) = d(z,2") + d(2’,y) for every vertex y € X. One
easily verifies that every classical set is convex.

Theorem 4.11. The following statements are equivalent:
(i) Every element of Ty U Ty is classical.
(ii) The groups I1; and Iy commute.
(iii) Sr is a near polygon and every element of Ty U Ty is conver.

Proof. (a) Suppose that every element of T; U T, is classical (and hence also
convex). Let (x, L) denote an arbitrary point-line pair of Sp. By Lemma 4.8, there
exists an element F' of 77 UT5 through L. Since F' is classical, there exists a point
2’ € F such that d(z,y) = d(z,2’) + d(2/,y) for every point y of L. Since F
is convex, distances in the near polygon F' are inherited from the corresponding
distances in I'. As a consequence, L contains a unique point nearest to z, namely
the unique point of L nearest to =’ in the near polygon F. This proves (i) = (iii).

Take now an arbitrary point x of B and arbitrary elements i1,i2 € {1,...,n1}

and ji,j2 € {1,...,na} such that d,(F.”,F\") = 1 and do(F” F(2>) = 1.

J1 0

Consider now the points a = (z, FY F(2)) and 0 = (<I>(1) o dt?). (z), F(l) F(Q)).

21 7 11,12 J1,J2 12 7

Clearly, d(a, 8) = 2. The point 3 is collinear with the point v := (CI)(.2). o <I>(1). o

J2,J1 11,02
(I)E?)Jz( ), FZ(:),F(2 ) of Al(Fj(f)). Since Al(Fj(f)) is classical and « € Al(Fj(f)),

we necessarily have 2 = d(«, 8) = d(8,v) +d(v,0) =1+ d(,y) or a« ~ 7. As a
consequence &2 o d). o @2 (x) = 3 (x). Since this holds for every point

J2,J1 11,22 J1,J2 41,12
x of B, we have that @Ell)zz and @51)] commute for all i1,i5 € {1,...,n1} and all

ji.g2 € {1, .., na} with di(F”, FV) =1 and dp(F, F\.)) = 1. By Lemma 4.7

i1 ) J1 0
it now follows that II; and Hgl commute. Hence (i) = (11)
(b) Suppose that IT; and IIs commute. If «, 8 and 7 are points of Sp such
that d(a,v) = d(v,08) = 1 and d(a, 8) = 2, then we have the following (since II;
and IIy commute):

e if {a,7} has type (C) and {v, 8} has type (A), then there exists a (unique)
common neighbour v of & and ( such that {a,~’} has type (A) and {+/, 5}
has type (C);

o if {o,7} has type (C) and {7, 8} has type (B), then there exists a (unique)
common neighbour 4" of & and f such that {«,~'} has type (B) and {+/, 5}
has type (C).

We will now prove that every element F' of T7 U T5 is classical. Without loss of
generality, we may suppose that F' € Ts. Take an arbitrary point a € Sr and let F’
denote the unique element of 73 through «. Since every element of S; is classical in
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A1, FNF' is classical in F’. Let o’ denote the unique element of F'NF’ nearest to
a. Let 8 denote an arbitrary point of F'. By the remark above we know that there
exists a shortest path between a and [ containing a point « such that no step of
type (C) occurs between « and v and only steps of type (C) occur between v and
8. 80,7 € FNF and d(a, §) = d(,7) +d(7, 8) = d(a, ') +d(a’,7) +d(7, ) =
d(a, ') 4+ d(a/, B). Hence « is classical with respect to F. Since « is arbitrary, F'
is classical. This proves (ii) = (i).

(¢) Suppose now that Sr is a near polygon and that every element of 71 UTs
is convex. If F' is an arbitrary element of 77 U T5, then since F' is convex, every
point at distance 1 from F is classical with respect to F. As in (a) one can then
prove that IT; and IIs commute. Hence (iii) = (ii). O

Definitions. Every near polygon S which can be derived in the above described
way from a near 26-gon B, near polygons A; and As, spreads S; and Ss, base
elements Fl(l) and F’ 1(2) and isomorphisms #; and 65, such that the groups II; and
II; commute, will be called a glued near polygon of type 5. We will then say that
S is of type A; ®p Aa, of type A; ®;5 As or shortly of type A1 ® As.

Remarks. (a) Suppose that A; is isomorphic to the direct product of B and 4]
(diam(A}) > 1) and that S; = {F, |z € A}} where F, := {(y,z) |y € B}. Then
S1 is an admissible dp-spread of A;. We call a §-spread of a near polygon trivial
if it is obtained in this way. Suppose also that Sy is an admissible dg-spread of
Ay and that every element of S5 is isomorphic to B. One easily sees that the
group Il is always trivial for any isomorphism 6; between B and a base element
in S;. Hence, by Theorem 4.11 a near polygon Sp, g, arises for any isomorphism
01 between B and an element of S; and any isomorphism 0y between B and an
element of Sy. All these near polygons are isomorphic to A} x As since the map
(y, Fy, Fi(2)) — (z, 7r£21) 06s(y)) is an isomorphism between Sy, 9, and A] x Az (see
the proof of Lemma 4.9).

(b) By (a), glued near polygons exist for any type § > 2. Let B be a glued
near polygon of diameter § and put A; = B x A}, A2 = B x A}, for certain near
polygons A} and Aj of diameter at least 1. By (a), A; has an admissible d-spread
S; all whose elements are isomorphic to B. For any two isomorphisms 6; and 6o
between B and base elements of S; and Ss, respectively, we obtain a glued near
polygon of type dg which is isomorphic to A} x B x Aj. In this case, the glued
near polygon of type dz is also of type 0. In general, we can say that any known
glued near polygon of type d > 2 is also of type 0 or 1.

Above we remarked that the group IIj is trivial if S; is a trivial spread of
A;i. Also the converse holds as we will show now.

Theorem 4.12. The group 11y is trivial if and only if Sy is a trivial spread of Aj;.

Proof. Suppose II; is trivial. For every point x of Fl(l), the set A, = {y €
Ai | di(y, z) = di(y, Fl(l))} is a subspace of A; by Theorem 1.9. Let W5 denote the
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set of all these subspaces and put W; := S;. It is easily seen that every element
of W7 intersects every element of W5 in a unique point and since II; is trivial,

every line must be contained in an element of W; U W5. Now, put F § ) : Fl(l)
and let F?) denote an arbitrary element of Ws. For every point x of A;, put

—(2
Ty = T (z) and let zo be the unique point in the intersection of Fg ) and the

unique element of Wi through . The map x — (x1,x2) defines a bijection be-
tween the point set of A; and the vertex set of I'y x I's, where I'; denotes the

point graph of Fiz). We will show that x and z’ are collinear points of A; if and
only if (z1,z2) and (2, x%) are adjacent vertices of I'; x I'y. Obviously, this holds
if z and 2’ belong to the same element of W;. Suppose that z and z’ belong to
different elements of Wy, say G, and G,/. Then 1 = 2} and d; (G, G,/) = 1. Let
x4 denote the unique point of G collinear with x5. Then xgxg is not contained

in an element of W1 and hence is contained in Fi ) Hence, xf F(2) NGy It
follows that x4 = z4. Hence, dj(z2,z5) = 1. With a similar reasoning one shows
that dy (z,2") = 1 if 21 = 2} and d; (22, 2%) = 1. This proves that the point graph
of A; is isomorphic to I'y x I's. Since I'y is the point graph of a near polygon, it
now follows that also I's is the point graph of a near polygon. The theorem now
readily follows. O

In the sequel we will suppose that II; and Il commute. Then Sr is a near
polygon.

Theorem 4.13. {7}, T} € As,(S).

Proof. Since the spread S; of A; is admissible, the dg-spread {B(Fi, Fz) | Fy € S1}
of A;(F») is admissible, see the proof of Lemma 4.9. Similarly, the dg-spread
{B(Fy, F2) | F» € So} of As(F}) is admissible. O

Theorem 4.14. If o = (x, rW F(Q)) and 8 = (y, rW F(2)) are two points of

Sr, then d(c, ) = di( fP,F(”) + d(FD F) + ds(@ §f?p oV, (x).1). As a
consequence, diam(Sr) = 61 + d2 — dz.

Proof. The element A; (F j(f)) of Ty is classical and hence it contains a unique point

~1 nearest to a. The point 77 is also the unique point of B(F(l) F(Q)) nearest

11 7

to « in the subpolygon .AQ(F-(l)) which is isomorphic to Az. Hence d(a,v1) =
do (F(Q) F(2)) The element B(F; FY F( )) is classical in A (Fj(f)) and hence it

J1 0 iy )
contains a unique point y2 nearest to ;. Since A; (F j(f)) is isomorphic to A;, we
have d(11,72) = di(F, F)). Now, d(a, 8) = d(a,7) + d(m1,8) = d(a,m) +
d(y1.72) +d(32.0) = di(ELFLY) + da(B)2 D) + ds(@52), 0 B0, (2). ).
This proves the first part of the lemma. Now we choose i1 ,i2, j1 and js such
that d; (Fi(ll),Fi(;)) and do (F](f),F@)) reach their maximal values §; — dp and
02 — dp, respectively, see Lemma 4.6. Now, we can choose x and y such that
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71,92 11,22

(61 — éB) + ((52 — ) + 0 = 81 + 02 — 05 and this is precisely the diameter of
Sr. O

Theorem 4.15. The spreads Ty, To and S of Sr are admissible.

dB(CID(-Q)- oM (x),y) reaches the maximal value dp. For these choices, d(«, 8) =
)

Proof. By Theorem 4.11, each element of T7 is classical. Now, choose two arbitrary
elements I} = Al(F(2)) and Fy = A; (Fj(2)) in Ty. By Theorem 4.14, every point of

F1 has distance da(F; F? F( )) from Fy. Hence T} is admissible. By symmetry also
T5 is admissible. Each element of S is, as intersection of two classical elements,
again classical, see Lemma 1.6. As before, one derives that S is admissible by
relying on Theorem 4.14. O

Theorem 4.16. The base elements in Sy and So do not play a special role, i.e. Sp
can be obtained starting from any base element F)(\l) in S1 and any base element

FP(L2) m 52.

Proof. Using the base element F)(\l) and F;SQ) and the isomorphisms 6} := ﬂ'ili ot

and 0} := 7T§72;1092, we can define a graph I'” and an incidence structure Spv. We will
construct an isomorphism between Sp and Sp/. Consider the following bijection ¢
between the set of vertices of I and the set of vertices of IV:
1 2 1 2 1 2
Bl FD, FO)] = (@) 0 @), (), FLD FY).

117 i1

Consider now two vertices a = (x Fz(ll) , F(Q)) and 8 = (y, Fi(/ll), Fi(’22)) of I'. Clearly,

a and (3 are adjacent vertices of type (A) in I' if and only if ¢(«) and ¢(3) are
adjacent vertices of type (A) in IV. Now, a and § are adjacent vertices of type
(B) in T if and only if i = ib, d; (F\", F(l)) =1andy = @), (z). The condition
31
Y= (I)l(.ll)i,1 (x) is equivalent with the following condition (use the definition of the
®’s and recall that II; and IIo commute):
o) 00l (1) = [0 onl oxll), onl) o]0 [@, 00 (2)].

12 17 2,1

Hence, a and (3 are adjacent vertices of type (B) in I if and only if ¢(«) and ¢(5)
are adjacent vertices of type (B) in IV. By symmetry, this property also holds for
adjacent vertices of type (C). This proves the theorem. O

4.4 Basic characterization result for glued near
polygons

In Theorem 4.13, we have noticed that As(S) # 0 for every glued near polygon &
of type 4. In the following theorem, we will show that the converse holds in the
case of dense near polygons. Theorem 4.17 is an improvement of Theorem 4.2 and
is called the basic characterization theorem for glued near polygons.
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Theorem 4.17. Let S be a dense near polygon. If {T1,To} € As(S) for a certain
6 >0, then

e all elements of Ty are isomorphic;

e all elements of Ty are isomorphic;

o S is of type Iy ®5 Fy for any Fy € T and any Fs € Ts.
We prove Theorem 4.17 in a series of lemmas.

For every point z of S = (P, L,I) and every i € {1,2}, let F;(z) denote the
unique element of T; through x. Put I(z) = Fi(z) N Fx(z). By our assumptions,
S:={I(z)|x € P} is a §-spread of S and any two elements of S are isomorphic.

Lemma 4.18. For every two points x and y of S, there exists a shortest path between
x and y containing a point of Fa(x) N Fi(y).

Proof. Put d(z,y) = k. We will define points z;, i € {0,...,k}, in the following
way.

e Put zg :=y.

e If for a certain ¢ € {0,...,k — 1}, z; € F3(x), then z;41 denotes a neighbour
of z; at distance d(z, z;) — 1 from x. Obviously, z;+1 € Fa(z).

o If for a certain i € {0,...,k — 1}, z; & F5(x), then z;41 denotes a neighbour
of z; at distance d(z, z;) — 1 from z and contained in F(z;). If such a point
did not exist, then C(z, z;) would intersect F(z;) in a point and hence would
be contained in Fy(z;). Then we would have x € Fy(z;) or z; € Fa(x), a
contradiction.

The path zg,..., z; satisfies the conditions of the lemma. O
Lemma 4.19. FEvery element T1 UT5 is classical in S.

Proof. Let x denote an arbitrary point of S and let F' denote an arbitrary element
of Ty. Since Fy(x) N F is classical in F5(z), it contains a unique point 2’ nearest to
z. Now, let y denote an arbitrary point of F' and let 3’ denote a point of Fy(z)NF
on a shortest path between z and y, see Lemma 4.18. Since Fy(z) N F is classical
in Fy(x), there exists a shortest path between z and y’ containing the point 2.
Hence, there exists also a shortest path between x and y containing z’, proving
that d(z,y) = d(z,2") + d(«',y). Hence, F is classical in S. In a similar way one
shows that also every element of 75 is classical in S. O

Lemma 4.20. Fvery element of S is classical in S. The spread S is admissible.

Proof. Each element of S is, as intersection of two classical convex subpolygon,
itself classical, see Theorem 1.6. Let K7 and K5 denote two arbitrary elements of
S. Let F denote the unique element of T} through K; and let F5 denote the unique
element of T through Ks. Put K5 = Fy N Fs. For every point u; of K7 and every
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point us of Ky, there exists a shortest path between u; and ug containing a point
uz of Ks. So, d(K1, K2) > d(K1, K3) + d(K3, K2). Now, for every point vy of K7,
there exists a point v3 € K3 at distance d(K7, K3) from v; and a point vy € Ko at
distance d(K3, K2) from vs. As a consequence, d(K7, K3) = d(K71, K3)+d(K3, K2)
and for every point v; of K7, there exists a point vy € Ko at distance d(K71, K»)
from vy. This proves that K7 and K are parallel. O

Lemma 4.21. The spreads Ty and T are admissible spreads of S. As a consequence,
all elements of T;, i € {1,2}, are isomorphic.

Proof. We will show by induction that any two elements of T;, i € {1,2}, are
parallel. Without loss of generality, we may suppose that : = 1. Let F} and G
denote two arbitrary elements of T7.

(a) Suppose that d(Fy,G1) = 1. Let € F; and 2’ € G; be points such that
d(z,2’) = 1. By Theorem 4.5, the convex subpolygon C(I(z),z’) contains
I(z"). We show that Gy C C(Fiy,z'). It suffices to show that every line
L through 2z’ not contained in Fy(x) is contained in C(Fi,z’). The quad
C(L,zx") is not contained in F»(z) and hence intersects Fy in a line L’. So,
C(L,zz') =C(ax’, L") C C(Fy,2’). Hence, L C C(F1,2') as claimed. Now, F}
and G are classical and hence also big in C(Fy,z’). It follows that Fy and
G are parallel.

(b) Suppose that d(F1,G1) > 2. Let k € Fy and | € G be points such that
d(k,l) = d(F1,Gy). Let m denote a point in I'; (1) at distance d(k,!) —1 from
k and let H; denote the unique element of T} through m. Then d(Fy, Hy) <
d(Fy,G1) —1 and d(H;,G1) = 1. Hence G1||H; by the previous step. By the
induction hypothesis, F||H;. Hence, for every point k' of F, there exists a
point m/ in H; at distance d(Fy, Hy) from k' and a point I’ in G collinear
with m’. So, for every point &k’ in F}, there exists a point I’ in GG; at distance
at most d(F1, H1) +1 < d(F1,G1) (and hence exactly d(F1,Gy)) from &'. It
now follows that F} and G are parallel. O

Lemma 4.22. S is a glued near polygon of type F1 ®s Fo for every Fy € Ty and
every Fy € Ts.

Proof. (i) If we intersect F;, i € {1,2}, with all elements of T5_;, then we obtain
an admissible d-spread S; of F;. If we consider ;N F5 as base element in both
spreads S7 and S5 and if we take 6; and 05 equal to the trivial permutation
of this base element, then by Section 4.3, we have all ingredients to construct
an incidence structure which we will denote by F} ® F>. We will construct
an isomorphism between S and F; ® F5 and from the existence of such an
isomorphism it will follow that S and F; ® F5 are glued near polygons.

(ii) For every point = of S, we define 0(z) := (w(x), Fo(x) N Fy, F1(xz) N Fy) where
m(x) denotes the unique point of Fy N Fy nearest to z. Obviously, 6(z) is a
point of F} ® F,. Now, consider the equation 6(z) = (2/, K1, K2) (%) with
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(2, K1, K3) a given point of F1 ® Fy. Let G;, i € {1, 2}, be the unique element
of T; through K3_;, and let y denote the unique point of G; N G5 nearest to
a’. Since F1 N Fy || G1NGa, the point y is the unique solution of the equation
(%). It follows that 6 is a bijection between the point sets of S and F; ® Fb.

(iii) For every point x of S, let m;(x), i € {1,2}, denote the unique point of F;
nearest to . By Lemma 4.18, m;(x) € F5_;(z) N F;. Since F; is classical in S,
() is the unique point of F;NF; nearest to m; (x). Since F1NFy || F3_;(x)NF;,
7; () is the unique point of F5_;(z) N F; nearest to 7(x).

(iv) We will now show that 8 determines an isomorphism between S and F; ® Fs.
By Lemma 4.21, two different points x and y of S are collinear if and only if
F;(z) = F;(y) and d(m;(x), m;(y)) = 1 for at least one ¢ € {1,2}. By (iii) and
Section 4.3 this is precisely the condition for §(z) = (w(x), Fa(x)NFy, Fi(z)N
Fy) and 0(y) = (w(y), Fa(y) N F1, F1(y) N F») to be collinear points of F} ® Fb.
Hence 6 is an isomorphism between the collinearity graphs of S and F; ® Fb.
As a consequence also the near polygons S and F; ® Fy are isomorphic. By
Theorem 4.11 it follows that S is glued. O

4.5 Other characterizations of glued near polygons

4.5.1 Characterization of finite glued near hexagons

An (h, k)-cross is the unique linear space which has a point that is incident with
precisely two lines, one of length h and one of length k. If Q;, i € {1,2}, is a
generalized quadrangle of order (s,t;) and if S is a glued near hexagon of type Q1 ®
Q)2, then every local space of S is a (t1 + 1,2 + 1)-cross. We will use this property
to characterize finite glued near hexagons. We will make use of the following easy
lemma.

Lemma 4.23. Let A be a finite linear space that has the following properties:
(a) A has t; +ta + 1 points, t1,t2 € N\ {0,1},
(b) A has a line L of length t1 + 1 which meets every other line of A;

then the number N of lines of size 2 is at most t1to with equality if and only if A
is a (t1 + 1,ta + 1)-cross.

Proof. Let V' denote the set of all pairs (x,y) with z and y two different points
not contained in L. For every v = (z,y) of V, let a,, + 1 denote the number of
points on the line zy. Counting incident point-line pairs (p, M) with p ¢ L, we
find

1
to(t 1)=N .
2(t1 +1) + Z a1
veV
Now, a,, < to for every v € V. Hence N < (t1 + 1)to — tLL_l = tyt9. If equality

holds, then a,, = to for every v € V and A is a (t1 + 1,t2 + 1)-cross. O
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Theorem 4.24. Let S be a finite near hexagon that has the following properties:

(a) there exists a line which is incident with at least three points,
(b) every two points at distance 2 have at least two common neighbours,

(c) there exists a point x for which L(S,x) is a (t1+1,ta+1)-cross, t1,t2 € N\{0};

then S is a glued near hexagon or is isomorphic to the direct product of a line with
a generalized quadrangle.

Proof. If S is a product near hexagon, then it is a direct product of a line and a
generalized quadrangle and we are done. In the sequel, we will suppose that S is
not a product near polygon. By Corollary 1.13, it then follows that every line of
S is incident with the same number of points. We denote this constant number
by s + 1. By assumption (a), s > 2. So, S is a dense near polygon and every two
points at distance 2 from each other are contained in a unique quad. Put ¢ := ts.
By assumption (c), t = t1 + ta. If t; = 1 or to = 1, then by Theorem 4.4, S is a
product near polygon, a contradiction. So, t1,t3 # 1. Let @1 and Q5 be the two
quads through z with respective orders (s,t1) and (s,t2). By Theorem 2.31, (1
and @ are big. We will prove that every local space L(S,y) is a (t1+1,t2+1)-cross.
Since S is connected, it suffices to prove this for points y collinear with z. Without
loss of generality, we may suppose that y € Q1 \ Q2. Let x;, i € {1,...,t2}, denote
to pairwise noncollinear points of (Q2NT'1(x)) \ @1, and let z; denote the common
neighbour of z; and y different from x. Through each x; there are t; —1 lines L; ;,
1 <5 <t; —1, not contained in Q2 U z;2;. We can define t; — 1 distinct lines
M; ; # x;%; through z; such that L; ; and M; ; are contained in a common quad.
Let R; ;, respectively Ri’j, denote the quad through z;y and M, ;, respectively
x;x and L; ;. Since £(S,x) is a cross, f{” is a grid. Since the lines z;z, L; ; and
R;j N Q; of the grid R, ; are contained in T'y(R; ), R;; is contained in T'y(R;;)
and projects to a subgrid of R; ;. Since R;; has a subgrid, tg, ; = 1 or tg, ; > s
by Theorem 1.30. Suppose that a quad R := R, ; through y satisfies tr > s. If
tr = to, then clearly £(S,y) is a (t1 + 1,t2 + 1)-cross. Suppose therefore that
s < tr < to, and let R’ # @1 denote a third quad through RN Q1. Since Q5 is
big, R and R’ project to subGQ’s S and S’ of Q5. Through an arbitrary point z
of S\ S there are 1 4 sty lines intersecting S and ¢/ lines completely contained
in $’\ S. Now tg +1 > 1+ stg +tr > s?+ 1, contradicting Higman’s inequality
(Theorem 1.28). As a consequence all quads R;; are grids; hence they are all
different. Since there are also t5 grid-quads through the line xy, there are at least
ta(ty — 1) + t2 = t1t2 grid-quads through y. By Lemma 4.23, it then follows that
L(S,y) is a (t1 + 1,12+ 1)-cross. As mentioned earlier the connectedness of S now
implies that every local space is a (t1 + 1,%2 + 1)-cross. It is now easily seen that
there are two partitions 77 and 75 in quads satisfying the conditions of Theorem
4.17. Tt follows that S is a glued near hexagon. O
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4.5.2 Characterization of general glued near polygons

We will give a characterization result for glued near polygons similar to the one
given in Theorem 4.17.

Let A be a dense near polygon with diameter at least 2 and let T3, i € {1,2}, be a
partition of A in convex subpolygons. For every point x of A, let F;(z), i € {1,2},
denote the unique element of 7; through x and we put I(z) = Fy(z) N Fa(z). We
also suppose that the following condition is satisfied for every point x of A:

Theorem 4.25. (i) If x and y are two arbitrary points of A, then there exists a
shortest path between x and y containing a point of Fa(xz) N Fi(y). Hence
FiNFy # 0 for every Fy € Th and every Fy € Ts.

(ii) For every Fy € Ty and every Fy € Ty, diam(A) = diam(Fy) + diam(Fz) —
diam(F1 N Fg)

Proof. The proof of (i) is completely similar to the proof of Lemma 4.18. We will
now show (ii).

o diam(A) < diam(F) + diam(Fy) — diam(F; N Fy).
Let x denote an arbitrary point of F; N F5. Since every line through x is
contained in F; U F5 and since every convex subspace through z intersects
F;, i € {1,2}, in a convex subpolygon, every chain Gy C G; C --- C G}, of
convex subpolygons through = such that Go = {z} and G; = Fy N F, for
a certain ¢ € {0,...,k} has length at most diam(F; N Fy) + (diam(Fy) —
diam(Fy N Fy)) + (diam(F3) — diam(Fy N Fy)). This proves that diam(A) <
dlam(Fl) + dlam(Fg) — d1am(F1 N FQ)
o diam(A) > diam(F) + diam(F») — diam(F; N Fy).
By Theorem 2.29 there exists a point = in F; which is classical with respect
to Fy N Fy and has distance diam(F}) — diam(F; N Fy) from a point 2’ €
F1 N Fy. Now, take a point y in Fy at distance diam(Fy) from z’. By (i)
there exists a shortest path between x and y containing a point z of Fy N F5.
Now, d(z,y) = d(z,z) + d(z,9) = d(z,2") + d(2,2) + d(z,y) = d(z,2') +
d(z',y) = diam(Fy)+diam(Fy)—diam(F1NFy). As a consequence, diam(A) >
dlam(Fl) + dlam(Fg) — d1am(F1 N FQ) [l
Lemma 4.26. The following are equivalent for every point x* of A:
(i) 1] =1,
(i) I(z*) = Fa(z7),
(iii) Ty(z*)\ Fi(z*) = 0.

Proof. We have |T1| = 1 & Fi(z*) = -
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Theorem 4.27. Suppose that

o I(x*) is classical in Fy(x*),

o C(Ii(z7) \ Fo(z7)) N I(z") = {="},
for a certain point x* of A. Then Fy(z*) = I(x*) x F3(z*) and A = Fy(z*) x
Fs5(x*), where F3(x*) := C(T1(z*) \ Fa(x*)).

Proof. Let y be a point of F3(z*) at distance diam(F5(z*)) from x*. Since y is clas-
sical with respect to I(z*), we have diam(F3(z*)) 4+ diam(I(z*)) < diam(F; (z*)).
Since Fy(z*) = C(F5(z*),I(x*)), we also have diam(Fy(x*)) < diam(F5(z*)) +
diam(I(z*)). So, diam(Fy(2*)) = diam(F3(z*)) + diam(/(z*)) and diam(A) =
diam(F; (z*)) +diam(Fa(z*)) —diam(I (z*)) = diam(Fz(«*))+diam(F3(x*)). Now,
the pairs (I(x*), F5(z*)) and (Fa(z*), F5(z*)) satisfy the conditions of Theorem
4.4. Hence Fy(z*) & I(z*) X F3(z*) and A & Fy(a*) x F5(x*). O

Theorem 4.28 (Section 4.5.3). Suppose that A satisfies the following properties for
every point © of A and every i € {1,2}:
o I(x) is classical in F;(x),
o I(z) CC(T1(x) \ Fi(z)).
Then there exist near polygons Ay, Ag and B such that
(i) Fi(z) = Ay, Fa(x) =2 Ay and I(x) = B for every point x of A;
(ii) A is a glued near polygon of type A1 ®p As.
Corollary 4.29. If |T|,|Ts| > 2 and diam(I(z)) < 1 for every point x € A, then

there exist subpolygons Ai and As such that A is glued of type A1 ® Ao for a
certain k € {0,1}.

Proof. For every point x of A, diam(I(z)) < 1 and hence I(z) is classical in F(z)
and Fy(z). If also the second condition of Theorem 4.28 is satisfied, then we are
done. So, we may suppose that there exist a point * and an ¢ € {1, 2} such that
I(z*) € C(T1(x*) \ Fi(z*)). Then X := I(z*) NC(T1(x*) \ Fi(z*)) is either equal
to {z*} or to 0. If X = (), then I'y(z*) \ Fi(z*) = 0, contradicting Lemma 4.26.
So, X = {z*}. The corollary now easily follows from Theorem 4.27. O

4.5.3 Proof of Theorem 4.28

We prove Theorem 4.28 in a series of lemmas.

Lemma 4.30. Every element of T1UT5 is classical. Every element of S := {I(x)|z €
A} is classical.

Proof. The proof is completely similar to the proof of Lemma 4.19. O

Lemma 4.31. If x and y are collinear points of A, then I(z)| I(y), Fi(x) || Fi(y)
and Fy(x) || F2(y).
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Proof. If y € I(x), then I(y) = I(x), Fi(z) = Fi(y) and Fs(z) = F»(y). Suppose
therefore that y ¢ I(x). Without loss of generality we may suppose that y €
Fi(2)\ Fs(z). Then Fy (z) = Fi(y). We will now prove that the convex subpolygons
G = C(Fs(z),y) and G’ := C(Fs(y),x) coincide. If z € T'1(y) \ Fi(y), then the
quad C(z, z) intersects F»(z) in a line and so z is collinear with a point 2’ of Fy(x).
Hence z € C(2',y) C G, Fa(y) =C(T'1(y) \ Fi(y)) C G and G’ = C(Fz(y),z) C G.
In a similar way one proves that G C G’. Hence G = G’ and dy := diam(Fs(z)) =
diam(G) — 1 = diam(G’) — 1 = diam(F>(y)). By Lemma 4.30, the convex sub-2ds-
gons Fy(x) and Fy(y) are classical in the convex sub-(2d2 4+ 2)-gon G. Hence, every
point of Fy(z) (respectively Fa(y)) has distance 1 to Fa(y) (respectively Fy(x)).
This proves that Fy(z)||F2(y). Clearly 7g,(2)—rm(y)(I(x)) = I(y) and hence also
I(x) and I(y) are parallel. O

Lemma 4.32. The spreads Ty, To and S are admissible spreads of A.

Proof. Let X be one of the sets T;, T» or S. Each element of X is classical;
hence for all elements K,L € X, K||L if and only if for every k' € K there
exists a point I’ € L such that d(k’,1’) = d(K, L). We will prove by induction on
d(K, L) that K||L. By Lemma 4.31, K||L if d(K, L) < 1. Suppose therefore that
d(K,L) > 2 and let k € K and | € L be points such that d(k,l) = d(K,L). Let
m denote a point in I'1 (1) at distance d(k,l) — 1 from k and let M denote the
unique element of X through m. Then d(K, M) < d(K,L) — 1 and d(M, L) = 1.
By the induction hypothesis, K||M and M| L. Hence, for every point k' of K,
there exists a point m/ in M at distance d(K,M) from k and a point I’ in L
collinear with m’. So, for every point k¥’ in K, there exists a point I’ in L such that
d(K,L) <d(K,l') <d(K,M)+1 < d(K,L). Hence K||L and X is admissible. O

It is now clear that {T1,T5} € As(A), where ¢ is the diameter of an arbitrary
element of S. By Theorem 4.17, we then have:

Corollary 4.33. (a) There exist near polygons Ai, As and B such that Fy(z) =
A1, Fo(z) 2 Ay and 1(x) = B for every point x of A.

(b) A is a glued near polygon of type A; ®p5 As.

4.6 Subpolygons

We will use the same notation as in Section 4.3. Let Sr be a glued near polygon;
so, II; and Il commute. Let F' denote a convex subpolygon of Sp. Without loss

of generality, see Theorem 4.16, we may suppose that F N B(Fl(l), F1(2)) # (). Put
B :={xe B|($,F1(1), Fl(Q)) € F'}. Since FﬂB(Fl(l), Fl(Q)) is convex, B’ is a convex
subpolygon of B.

Lemma 4.34. F meets A, (Fj(z)) and Ag(Fi(l)) < F meets B(Fi(l),Fj(Q)).
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Proof. If a is a point of Ay (Fj(2)) and 3 is a point of AQ(Fi(l))7 then there exists a
shortest path between o and 3 containing a point of B(Fl-(l), Fj(2)). Since F' is con-
vex the =-part immediately follows. The <-part also is clear since B( Fi(l), F].(Q)) =
ALFEP) N A(ED). O

Put I:={i e {l,...,m} | FNAy(F") # 0} and J:= {j € {1,...,no} | F N
Al(Fj(2)) # (}. By Lemma 4.34, F meets B(Fi(l),Fj@)) if and only if i € I and
jed.

Lemma 4.35. The points of F are precisely the points (z, Fi(l), Fj(Q)) where x € B,
i€l and j e J.
Proof. The spread S induces an admissible spread S* in F', see Theorem 4.5.

Moreover, the projection maps between two elements of S* are inherited from
the projection maps between the corresponding elements of S. So, a point a =

(w,Fi(l),Fj(2)) belongs to F, if and only if the unique point & in B(Fl(l),Fl(2))
nearest to « belongs to F. Since o = (, Fl(l), F1(2))7 the lemma easily follows. [

Theorem 4.36. One of the following occurs.

(a) F is contained in an element of Ty U Ty and hence is isomorphic to a sub-
polygon of Ay or As.
(b) F is glued and of type F1 ® Fy, where F;, i € {1,2}, is isomorphic to a convex
subpolygon of A;.
Proof. Again we suppose that F'N B(F(l) F(2)) # () and we use the notation as
before. If |[I| =1 or |J| =1, then we clearly have case (a). Suppose therefore that
|7],|J| > 2. The subpolygon F' N A; ( )) € {1,2}, is a convex subpolygon
of A;(F} FB~ 1)) The isomorphism g defined in the proof of Lemma 4.9 (or the
similar one if ¢ = 2) maps F'N A;(F (37i)) to a convex subpolygon A; of A; and
FnBFEY, FP) to a convex subpolygon B’ of Al. Since |I|,|J| > 2, diam(A]) >
diam(B’). The elements of S* Wthh are completely contained in A; (F} FB- z)) define

an admissible spread of A;(F} 71)) which, by using u, can be transformed to an
admissible spread S} of Aj. Now, define 0] := 0;z. We leave it as a straightforward
exercise to the reader to verify that the objects B, A}, A}, S, S5, 0] and 6 give
rise to a glued near polygon isomorphic to F. O

The following theorem gives the convex subpolygons of Sr in terms of the
convex subpolygons of A; and As.

Theorem 4.37. Let B’ be a nonempty set of points of B, let I C {1,...,n1} and
let J C {1,...,n2} such that 1 € I and 1 € J. Then G := {(x,Fi(l),Fj(Q))\
x e B iel,je J} is conver if and only if Gy := {(:E,Fi(l),Fl(Q)H reBiel}
and Gg := {(z, F(1 ].(2))|:17 e B, je J} are conver.
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Proof. It G is convex, then also Gy = G N Al(Fl(2)) and Go = G N Ag(Fl(l)) are
convex. Suppose now that G; and G, are convex. In order to prove that G is
convex, it suffices to show that T'y («) N Fd(a ﬁ)fl(ﬁ) C G for all points o and 3

of G. Let o = (x1, Y F-(Q)) and 8 = (2, rY Fj(f)) denote two points of G and

i1 T g1 i2 )

let v denote an arbitrary element of T'y (a) N Fd(a ﬁ)—1<ﬁ)' Suppose that « is of
the form (,CC3,F»(1) Fj(f)). Since A; (Fj(f)) is classical, v € T';1(a) N Fd(a,ﬁ’)fl(ﬁl)

13 )
where 3’ denotes the unique point of A;(F j(f)) nearest to 3. Since G is convex,
also G := (gc,Fi(l),Fj(f)ﬂx € B',i € T} is convex. Since «, 3’ € G, also v € G.
Hence z3 € B, i3 € I and v € G. In a similar way, one proves that v € G if 7 is
of the form (azg,Fi(ll), Fj(f)). Hence 'y (o) N Cda 5)_1(@ C @ for all points a and

08 of G, proving that G is convex. O

4.7 Glued near polygons of type 6 € {0,1}

As we already have mentioned, any known glued near polygon is either of type 0
or 1. In this section, we will give a more detailed study of glued near polygons of
type 0 and 1.

4.7.1 Glued near polygons of type 0

Theorem 4.38. If Ay and As are two mear polygons of diameter at least 1, then
Ay X As is the (up to isomorphism) unique glued near polygon of type A1 ®q As.

Proof. Clearly, A;, i € {1,2}, has a unique 0-spread S;, namely the set (71) of all
singletons of the point set P;. The near polygon B necessarily is the unique near
0-gon. By Theorem 4.16, we may choose arbitrary base elements in S; and Ss. For
any choice of the base elements, #; and 5 are uniquely determined. The glueing
construction described in Section 4.3 now yields an incidence structure A; ®q As.
Since |B| = 1, there exists a natural bijection between the point set B x S; x Sg of
A1 ® A2 and the point set P; x Ps of A; X Ag, namely (x,{p1}, {p2}) — (p1,p2).
This bijection clearly determines an isomorphism. O

4.7.2 Spreads of symmetry
Definitions.

(A) If K and L are two lines of a near polygon, then {K, L} denotes the set of
all lines meeting K and L and {K, L} denotes the set of all lines meeting
every line of {K, L}*.

(B) An admissible 1-spread S of a near polygon is called a regular spread if for
all K, L € S with d(K,L) =1, (i) {K, L} cover the same set of points as
{K,L}*, and (ii) {K,L}*+ C S.
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(C) A 1-spread S of a near polygon A is called a spread of symmetry if for every
line K € S and for all points ki,ks € K, there exists an automorphism of
A fixing each line of S and mapping k; to ko. Every spread of symmetry is
a regular spread (see e.g. the proof of Theorem 4.42 for the case of GQ’s).
Every trivial spread is a spread of symmetry.

Let S be an admissible 1-spread of a near 2d-gon A = (P, L,I). The full
group of automorphisms of A fixing each line of S is denoted by Gg. For every
two lines K and L of S, let p¥X denote the projection from K onto L. For a line
K €S, wecall lIg(K) = (PM o PL o PE | L, M € S) the group of projectivities of
K with respect to S.

Theorem 4.39. (a) The group Ig(K) is trivial if and only if the spread S is
trivial.

(b) Ifs(K) is not the trivial group, then Ilg(K) acts transitively on K.
(¢) If S is not trivial, then Gg acts semiregularly on each line of S.
Proof. (a) This follows from Theorem 4.12.

(b) Let z € K and 0 € II5(K) such that x¥ # x. It is sufficient to prove that the
orbit of x under IIg(K) is equal to K. So, let & be an arbitrary point of K.
There exists a path © = zg,21,...,2, = 2’ in A such that d(z;, z;41) = 1
and ;2,41 & S for all i € {0,...,k — 1}. Take now the smallest ¢ such that
x is not the unique point of K nearest to x;, and let y be the unique point of
r;_1x; nearest to T. Since z;_1x; and K are parallel, Z is the unique point
of K nearest to y. If L and M are the elements of S through z;_; and y,
respectively, then P o PL o PK maps z to #, proving the result.

(c) If # € G fixes a point = € K, then 6 also fixes every point of z's(5) and

hence the whole point set of A if S is not trivial, see (b). Hence, if S is
nontrivial, then only the trivial element of Gg has fixpoints. O

Theorem 4.40. If § € Gg, then 0 induces a permutation 0 on the point set of
K € S that commutes with each element of llg(K). Conversely, if a permutation
& on the point set of K commutes with each element of Tlg(K), then ¢ = 0 for
some 0 € Gg.

Proof. Let 6 € Gg and let 6 be the permutation on the point set of K induced by 6.
If L and M are two arbitrary lines of S, then fop%, () = pk, 00(z) for every point
z of L. Since 0 = pX ofopj., pif op opk of = Gop} opk opk for all lines L and
M of S. This proves that § commutes with every element of IIg(K'). Conversely,
suppose that a permutation ¢ on the point set of K commutes with every element
of Hg(K). Then for every point x of a line L of S, we define ¥ := p& o ¢ o pk ().
Suppose that z; and z9 are two collinear points belonging to different lines K7 and
K of S. Then picl(2f) = pilopk ogopict (x1) = plk opi*opilopk ogopit (1) =

Ko K K Ko K K
pﬁ ogopy’ OPK; Opﬁl oprt(w1) = pﬁ ogopp’ OpK; (z1) = pilgg opopy(w2) = :178.
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Hence, z¢ ~ 4. It is now easily seen that € is an automorphism of A fixing each

line of S. U

Lemma 4.41 ([4], see also Theorem 1.9.1 of [82]). Let 6 be an automorphism of a
finite generalized quadrangle of order (s,t). If f is the number of fixpoints of 6 and
if g is the number of points x for which x® # x ~ 2%, then (t + 1)f +g =1+ st
(mod s +t).

Theorem 4.42. If a finite generalized quadrangle Q of order (s,t) admits a spread
of symmetry, then s+ 1|t(t —1) and s+t|s(s+1)(t+1).

Proof. Suppose S is a spread of symmetry of @ and let Gg denote the group of
automorphisms of ) fixing each line of S. The theorem obviously holds if ¢t = 1.
So, suppose that ¢ > 2. Let K be an arbitrary line of () not contained in S and let
Ly, ..., Ls11 denote the lines of S intersecting K. Obviously, the lines L1, ..., Ls41
together with the lines K¢ 6 € Gg, determine a subgrid of Q. It follows that
[{ My, My}t = s+ 1 and { My, Mao}++ C S for every two different lines M; and
Ms of S. The lines of S together with the spans {Ml,Mg}ll, My, My € S with
My # My, define a linear space L. The total number of lines of this linear space
is equal to DD The divisibility condition s 4+ 1| £(t — 1) follows. Now, if we

(s+1)s
apply Lemma 4.41 to any nontrivial automorphism of Gg, then by Theorem 4.39,
f=0,g=(s+1)(st+1)and (s+1t)|s(s+1)(t+1). O

Theorem 4.43. If K is a line of a nontrivial admissible spread S of a near polygon,
then the following statements are equivalent:

(1) S is a spread of symmetry,
(2) ls(K) acts regularly on the set of points of K,
(3) Ggs acts regularly on the set of points of K.
If one of the above statements holds, then Gs = g(K).

Proof. (3) = (1): Trivial.

(1) = (3): This follows from Theorem 4.39 (c).

(2) & (3): To prove this, we will make use of the following elementary and well-
known result in the theory of permutation groups (see e.g. [68]):

If a group H acts regularly on a set X, then the group H of permutations
of X which commute with every element of H acts also regularly on X.
Moreover, H and H are isomorphic.

From Theorem 4.40, it follows that if I (K) acts regularly on K, then also Gg acts
regularly on K. Conversely, suppose that Gg acts regularly on the line K, then
by Theorem 4.40 and the above-mentioned result, IIg(K) C H, where H is some
group acting regularly on K. Since IIg(K) acts transitively on K, see Theorem
4.39 (b), we must have that IIg(K) = H. From the quoted property (H = H), it
follows that Gg 2 IIg(K) if S is a spread of symmetry. O
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Theorem 4.44. If IIg(K) is commutative, then S is a spread of symmetry.

Proof. We may suppose that IIg(K) is not trivial by Theorem 4.39 (a). Since
IIg(K) is commutative, every element of IIg(K) can be extended to an element
of Gg by Theorem 4.40. Since IIg(K) acts transitively on the set of points of K
(Theorem 4.39), S is a spread of symmetry. O

4.7.3 Glued near polygons of type 1

We will use the same notation as in Section 4.3. If §5 = 1, then Theorem 4.11 can
be strengthened.

Theorem 4.45. If 6 = 1, then St is a near polygon if and only if II; and Il
commute.

Proof. We will show that if g = 1, then any element of 77 U T5 is convex. The
theorem then immediately follows from Theorem 4.11. Let F' denote an arbitrary
element of 77 U T,. Without loss of generality, we may suppose that F € Tj.
So, ' = A; (F(Q)) for a certain j € {1,...,n2}. Let o = (21, FY F(Q)) and

21 )

8 = (22, rY F(Q)) denote two arbltrary points of F. Since F' = A; and since

12 )
the spread S is admissible, d(a, 8) < di( 1(11), (1)) + 1. If v is a shortest path

between « and [, then its length I(7) is equal to Ng + N + N¢, where N4 (Np,
respectively N¢) denotes the number of pairs of successive points in v whose type

is (A), (B), respectively (C). Obviously, Ng > d; (F(l) F( )) If ~ is not completely

11 7

contained in F, then N¢ > 2 and I(v) > dy (FV F(l))+2, contradicting d(a, 8) <

21 )

d; (F(l) F(l)) + 1. This proves that every element of 77 U T3 is convex. O

11 )

Theorem 4.46. Let S be a glued near polygon of type 1 arising from a tuple
(Al,AQ,B,Sl,SQ,Lgl) (2) ,01,02). Let Gg,, i € {1,2}, denote the group of au-
tomorphisms of A; ﬁxmg each line of S;. If none of the spreads S1 and Ss is
trivial, then S1 and Sy are spreads of symmetry and Gg, and Gg, are isomorphic
groups.

Proof. We will use the same notation as in Section 4.3. Let s+1 denote the constant
number of points on a line of S; U Ss. By Theorem 4.11, II; and II; commute.
Since 1lg, (Lgl)), 1 € {1,2}, acts transitively on Lgl), it follows by Theorem 4.40
that Gg, acts transitively on each line of S;. So, S; is a spread of symmetry. By
(the proof of) Theorem 4.43 and the fact that II; and Il commute, the groups
Gs,, Gs,, II1 and IIy are isomorphic. O

Theorem 4.47. Let Ay and Ay be near polygons, let S;, i € {1,2}, be a spread of
symmetry of A; and let G; be the group of automorphisms of A; fizing each line
of S;. Suppose that the spreads S1 and So are not trivial and that the groups G
and Gy are isomorphic. Then there exists at least one glued near polygon of type
1 arising from Ay, As, S1 and Ss.
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Proof. Let B denote an arbitrary line of size |G1| = |G2|. Let 61 and 62 denote ar-
bitrary bijections between B and base lines Lgl) and L§2) of S and Sy, respectively.
Let II; and IIs denote the corresponding groups of permutations of L, see Section
4.3. Since S;, i € {1,2} is a nontrivial spread of symmetry, II; acts regularly on B
and is isomorphic to G, see Theorem 4.43. Hence, IT; 2 II,. Now, let II; denote
the group of permutations of B commuting with every element of II;. Then II; is
isomorphic to II; and hence also with Il5. So, there exists a permutation 8 of B
such that II; = 0~ 'II,0. By Theorem 4.45, there arises now a glued near polygon
of type 1 from the tuple (Ay, Az, B, Sy, S, LV, L 61, 6,0). O

Theorem 4.48. Let A; and Ay be slim near polygons, let S;, i € {1,2}, be a spread
of symmetry of A;, let Lgi) denote an arbitrary line of S; and let B be a line of size
3. For every bijection 61 : B — Lgl) and every bijection 0 : B — L§2), let Sy, 0, de-
note the incidence structure arising from the tuple (A1, As, B, S1, Sa, Lgl), L§2), 01,

02), see Section 4.3. Then Sy, ¢, is a glued near polygon of type 1. If the automor-
phism group of Ay fizring S1 and the line Lgl) € Sy induces all six permutations of
the line Lgl), then all near polygons Se, ¢, are isomorphic.

Proof. By the remark following Theorem 4.11, we may suppose that none of the
spreads S; and Ss is trivial. Then by Theorem 4.43 both II; and Ils act regularly
on B. By Theorem 4.45 and the fact that |II;| = |IIz| = 3, it then follows that
8o, .0, 1s a near polygon for any choice of ; and any choice of 0;. By reasons of
symmetry, all these near polygons are isomorphic if the automorphism group of A;
fixing S and the line Lgl) € 5; induces all six permutations of the line Lgl). O

4.7.4 Admissible triples
Definition. An admissible triple is a triple T = (£, G, A), where

e (G is a nontrivial finite group. We put s := |G| — 1. Unless otherwise stated,
we will always use the multiplicative notation for G.

e [ is a linear space, different from a point, in which each line is incident with
exactly s + 1 points. We denote the point set of £ by P.

e A is a map from P x P to G such that the following holds for any three
points x, y and z of L:

x, y and z are collinear < A(z,y) A(y, z) = A(z, 2).
Obviously, A(z,x) = 1 and A(y,z) = [A(x,y)]~! for all points z and y of L.

Coordinatization of generalized quadrangles with a spread of symmetry

In this section we will prove the following theorem.
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Theorem 4.49. Let T = (L£,G,A) be an admissible triple and let P denote the
point set of L. Let T be the graph with vertex set G x P, with two vertices (g, p1)
and (¢',p}) adjacent whenever either (p1 = py and g # ¢') or (p1 # p) and
g = gA(p1,p})). Then, the vertices and mazimal cliques of T define a generalized
quadrangle Q. Moreover, L, := {(g,p) | g € G} is a line of Q for every point p of
L and the set of lines Ly, p € P, defines a spread of symmetry S of Q. Conversely,
if Q' is a finite generalized quadrangle with a spread of symmetry S’, then the pair
(Q',S") is derivable from an admissible triple in the above-described way.

Proof. Put |G| =s+1 and |P| =1+ st.

(1) The graph T' contains (1 + s)(1 + st) vertices and every vertex is adjacent
to s(t + 1) others. We will prove that every two adjacent vertices are contained
in a unique maximal clique and that this clique contains exactly s + 1 elements.
The incidence structure @ then has order (s,t), and since the number of points at
distance at most one from a given line is (s + 1) + (s + 1)ts = (s + 1)(1 + st), Q
must be a generalized quadrangle of order (s,t).

So, suppose that py = (g1,2) and pa = (g2,y) are two adjacent vertices of
I'; we determine what the common neighbours (g3, z) look like. If z = y # z,
then g3 = g1 Az, 2) = g2 A(x, z), implying that g1 = g2, a contradiction. Hence
if x =y, then p; and py are in a unique maximal clique containing all the points
(g,2) with g € G. If x # y, then also x # z # y and g3 = g1 Az, 2) = g2 Ay, 2) =
91 A(z,y) Ay, z). This implies that A(z,z) = A(x,y) Ay, z) or that z € zy. It
now follows easily that p; and ps are contained in a unique maximal clique, namely
{91 Az, 2),2)| 2 € ay}.

(2) By (1), Lp is a line of @ for every point p of £. Obviously, the lines L,
determine a spread S of Q. For each h € G, the map 0}, : (g,2) — (hg, x) defines
an automorphism of () that fixes each line of S. It is now easily seen that S is a
spread of symmetry.

(3) Suppose that S’ = {L1,..., L1415} is a spread of symmetry of a generalized
quadrangle @’ of order (s,t). If Q' is a grid, then the pair (Q’,S”) is derivable from
an admissible triple: take for the linear space a line of size s + 1 and for G any
group of order s+ 1. Suppose that @’ is not a grid and let G denote the group of
automorphisms of @’ fixing each line of S’. By Theorem 4.43, |G| = s+1. Let L be
the linear space whose vertices are the elements of S’ and whose lines are all the
reguli {4, B}*+, where A and B are two different lines of S’ (natural incidence).

We will now construct the map A. Choose a point p in L;. Take two points
x = L; and y = L; of L. Let z1 be the projection of p on the line L; (in the
generalized quadrangle @'), let x5 be the projection of 1 on the line L; and
finally let x3 be the projection of x2 on the line L;. Now, there exists a unique
element § € G such that z3 = p? and we put A(z,y) := 671, It remains to
show that the points * = L;,y = L;,2 = Lj of L are collinear if and only if
Az, y) Ay, z) = Az, 2). Put A(z,y) = o™t Ay, 2) = 37! and A(z,2) =y L.
Denote by p;, I € {1,i,7,k}, the projection on the line L; in the generalized
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quadrangle Q. Put a = p;(p), b = p;(a), ¢ = pr(b), d = px(a), then p?¥ = pi(d).
From p ~ p;(p) ~ prpj(p) ~ p® and p® ~ b ~ ¢ ~ pi(c), it follows that p’® =
p1(c). Now,

A(z,y) Aly,2) = Az, 2) & 7=pa
& c=d
& a,b,c are on a line

& x,y, z are collinear.

We will now show the isomorphism between ' and the generalized quadrangle
which is derived from (£, G, A). Let z be an arbitrary point of Q’. Let L. denote
the unique line of S’ incident with z and let 2’ denote the projection of z on
the fixed line L;. There exists a unique g, € G such that 2z’ = pJ. We prove
now that the map z — (g; !, L) defines an isomorphism between the GQ’s. It
is clearly a bijection and since both geometries have the same order, it suffices
to show that adjacency is preserved. So, let z; and z; be two adjacent points
of @ and put x = L., and y = L,,. We may suppose that L,, # L.,. From
P91 ~ 21 ~ 29 ~ pI=2, it follows that g., = [A(z,y)] ' gs, or gz_Z1 = gz_l1 Az, y).
Hence (92,',y) ~ (95,1, 2). O

Coordinatization of glued near hexagons

Using the connection between glued near hexagons, spreads of symmetry of gen-
eralized quadrangles and admissible triples, we are able to coordinatize glued near
hexagons.

Theorem 4.50. Suppose S is a finite glued near hexagon which is not a product
near polygon, then there exist admissible triples T; = (L;, G, A;), i@ € {1,2}, and
an anti-isomorphism 0 from G1 to Go such that S is isomorphic to the geometry
Sp which we will define now.

Let P;, i € {1,2}, denote the point set of L;. Let Ty be the graph with vertex
set G1 x Py x Py with two vertices (g, p1,p2) and (¢',p}, ) adjacent whenever one
of the following conditions is satisfied:

(1) p1 =p), p2=ph and g # ¢';
(2) p1=p1, p2 # Py and ¢’ = 0~ (Da(p2,ph)) 9:
(3) p1 # Py, p2 = ph and g' = g Ax(p1, ph).
The vertices and mazximal cliques of 'y define a geometry Sy.

Proof. Let {R1, Ra} € A1(S), let Q;, i € {1,2}, denote an arbitrary quad of R; and
let S; be the spread of @; obtained by intersecting @); with all quads of R3_;. Since
S is not a product near polygon, none of the spreads S; and S; is trivial. Hence,
Si, i € {1,2}, is a spread of symmetry of @; by Theorem 4.46. By Theorem 4.49,
there exists an admissible triple T; = (£;, G, A;) coordinatizing the pair (Q;, S;).
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Let z; denote an arbitrary point of £;. Without loss of generality, see part (3) of
the proof of Theorem 4.49, we may suppose that A;(z;, p) is the identity element
of G; for every point p of £;. We will consider the line L,, (see Theorem 4.49) as
base line of S;. The glued near hexagon S arises from the generalized quadrangles
@1 and @2, the spreads S1 and Sa, the base lines Ly, and L,, a line B, and certain
bijections 61 : B — Lg,, 02 : B — L,,. Without loss of generality, we may suppose
that B = G1 and 61(g1) = (g1, 21) for every g1 € B = G1. Let 6 be the bijection
from G to G such that 63(g1) = (6(g1), x2). The points of S are the elements of
the set Gy x Sy x Sa. Two distinct points (g, Ly, , Lp,) and (g', Ly, L) of S are
collinear if and only if one of the following conditions is satisfied:

(1) p1 =p}, p2 =ph and g # ¢';
(2) p1 =, p2 # ph and g’ = 0710(g) Az(p2, Ph)];
(3) p1 # Py, p2 = py and g' = g A1 (p1,py)-

The conditions (1), (2) and (3) define a graph I'g with vertex set G1 x Sy x Sz and
the vertices and maximal cliques of I'g define a partial linear space Sy isomorphic
to S§. Now, for every a € Ga, let 8, be the bijection from G; to G2 which maps the
element g1 of G1 to the element a 0(g1) of Ga. Obviously, 'y 2 Ty, and Sy = Sy, .
So, without loss of generality, we may suppose that 6 maps the identity element
of GG1 to the identity element of G5. Since S is a near hexagon, the condition in
Theorem 4.45 must be fulfilled. This condition implies that

071 0(A1(p1, ph)) Az (p2, p5)] = 07 [Aa(p2, ph)] Ar(p1,ph) (%)

for all points p1,p} of £1 and all points ps,p5 of L. Since S; and Sy are not
trivial spreads, the groups Ilg, (L,,) and I, (L,,) act regularly on the respective
lines Ly, and Ly,, see Theorem 4.43. It follows that A;(pi,p}), ¢ € {1,2}, can take
all values of G;. Equation (%) then implies that 6 is an anti-isomorphism. The
theorem now readily follows. U

4.7.5 The sets Ty(.A) and Y;(.A) for a dense near polygon .4

Let A be a dense near polygon and let YT(A) denote the set of all partitions of
A in convex subpolygons. We say that an element T € T(A) belongs to T;(A),
i € {0,1}, if there exists a T” € T(A) such that {T,7"} € A,;(A).

Theorem 4.51. If T € To(A), then there exists a unique T' € Y(A) such that
{T,T'} € Ag(A).

Proof. Let x denote an arbitrary point of A, let F, denote the unique element of
T through = and let Ly, ..., L denote all the lines through x not contained in 7.
If 7" is an element of Y(.A) such that {T,T'} € Ag(A), then the unique element of
T’ through « coincides with C(Lq,. .., L;). The theorem now readily follows. O
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Theorem 4.52. If T € T1(A) \ Yo(A), then there exists a unique T" € Y(A) such
that {T,T"} € Aq(A).

Proof. Let x denote an arbitrary point of A, let F, denote the unique element of
T through = and let Lq,..., Ly denote the lines through = not contained in F,.
Let T" be an element of T(A) such that {T,7"} € A;1(A) and let F, denote the
unique element of 7" through x. Clearly, diam(Fy) + diam(F),) = diam(A) + 1,
diam(F, N F.) =1and Ly,...,L; C F.. There are two possibilities.

(a) C(L1,...,Ly) N F, = {z}.
In this case, we have diam(C(Ly, ..., Lx)) = diam(F},) —1 and hence diam(.A)
= diam(F,)+diam(C(Ly,..., Lg)). From Theorem 4.4, it readily follows that
T € To(A), a contradiction.

(b) C(L1,...,Li) N Fy is a line.
In this case, we have C(L1,..., L) = F..

The proposition now readily follows. U

Remark. The previous proposition is not necessarily valid if T € To(.A). Suppose
that {T,T'} € Ag(A), let F € T and suppose that F' has an admissible spread
S. For every point z of F, define F, := C(Ly, F!), where L, denotes the unique
line of S through « and F, denotes the unique element of 7’ through z. Put T :=
{F,|x € F}. Then {T,T} € A;(A). So, if the near polygon F has two different
admissible spreads, there exist at least two T' € T(A) such that {T,T} € A;(A).

Definitions. Let T € To(A) U YT1(A). If T € To(A), then we denote by T the
unique element of To(.A) such that {T, 7} € Ag(A). If T € T1(A)\ To(A), then
we denote by T¢ the unique element of Y(A) such that {T,7¢} € A;(A). We
call T¢ the complementary partition of T. If T € Yo(A), then (T9)° = T. If
T € T1(A) \ To(A), then (T is not necessarily equal to T (T might belong
to To(A), see the previous remark). We denote by T;(A) the set of all T €
T1(A)\ To(A) for which (T€)° = T. We also define A;(A) := A1 (A) N (TléA)).

4.7.6 Extensions of spreads and automorphisms

Let A be a dense near polygon, let T denote an element of To(A) U T1(A), let F
denote an arbitrary element of T and let F’ denote an arbitrary element of 7°C.

e For every 1-spread S of F, we define S := {rpp(L)|E € T and L € S}.
Obviously, S is a spread of A. We call S the extension of S.

e For every automorphism 6 of F and for every point = of A, we define §(x) :=
wpF, 000 szI,F(x). Here F, denotes the unique element of 7' through z.
Obviously, # is a permutation of the point set of A. We call 8 the extension
of 6.



86 Chapter 4. Glued near polygons

Theorem 4.53. (a) Let T € To(A).
(al) If 0 is an automorphism of F, then 0 is an automorphism of A.

(a2) If ¢ is an automorphism of A fizing each element of T, then ¢ = 0 for
some automorphism 6 of F.

(a3) If ¢1 is an automorphism of A fixing each element of T and if ¢ is an
automorphism of A fizing each element of TC, then ¢ and ¢o commute.

(b) Let T € :fl(.A), let S* denote the spread of F obtained by intersecting F
with every element of TC and let G* denote the group of automorphisms of
F fizing each line of S*. Let @ denote an automorphism of F. Then 0 is an
automorphism of A if and only if 6 commutes with every element of G*.

Proof. Properties (al), (a2) and (a3) are straightforward. In order to prove prop-

erty (b), it suffices to prove that # maps collinear points x and y to collinear points
O(x) and O(y). There are two possibilities.

o I =F,.
The statement follows from the fact that the maps ng, r, 8 and 7 r, are
isomorphisms.

o I # Fy. B B B
O(x) and O(y) are collinear if and only if g, r, 0 0(x) = 0(y), i.e. if and only
if 7p, F, 0T R, 000 mp, p(x) =TFF, 000k, FoTE, F,(T).

Hence, f is an automorphism if and only if 7g, g, ompF, 00 = TpF, 000 7R, Fo
T, F, OTFF, for all F,, F,, € T, i.e. if and only if § commutes with TE, FOTE, F,©
g r, for all F, F, € T. Let S” denote the spread of F’ obtained by intersecting
F’ with every element of T'. Since T' € T (A), S’ is not a trivial spread of F’ and
S* is not a trivial spread of . Put H := {7, ponr, r,o7FF, | Fu, Fy € T}. Then
|H| = IIs/(F N F')| and H < G*. By Theorem 4.39, H acts transitively and G*
acts semiregularly on every line of S*. It follows that H = G*. As a consequence,
6 is an isomorphism if and only if # commutes with every element of G*. O

By the following two theorems, all spreads of symmetry in product and glued
near polygons are characterized.

Theorem 4.54. Let S be a spread of symmetry of F' and let Gg denote the group
of automorphisms of F' fizing each line of S.

(a) If T € To(A), then S is a spread of symmetry of A.

(b) If T € T1(A), let S* denote the spread of F obtained by intersecting F with
every element of T and let G* denote the group of automorphisms of F'
fixing each line of S*. Then S is a spread of symmetry of A if and only if
[G*,Gs] = 0.



4.7. Glued near polygons of type § € {0,1} 87

Proof. (a) The group Gg := {06 € Gs} fixes each line of S and acts transitively
on each line of S. So, S is a spread of symmetry.

(b) If [G*,Gs] = 0, then by Theorem 4.53, G5 := {0 |0 € G5} is a group of
automorphisms of A. Since G'g fixes each line of S and acts transitively on each
line of S, S is a spread of symmetry. Conversely, suppose that S is a spread of
symmetry, let G g denote the group of automorphisms of A fixing each line of S.
Then Gg = G for some subgroup G of Gg acting regularly on S. By Theorem
4.53, we have [G*,G] = 0. If Gg = G, then we are done. If Gg # G, then Gg acts
regularly, but not semiregularly on S. So, S is a trivial spread of F by Theorem
4.39. Since T € T1(A), S # S*. By Theorem 4.5, it then follows that S and S*
have no line in common. (If L is a line of a trivial spread, then this trivial spread
is the unique spread of symmetry containing L.) By Theorem 4.53 (a), it then
follows that [G*,Gg] = 0. O

Theorem 4.55. Every admissible spread (spread of symmetry) S of A is the exten-
sion of an admissible spread (spread of symmetry) in F or F'.

Proof. If T € T1(A), let S denote the admissible spread of A obtained by
intersecting each element of T with each element of T¢. Let W denote the set of all
elements E of TUTY for which Sg is an admissible 1-spread (spread of symmetry)
of E. Here, Sg denotes the set of lines of S contained in E, see Theorem 4.5.

Step 1. At least one of the following holds:
(i) every element of T belongs to W;
(ii) every element of T belongs to W.

Proof. Suppose that there exists an £ € T such that E ¢ W. Let E’ denote
an arbitrary element of T¢ and let = denote a point of the intersection E N E'.
By Theorem 4.5, the unique line of S through x does not belong to E. Hence, it
belongs to E’ and E' € W by Theorem 4.5. So, if there exists an E € T such
that E ¢ W, then every element of T belongs to W. Similarly, if there exists an
E € T¢ such that E ¢ W, then every element of T belongs to W. The statement
now readily follows. O

Without loss of generality we may suppose that every element of T belongs
to W. Then we know that Sp is an admissible spread (spread of symmetry) of F.
From Steps 2 and 3 below, it will follow that S = Sp.

Step 2. If Fy, F» € T such that d(Fi, F3) = 1, then Sp, = 7, 5, (SE,).

Proof. Let L denote an arbitrary line of Sp, and put L' := wp, g, (L). We distin-
guish the following possibilities.

e T cYo(A)or (T€Ti(A) and L ¢ 5).
Then L and L' are contained in a quad @ which is isomorphic to a grid. By
Theorem 4.5, Sg is an admissible spread (spread of symmetry) of Q. Hence,
L'es.
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e TcTi(A)and LS.
Let E denote the unique element of 7¢ through L. By Theorem 4.5, E € W.
Obviously, I’ = ENF, € S. Let x denote an arbitrary point of L'. The
unique line of S through z lies in E and F5 and hence coincides with L’. So,

L'es. O

Step 3. If Fy, F,. .., F, € T such that d(Fy, Fy;) = k and d(F;—1, F;) = 1 for every
ie€{l,...,k}, then 7, p, = Tp,_, F, O O TR, Fy © TF,,F, -

Proof. The map g, , F, 0 0TE F, OTE, F, Maps every point  of Fy to a point
of Fy, at distance at most k from zg. Since d(Fp, Fy;) = k, this point must coincide
with 7g, g, (). O

4.7.7 Compatible spreads of symmetry

Theorem 4.56. Let A = (P,L,I) be a near polygon, let S; and Sa denote two
different spreads of symmetry in A and let G;, i € {1,2}, denote the group of
automorphisms of A which fix each line of S;. Then the following are equivalent:

(i [Gl, GQ] == O,’

)
(i) for every linel € Sy and every g € G, 19 € Sy;
(iii) for every linel € So and every g € Gy, 19 € Sy;
)

(iv) the partial linear space B = (P,S1 U S, Ljpx(s,us,)) 5 a disjoint union of
lines and grids.

Proof. (i) = (ii) and (i) = (iii): By symmetry, it suffices to prove the implication
(i) = (ii). Let I denote an arbitrary line of S, let = denote an arbitrary point of
I and let g denote an arbitrary element of Gy. Then 9 = (2%1)9 = (29)% € 5.

(if) = (iv) and (iii) = (iv): By symmetry, it suffices to prove the implication
(ii) = (iv). Suppose that the lines K; € S; and Ky € Sy intersect in a point
z*. For all 1 € Ky, fo € S, and for all zo € Ko, xgl € S1. We will now
prove that the lines fo, r1 € Ky, and xgl, ro € Ky, define a subgrid of B.
Obviously, 52 N z/¢2 = () for all 21,2} € K, with 2; # #} and z5* N2 = 0
for all xq, 2}, € Ky with o # x}. Now, consider arbitrary points z; € K; and
29 € Ko and let go denote an arbitrary element of G such that zo = (2*)92. The
point z5 lies on the line K7? which, by our assumption, belongs to the spread 5.
So, 25" = K% and 2§* n 2% = K% n 2% = {29}. As a consequence, every
two different intersecting lines of S; U Sy are contained in a subgrid of B. The
implication now follows from the fact that every point of B is contained in at most
two lines of B.

(iv) = (i): Let = be an arbitrary point of A, let g1 be an arbitrary element
of G; and let go be an arbitrary element of G5. We will prove that 29192 = z9291,
We distinguish the following cases.
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e Suppose that z is contained in a subgrid G of B. Let l;, i € {1,2}, denote
the unique line of S; through x. Since x9 € [;, the unique line m3_; of S3_;
through z9 is contained in G. Let y be the common point of the lines m and
me. Since x ~ x9' 192 ~ 9192 So, 9192 is the unique point of mgy collinear
with x92. Hence, y = 29192, In a similar way, one proves that y = 2929, As a
consequence, 192 = 9291,

e Suppose that x is not contained in a subgrid of B, i.e. = is contained in a line
L of S1NS5. Since Sy # So, B has a subgrid G. Every line of G is parallel with
L. Let y € G such that z is the unique point of L nearest to y. Then x9192
(respectively x9291) is the unique point of L = L9192 = [9291 nearest to y9:92
(respectively y9291). Since y9192 = y9291 it follows that 9192 = x9291, O

Definition. Let A be a near polygon, let S; and Sy be two (possibly equal) spreads
of symmetry of A and let G;, i € {1,2}, denote the group of automorphisms of
A which fix each line of S;. Then the spreads S; and S5 are called compatible if
[G1,G2] = 0. In the case that S; and Sy are different, Theorem 4.56 provides some
equivalent statements.

4.7.8 Compatible spreads of symmetry in product and glued near
polygons

Theorem 4.57. Let A be a product near polygon, let {T1,To} € Ag(A), let Fy € Ty
and let Fy € Ty. Let Sy and S, denote two spreads of symmetry of F1 and let Sy
denote a spread of symmetry of F». Then

(i) S1 and Sy are compatible spreads of symmetry of A,

(ii) So and Sy are compatible spreads of symmetry of A if and only if Sy and Sy
are compatible spreads of symmetry of F;.

Proof. For every i € {0,1,2}, let G; denote the group of automorphisms of F;
(Fy = Fy) fixing each element of S;. Then G; = {06 € G;} is the group of auto-
morphisms of A fixing each element of S;. By Theorem 4.53 (a3), every element of
G commutes with every element of Gs. This proves (i). If 8y € Gy and 0; € Gy,
then 06, = 0p6, and 0,0y = 0,6,. So, 6y and 6, commute if and only if 6y and ;
commute. This proves (ii). O

Theorem 4.58. Let A be a glued near polygon, let {T1,Tx} € Al(A), let Fi €
T1 and let F5 € T>. Let S} denote the spread of symmetry of F; obtained by
intersecting F; with the elements of T5_;. Let Sy and S, denote two spreads of
symmetry of F1 and let So denote a spread of symmetry of Fy. Then

(i) So and Sy are compatible spreads of symmetry if and only if the spreads So,
S1 and Sy are mutually compatible.

(ii) Sy and So are compatible spreads of symmetry of A if and only if for every
i€ {1,2}, S; and S} are compatible.
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Proof. (i) We may suppose that the pairs (Sp, S7) and (S1, S7) are compatible
(otherwise Sy and S; would not be spreads of symmetry, see Theorem 4.54).
For every i € {0,1}, let G; denote the group of automorphisms of F fixing
each element of S;. Since (S;,S7) is compatible, G; = {00 € G;} is the
full group of automorphisms of A fixing each element of S;. If §y € G and
01 € G1, then as before 6 and 6; commute if and only if 0y and #; commute.
So, Sy and S; are compatible spreads of symmetry of A if and only if Sy and
S are compatible spreads of symmetry of F. This proves (i).

(ii) For S;, i € {1,2}, to be a spread of symmetry it is necessary that S; and S
are compatible. Conversely, suppose that for every i € {1,2}, S; and S; are
compatible. If §; = S} and S = 53, then by (i) it follows that S; = Sy is
compatible with itself. We will therefore suppose that S; # S7 or Se # S3.
Then S; # Sp. Let Ly € S; and Ly € Sy be two lines intersecting in a
point z. Let U;, ¢ € {1,2}, denote the unique element of T; through x. Since
Ly C Uy, Ly CUsy, Ly # Lo, C(Ly, Lo) is a grid Q. By Theorem 4.5 the lines
of @ disjoint from L;, i € {1,2}, belong to S;. So, the spreads S; and S,
satisfy property (iv) of Theorem 4.56 and hence are compatible. This proves
(ii). O

4.7.9 Near polygons of type (F} x Fy) o F3

Theorem 4.59. Let Fy, F5 and F3 be dense near polygons of diameter at least 2.
Then every near polygon A of type (Fy X Fy)®1 F3 is also of type F; X (F3_; ®1 F3)
for a certain i € {1,2}.

Proof. Let x denote an arbitrary point of A. Let {T,T3} € A;(A) such that
F =2 Fy x F for every F € T and G 2 F3 for every G € T3, and let F(x),
respectively F5(z), denote the unique element of T', respectively T5, through x. Let
{T1, T2} € Ao(F(z)) such that F = F for every F' € Ty and G = F; for every G €
T, and let F;(z), i € {1,2}, denote the unique element of T; through 2. Without
loss of generality we may assume that the line F'(z) N F3(x) is contained in Fy(z).
By Theorems 4.36 and 4.37, Fy(x) := C(Fa(x), F3(x)) is a glued near polygon of
type Fo ®1 F3. Now, diam(A) = (diam(F} (z)) + diam(F(x))) + diam(F5(z)) — 1 =
diam(F; (x)) + (diam(Fs(x)) + diam(F3(x)) — 1) = diam(Fy (z)) + diam(Fy(x)) and
every line through z is contained in precisely one of the subpolygons Fi(z) and
Fy(x). So, A satisfies the conditions of Theorem 4.4. Hence, A = Fy(z) X Fy(x)
and A is of type F1 X (FQ X1 Fg) O

Theorem 4.60. Let F and Fs» denote two dense near polygons of diameter at least
2, and let A be a near polygon of type F1 ®1 Fy. If A is a product near polygon,
then at least one of the mear polygons Fy and Fy is also a product near polygon.

Proof. Let {T1,T>} € A1(A) such that every element of T;, i € {1,2}, is isomor-
phic to F;, and let {T3,74} be an arbitrary element of Ag(A). Let = denote an
arbitrary point of A and let G;, 1 < i < 4, be the unique element of T; through
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x. For every i,j € {1,2,3,4} we define G, ; = G; N Gj, d;; = diam(G, ;) and
d; := d;;. We then have d := diam(A) = dy +d2 — 1 = d3 +d4, d12 = 1 and
ds.4 = 0. Without loss of generality, we may suppose that the line G; > is con-
tained in G3. By Theorems 4.36 and 4.37, it follows that d3 = dy 3+ d23 — 1 and
d4 = d1,4 + d2’4. Hence, d= (d1,3 + d1,4) + (d2,3 + d2,4) —1. NOW, C(Gl,g, G1’4) =
G1 and C(G2,3,G2,4) = GQ; SO dl S d1,3 + d1,4 and dz S dz’g + d2’4. From
di+do—1=d = <d1,3 + d174) + <d2,3 + d274) — 1> dy +ds — 1, it then fol-
lows that dy = di,3 + d14 and dy = da3 + do4. Since ds = dy1a +dog > 1, we
have d; 4 > 1 for a j € {1,2}. Now, since G3 contains the line G2, we also have
d;s > 1. Now, the pair {G;3,G;4} satisfies all conditions of Theorem 4.4 and
hence F; =2 G; = Gj3 x G 4. This proves the theorem. g

Definition. Let T and 7" denote two partitions of a set. Then T” is called a refine-
ment of T if each element of T is the union of some members of T”.

Theorem 4.61. Let Fy, F> and F5 denote three dense near polygons with diameter
at least 2 and suppose that none of these near polygons is a product near polygon.
If a near polygon S is of type (F1 ®1 Fa) ®1 F5 and if {T,T5} € A1(S) such that
every element of T is of type F1 ®1 F5 and every element of T3 is isomorphic to
Fs, then there exists an element {Ty,To} € Ay(S) and an i € {1,2} such that

(i) every element of Ty is isomorphic to Fj,

(ii) every element of Ty is of type F5_; @, F3,
(iii) the partition Ty is a refinement of the partition T,
(iv) the partition T is a refinement of the partition Ts.

Hence every dense near polygon A of type (F1 ®1 F») ®1 F3 is also of type F; @1
(F3_; ®1 F3) for a certain i € {1,2}.

Proof. By Theorem 4.60, A is not a product near polygon. Let F* denote an
arbitrary element of T, and let {T},T3} € A1 (F*) such that every element of T},
i € {1,2}, is isomorphic to F;. The spread T is admissible. Put T} := {7mp(G)|F €
Tand G € T/}, i € {1,2}, then T; is a partition of A in convex subpolygons
isomorphic to F;. For every point = of A and every ¢ € {1,2,3}, let F;(x) denote
the unique element of T; through z and put K(z) := Fy(x) N Fa(x) and L(z) :=
C(Fi(z), Fo(x)) N F5(x). Since Fy(z) and Fh(x) are projections of elements of
T{ U Ty on the unique element F(z) of T through z, we find that K(z) is a line,
that C(Fi(z), Fa(z)) = F(z) and that also L(z) is a line. By Theorem 4.46 and
the fact that A is not a product near polygon, it follows that {L(z)|z € F*} is a
spread of symmetry of F* and so Theorem 4.55 applies. Without loss of generality,
we may suppose that every line L(z), z € F*, is contained in F»(x). Now, choose a
point z outside F* and let 2’ denote its projection on F*. Since L(z') is contained
in Fy(z'), the projection L(z) of L(a’) on F(z) is contained in the projection
Fy(z) of Fy(z') on F(x). Hence, for every point = of A, F5(x) intersects F»(x) in
a line. By Theorems 4.36 and 4.37, it then follows that Fy(z) := C(F3(x), Fa(x))
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is a glued near polygon of type Fy ®1 F3. The set Ty := {Fy(z)|z € A} clearly
determines a partition of A in convex subpolygons. Define T, := Ti. For every
point = € A, Fi(z) N Fy(z) = (Fi(z) N F(x)) N Fy(z) = Fi(z) N (F(x) N Fy(x) =
Fi(z) N Fy(x) = K(x). By Theorem 4.28, it now follows that {T}, T2} € A;(A).
So, A is of type F1 ®1 (F» ®1 F3). This proves the theorem. O



Chapter 5

Valuations

In [60], we introduced the notion valuation for dense near polygons. Here we gen-
eralize this notion to a class of near polygons which we will call nice near polygons.

5.1 Nice near polygons

Definition. A pair (S, W) with S a near polygon and W a set of convex subpolygons
of § is called nice if the following properties are satisfied:

(N1) the intersection of two elements of W is either empty or again an element of

Wi

(N2) every two points z and y of S are contained in a unique convex sub-2-d(z, y)-
gon of W; we will denote this convex subpolygon by H(z,y).

Obviously, C(z,y) C H(x,y) for all points 2 and y of S. A near polygon S is called
nice if there exists a set W of convex subpolygons of S such that the pair (S, W)
is nice.

Theorem 5.1. Suppose that the pair (S, W) is nice. Let F denote an arbitrary
element of W and let W' denote the set of all elements of W which are contained
in F. Then H(xz,y) C F for all points x and y of F. As a consequence, also the
pair (F,W') is nice.

Proof. The two convex subpolygons H(z,y) and H(z,y) N F of W have both
diameter d(z,y) and contain the points = and y. Hence H(z,y) = H(x,y) N F or
H(z,y) C F. It now immediately follows that the pair (F, W’) satisfies properties
(N1) and (N2). O

By the results of Chapter 2, every dense near polygon is nice. In the case of
dense near polygons the set W is uniquely determined: W is the set of all convex
subpolygons. For all points z and y of S, we then have H(z,y) = C(z,y). By [21]
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every dual polar space is nice. By the following theorem also every generalized
polygon is nice.

Theorem 5.2. Fvery generalized 2d-gon, d > 2, is nice.

Proof. Let S = (P, L,I) be a generalized 2d-gon, d > 2. For every two points
z and y with 1 < d(z,y) < d — 1, we define H(z,y) as follows. Consider the
unique geodesic path © = xg, 21, ...,z = y between x and y (k = d(z,y)). Then
H(z,y) is defined as the union of all the lines x;_q12;, i € {1,...,k}. f = = y,
then we define H(z,y) := {z} and if d(x,y) = d, then we define H(z,y) := S.
With W := {H(z,y) | x,y € P}, one easily verifies that properties (N1) and (N2)
hold. O

5.2 Valuations of nice near polygons

Definition. Let S = (P, L,1) be a near 2n-gon and let W be a set of convex
subpolygons of S such that the pair (S, W) is nice. A function f from P to N is
called a valuation of (S, W) (or shortly a valuation of S if no confusion is possible)
if it satisfies the following properties (we call f(z) the value of x):

(V1) there exists at least one point with value 0;

(V2) every line L of S contains a unique point 2, with smallest value and f(z) =
f(xp) + 1 for every point x of L different from xy,;

(V3) every point x of S is contained in a convex subpolygon F, of W such that
the following properties are satisfied for every point y of F:

(i) fly) < f=);
(i) if z € T'1(y) such that f(z) = f(y) — 1, then z € F,;
(ili) F, C F,.

Theorem 5.3. Let f be a valuation of a dense near polygon S (so W consists of
all convex subpolygons of S). Then for every point x of S, there exists a unique
convez subpolygon F, € W for which property (V3) holds. In the case of valuations
of dense near polygons, property (V3)— (iii) follows from properties (Va), (V3)-(i)
and (V3)—(ii), i.e. property (V3)— (i) is superfluous.

Proof. By properties (V2), (Va)—(i) and (V3)—(ii), the set F, N (To(z) UT1(z))
is uniquely determined by the valuation f. From Theorems 2.14 and 2.23, it then
follows that F), itself is completely determined by f. By properties (V), (V3)—(i)
and (V3)—(ii), (To(y)UT1(y))NF, C F, for every point y of F,. Again by Theorems

2.14 and 2.23, F,, C F},. So, property (V3)—(iii) also follows from properties (V2),
(V3)—(i) and (V3)—(ii) in the case of dense near polygons. O

The next theorem immediately follows from properties (V1) and (V2).
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Theorem 5.4. Let f be a valuation of the nice pair (S, W). Then

o [f(z) — f(y)| < d(z,y) for all points x and y of S;
o f(x) €0,...,diam(S)} for every point x of S;
e if x is a point with value 0 and if y € T'1(x), then f(y) = 1.

The following theorem says that the knowledge of the valuations of a cer-
tain near polygon can give information on how F' can be embedded in a larger
near polygon. This theorem will turn out to be very useful for obtaining several
classification results about near polygons, see e.g. Chapter 9.

Theorem 5.5. Let S = (P, L,1) be a near polygon and let W be a set of convex
subpolygons of S such that (S, W) is nice. Let F = (P',L',T') be an element of
W and let W' denote the set of all elements of W which are contained in F. For
every point x of S and for every point y of F, we define f.(y) := d(z,y) — d(z, F).
Then f. : P’ — N is a valuation of (F,W') for every point z of S.

Proof. Obviously, properties (V1) and (V2) are satisfied. For every point y of F,
we define F, := H(z,y) N F where H(x,y) is the unique convex sub-2 - d(z,y)-
gon of W through the points z and y. Then F, € W'. If z € F,, then f,(z) =
d(z,z) — d(z, F) < d(z,y) —d(z, F) = f.(y). By Theorem 5.1 H(z,z) C H(z,y)
and hence F, C F),. If 2’ is a neighbour of z in F' such that f(z') = f(z) — 1, then
d(z,2") = d(z, z) — 1, implying that 2’ € H(z,2)NF C H(z,y)NF = F,. So, also
property (V3) is satisfied. O

We can improve Theorem 5.5 in the following way.

Theorem 5.6. Let S = (P, L,1) be a near polygon and let W be a set of convex
subpolygons of S such that (S, W) is nice. Let F = (P',L',1') be a subpolygon of
S satisfying the following properties:

o F is a subspace of S;
o dp(x,y) = ds(x,y) for all points x and y of F;
o (F,W') is nice where W :={FNF'|F' €W and FNF' #(}.

For every point x of S and for every point y of F, we define f,(y) := ds(z,y) —
ds(x,F). Then f, : P’ — N is a valuation of (F,W') for every point x of S.

Proof. Since H(x,y) N F belongs to W’ for every point = and every point y of F,
we can follow a similar reasoning as in the proof of Theorem 5.5. O

Valuations can also be induced in subpolygons.

Theorem 5.7. Let S = (P, L,1) be a near polygon and let W be a set of convex
subpolygons of S such that (S, W) is nice. Let F = (P',L',T') be a subpolygon of
S satisfying the following properties:

o F is a subspace of S;
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o dp(x,y) = ds(x,y) for all points x and y of F;
o (F,W') is nice where W :={FNF'|F' €W and FNF' #(}.

If f is a valuation of (S, W), then the map fr: P’ — N;z — f(z)—min{f(x)|x €
P’} is a valuation of F.

Proof. Obviously, fr satisfies properties (V7) and (V3). For every point z of S,
let F, denote the unique convex subpolygon of W for which property (V3) holds
(with respect to the valuation f). The map fr also satisfies (V3) if for every point
x of F one takes F), := F, N F as convex subpolygon of F' through z. O

Definition. The valuation fr defined in Theorem 5.7 is called an induced valuation.
We will now define two important classes of valuations.

Theorem 5.8. Let S = (P, L,1) be a near polygon and let W be a set of convex
subpolygons such that the pair (S, W) is nice.

(a) Ify is a point of S, then f, : P — N; x — d(z,y) is a valuation of (S,W).

(b) If O is an ovoid of S, then fo : P — N; z — d(x,0) is a valuation of
(S, W).

Proof. In both cases, (V1) and (V3) are satisfied. In case (a), we put F, equal to
H(xz,y), i.e. the unique convex sub-[2 - d(z, y)]-gon of W through x and y. In case
(b), we put F, := {a} if x € O and F, := S otherwise. For these choices of F,
also (V3) holds. O

Definition. A valuation of a nice pair (S, W) is called classical, respectively ovoidal,
if it is obtained as in (a), respectively (b), of Theorem 5.8.

5.3 Characterizations of classical and ovoidal valuations

In this section, we will characterize classical and ovoidal valuations in dense near
polygons. From the first characterization, we immediately obtain that every valu-
ation of a dense generalized quadrangle is either classical or ovoidal. Notice that
valuations of dense near 0-gons and dense near 2-gons are trivial objects. There is
a unique point with value 0 and all other points (in the case of dense near 2-gons)
have value 1.

Theorem 5.9. Let f be a valuation of a dense near 2n-gon S = (P, L,1) with
n > 1. Then

(a) max{f(u)lu € P} <n with equality if and only if [ is classical;
(b) max{f(u)lu € P} > 1 with equality if and only if f is ovoidal.
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Proof. Obviously, the above inequalities hold and become equalities if f is classical,
respectively ovoidal.

(a) Suppose that max{f(u)lu € P} = n. Let x be a point of § with value
0 and let y be a point with value n. By Theorem 5.4, d(z,y) = n. Let ¢’ be an
arbitrary point of T';, () NT'y (y) and let 4" denote the unique point of the line yy’
at distance n — 1 from x. By Theorem 5.4, f(y") = f(y") — f(z) < n—1 and
F6") = 1)+ F(4") — F(y) > n— 1. Hence, f(y") = n— 1 and by property (Va),
f(y') = n. So, every point of T';,(x) N T'1(y) has value n. By the connectedness
of T',,(x), see Theorem 2.7, it then follows that every point of I'y,(z) has value
n. Now, let z be an arbitrary point of S. Then, by Theorem 2.14, there exists
a path of length n — d(z, z) between z and a point 2z’ of I',,(z). From d(z,z) >
() — F@)| = £(=) and n— f(2) = [[() - f(2)] < d(z2") = n — d(x, ), it
follows that f(z) = d(=, z). This proves that f is classical.

(b) Suppose now that max{f(z)|z € P} = 1. By property (V2), every line of
S contains a unique point with value 0. So, the points with value 0 determine an
ovoid of § and f is ovoidal. O

Corollary 5.10. Every valuation of a dense generalized quadrangle is either classical
or ovoidal.

Theorem 5.11. Let f be a valuation of a dense near polygon S.

(a) If every induced quad valuation is classical, then the valuation f itself is
classical.

(b) If every induced quad valuation is ovoidal, then the wvaluation f itself is
ovoidal.

Proof. (a) Suppose that f is a nonclassical valuation of S. Let a denote an arbi-
trary point with value 0 and let ¢ be the smallest nonnegative integer for which
there exists a point y satisfying ¢ = d(z,y) # f(y). Obviously, i > 2. Choose
points ' € T'i(y) NTi—1(z) and ¥ € T'1(y") N Ti—2(x). Then f(y") = i — 2,
fl@) =1i—1and f(y) € {i — 1,i — 2}. Every point of @ := C(y",y) collinear
with 3" has distance ¢ — 1 from x and hence has value 7 — 1. Since the valuation
induced in @ is classical, " is the unique point of C(y,y") with smallest value and
fly)=7fW")+dy",y) =i—2+2 =1, a contradiction.

(b) Suppose that f is a nonovoidal valuation of S. Let x denote an arbitrary
point with value 0 and let ¢ be the smallest nonnegative integer for which there
exists a point y satisfying ¢ = d(x,y) and f(y) > 2. Obviously, ¢ > 2. Choose
points ' € T'1(y) NT;—1(z) and y” € T'1(y’) NTj_2(x). Clearly every point of the
line through %' and y” has value 0 or 1. But then the valuation induced in the
quad C(y,y") cannot be ovoidal, a contradiction. O
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5.4 The partial linear space G's

Definition. For every valuation f of a near polygon S, we define O¢ as the set of
all points of S with value 0.

Theorem 5.12. Let f be a valuation of a dense near polygon S and let x be a point
of S. If d(z,0y) <2, then f(z) = d(x,Oy).

Proof. Obviously, this holds if d(z,Of) < 1. So, suppose that d(z,Of) = 2 and
let 2’ denote a point of Oy at distance 2 from z. If the valuation induced in the
quad C(z,z’) is ovoidal, then = would be collinear with a point of Oy NC(x,2’), a
contradiction. So, the valuation induced in C(z, 2’) is classical and f(z) = f(a') +
d(z,2’) = 2. O

If z,y € Oy, then by Theorem 5.4, d(z,y) > 2. A quad Q of S is called special
if it contains at least two points of Of. Let G ¢ be the partial linear space whose
points are the points of Oy and whose lines are the special quads of S (natural
incidence). If f is a valuation of a dense near polygon and if x and y are two
different collinear points of Gs, then the line of Gy through = and y corresponds
with an ovoid in the special quad through x and y. So, in this case every line of
G ¢ contains at least three points.

5.5 A property of valuations

Theorem 5.13. Let [ be a valuation of a finite dense near 2n-gon S and let let m;,
i €N, denote the number of points with value i. If S contains lines of size s + 1,

then 2 R en 5)1 =0.

Proof. Notice that m; =01ifi > n+ 1.
(a) Suppose first that S has order (s,t). For every line L of S,

11 1 Ly

with z, the unique point of L with smallest value. Hence,

1 = omy
O—ZZ f@) ZZ f() t+1)zm t—i—l; AR

LeL xeL zeP Llx zeP

This proves that the theorem holds if S has an order.

(b) Suppose next that not every line of S is incident with the same number of
points, then by Theorem 1.12, § has a partition in isomorphic convex subpolygons
of order (s,t") for some ¢ > 0. By (a), the theorem holds for each valuation induced
in one of the subpolygons of the partition. If we add all obtained equations (after
multiplying with a suitable power of —s), then we obtain the required equation. [
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Corollary 5.14. Let f be a valuation of a finite dense near polygon S = (P, L,I).
If k different line sizes s1+1,...,8; 4+ 1 occur in S, then max{f(x)|z € P} > k.

Proof. Put M := max{f(z)|x € P}. By Theorem 5.13, the polynomial p(s) :=

Ziﬂio mi(—s)M~% = 0 has at least k different roots. Hence, k¥ < deg(f(s)) =
M. U

5.6 Some classes of valuations

The two most important classes of valuations are the classical and ovoidal valua-
tions. In this section, we will describe several other classes of valuations.

5.6.1 Hybrid valuations

Let S = (P, L,1) be anear 2n-gon, n > 2, and let W be a set of convex subpolygons
of § such that the pair (S, W) is nice. Choose a point x in S and a § € {2,...,n}.
Let A, 5 be the incidence structure with points the points of S at distance at least
d from z and with lines the lines of S at distance at least § — 1 from = (natural
incidence). For every ovoid O of A, 5, we can define the following function f; o
from P to N: if y is a point of S at distance at most 6 — 1 from z, then f; o(y) :=
d(z,y); if y is a point of S at distance at least ¢ from x, then f, o(y) = — 2 if
y € O and fy 0(y) =9 — 1 otherwise.

Theorem 5.15. The map f, 0 is a valuation of S.

Proof. Since f(x) = 0, property (V1) holds. Now, let L be an arbitrary line of S.
If d(z, L) < § — 2, then the unique point on L nearest to x is also the unique
point on L with smallest value. If d(z, L) > § — 1, then the unique point of O on
L is the unique point of L with smallest value. This proves property (V2). Now,
property (V3) also holds if we make the following choices for Fy, y € P: we put
F,:=H(z,y) f d(z,y) <0 -2, F,:={y} if y € O and F, := S otherwise. Here,
H(x,y) denotes the unique convex sub-2 - d(z, y)-gon of W through the points =
and y. O

Definition. Any valuation which can be obtained as in Theorem 5.15 is called a
hybrid valuation of type §. A hybrid valuation of type 2 is just an ovoidal valuation.
A hybrid valuation of type n is also called a semi-classical valuation. We could
regard classical valuations as hybrid valuations of type n + 1.

Theorem 5.16. If f is a valuation of a dense near 2n-gon and if x is a point of S
such that f(y) = d(z,y) for every point y at distance at most n — 1 from y, then
f is either classical or semi-classical.

Proof. Suppose that f is not classical and consider a point z € T',,(x). Every point
of I'1(2) N Ty—1(x) has value n — 1. Hence by property (Vz) and Theorem 5.9,
f(z) € {n — 2,n — 1}. By property (V2), it now follows that the points of T, (x)
with value n — 2 form an ovoid in A; ,,. This proves that f is semi-classical. O
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Theorem 5.17. Let S be a dense near 2n-gon, n > 2, of order (2,t) and let x be
a point of S for which T'y(x) # 0. Then there exists a semi-classical valuation f
with f(x) = 0 if and only if Ty, (x) is bipartite. In that case, there are precisely 2
semi-classical valuations with f(xz) = 0.

Proof. Every line of A, , contains two points. So, A; , has ovoids if and only if
the graph induced by I, () is bipartite. It follows that there exist semi-classical
valuations with f(z) = 0 if and only if T',(z) is bipartite. If T',,(z) is bipartite,
then I'),(x) contains two ovoids by Theorem 2.7. O

5.6.2 Product valuations

Let S; = (Pi, L;,1;), i € {1,2}, be a near polygon and let W; denote a set of
convex subpolygons of S; such that the pair (S;, W;) is nice. For every Fy; € W,
and every Fy € Wy, Fy X Fy := {(a,b)|a € F1,b € F} is a convex subpolygon of
S1 X Sy. We define Wy x Wy = {Fl X Fy | FreW, F; e WQ}

Theorem 5.18. The pair (S1 X Sz, Wi x Wh) is nice.

Proof. o Let Fl,Fll € W; and FQ,FZ/ € Wy, then I} ﬂFll e W, Fy ﬂFQ’ e W,
and (Fy X F2) N (F] x F}) = (F1 N F]) x (Fa N Fy) € Wy x Wa. This proves
property (N1).

e Let H;(a,b), i € {1,2}, denote the unique convex sub-2 - d;(a, b)-gon of W;
through the points a and b of S;. If (z1,41) and (z2,y2) are two points of
S1 X S and if Fy x F» is a convex subpolygon of Wy x Ws through (z1,y1)
and (x2,y2), then Fy contains the points x1,z9 and F» contains the points
Y1, Y2. Hence, Hl(xl,l’g) Q Fl, HQ(J?l,I’Q) Q FQ, dlam(Fl) Z dl(Il,I’Q),
diam(Fy) > da(y1, y2) and diam(Fy X Fy) = diam(F}y )+diam(Fz) > dq (21, 22)
+d2(y1, y2) = d[(z1,91), (x2, 92)]- So, if diam(Fy x Fy) = d[(21,41), (v2,92)],
then Fy = Hi(x1,22) and F» = Ha(y1,y2). As a consequence, Hy(z1,22) X
Hs(y1,y2) is the unique convex sub-2 - d[(z1,y1), (z2, y2)]-gon of Wi x Wh
through the points (z1,y1) and (22, y2). This proves property (N2). O

Theorem 5.19. If f;, i € {1,2}, is a valuation of (S;,W;), then the map f :
P1 x Py — N, (21,22) = fi(x1) + fa(22) is a valuation of (Sy x Sz, W1 x Ws).

Proof. If x;, i € {1,2}, is a point of S; for which f;(z;) = 0, then f[(z1,22)] = 0.
This proves property (V7). If L is a line of 1 x Sz, then without loss of generality,
we may suppose that L is of the form K x {y}, with K a line of S§; and y a
point of Sa. Now, f[(k,y)] = fi(k) + f2(y) for every point k of K. Property
(V2) now immediately follows: the unique point of L with smallest f-value is
the point (xg,y), where i denotes the unique point of K with smallest fi-
value. It remains to check property (V3). For every point z;, i € {1,2}, of S;,
let F,,, i € {1,2}, denote the subpolygon of S; satisfying (V3). For every point
(w1,22) of 81 x Sz, we define Fi,, 5,y = Fi, X Fi,. Let (a1,a2) be a point of
Flay,20)- Then fl(a1,a2)] = fi(a1) + f2(a2) < fi(z1) + fa2(22) = f[(z1,22)] and
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Flay,a0) = Fay X Fay C Fpy X Fy,. If (b1, b2) is a point of S; x Sy collinear with
(a1, a2) and satisfying f[(b1,b2)] = f(a1,a2)—1, then without loss of generality, we
may suppose that ag = by and a; ~ by (in S1). Then f1(b1) = f[(b1,b2)] — fa(b2) =
fl(ai,a2)] = 1 = fa(az) = fi(a1) — 1. Since a; € F;,, also the point by belongs to
F,,. Hence, the point (b1, b2) belongs to F(,, ,,). This proves property (V3). O

Definition. Any valuation of a product near polygon which can be obtained as in
Theorem 5.19 is called a product valuation.

5.6.3 Diagonal valuations

Theorem 5.20. Let S = (P, L,I) be a near polygon and let W be a set of convex
subpolygons of S such that the set (S,W) is nice. Define X := {(x,z)|z € P}.
Then the function f : P x P — N;p — d(p, X) is a valuation of (S x S, W x W).

Proof. For every point (u,v) of Sx S, we have f[(u,v)] = d(u, v). So, every point of
S xS has value at most diam(S). Obviously, there exists a point with value 0. Let L
denote a line of § xS. Without loss of generality, we may suppose that L = {u} x M
for some point v and some line M of S. If v’ denotes the unique point of M nearest
to u, then (u, u’) is the unique point of L with smallest value. Now, for every point
(u,v) of S x §, we define F, . := H(u,v) x H(u,v), where H(u,v) denotes the
unique convex sub-2 - d(u,v)-gon of W through u and v. Let (uj,v1) denote an
arbitrary point of Fy ). Then f[(u1,v1)] = d(ui,v1) < d(u,v) = f[(u,v)] and
Fluy vy = H(ur,v1) x H(ui,v1) € H(u,v) X H(u,v) = Fy.). Let (uz,v2) be
a point of & x S collinear with (uq,v1) such that f[(ug,v2)] = f[(u1,v1)] — 1.
Without loss of generality, we may suppose that u; = wy. Then vy ~ vy and
d(u1,v2) = d(ug,v1)—1.So, vy € H(u1,v1) C H(u,v). As a consequence, (uz,v2) €
H(u,v)x H(u,v) = F(,,y. This proves that f is a valuation of (§ xS, WxW). 0O

Definition. Any valuation which can be obtained as in Theorem 5.20 is called a
diagonal valuation.

Remark. With every set Y of points in F' x F, we can associate a matrix My
whose rows and columns are indexed by the points of F. If (u,v) € Y, then the
(u,v)-th entry of My is equal to 1; otherwise it is equal to 0. The matrix Mx
corresponding with the above-mentioned set X gives rise to a matrix with all 1’s
on the diagonal. This explains the name we have given to these valuations.

5.6.4 Semi-diagonal valuations

Theorem 5.21. Let S = (P, L,I) be a dense glued near hexagon, let {T1,To} €
A1(S) and let X be a set of points of S satisfying the following properties:

(1) every element of Ty U Ty has a unique point in common with X ;
(2) d(z1,22) =2 for all x1,x9 € X with x1 # x2.
Then the map f: P — N;z — d(z, X) is a valuation of S.
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Proof. (a) Let @ denote an arbitrary quad of Ty U Ty, let xg denote the unique
point of X in @Q and let y denote an arbitrary point of Q. Then f(y) = d(y,zq).

Obviously, this holds if d(y, zg) < 1. So, suppose that d(y,zq) = 2. Since y ¢ X,
d(y, X) € {1,2}. If d(y, X) = 1, then y is collinear with a point 3’ € X which is
not contained in Q. Then d(y’, zq) = d(v’, y) + d(y,zq) = 3, a contradiction. So,
d(y, X) =2 =d(y, zq).

(b) Every line L contains a unique point with smallest value.

Let @ denote a quad of T7 U T3 through L and let zg denote the unique point
of X in Q. Then f(y) = d(y,zq) for every point y of L. So, L contains a unique
point with smallest value, namely the point of L nearest to zq.

If  is a point of S with value 0, then we define F, := {z}. If z is a point with
value 2, then we define F, := S. Suppose now that z is a point with value 1, let Q);,
i € {1,2}, denote the unique element of T; through x and let y; denote the unique
point of X N Q;. Then d(z,y1) = d(x,y2) = 1. Put F, := C(z,y1,92)- If y1 = o,
then F is a line. Suppose now that y; # ys2; then F is a grid. Let L be a line of
F, not containing y; and y2, let Q1 denote the unique element of T3 UT5 through
L and let zy, denote the unique point of X in @y,. Since d(y1,z1) = d(y2, z1) = 2,
the points mg, (y1) and mg, (y2) of the line L are collinear with z. Hence, the
point zj, itself is also contained in L. This proves that F,, N X is an ovoid.

By the above discussion, it is now clear that f is a valuation of S. O

Definition. Any valuation which can be obtained as described in Theorem 5.21 is
called a semi-diagonal valuation. Semi-diagonal valuations were introduced in [48].
They have similar properties as diagonal valuations, see e.g. the following lemma.

Lemma 5.22. Let S = (P, L,1) be a dense product near polygon, let {T1,T>} €
Ao(S) and let F;, i € {1,2}, denote an arbitrary element of T; . For every point
x of S and every i € {1,2}, let F;(x) denote the unique element of T; through x.
Let X be a set of points of S satisfying the following properties.

e FEvery element of Ty UTy has a unique point in common with X .

e For every point x of S, d(x,x1) = d(x,x2), with x;, i € {1,2}, the unique
point of X in Fi(x).

Then Fy and Fy are isomorphic. Moreover, there exists an isomorphism ¢ from
Fy x Fy to S such that X = {¢(x,x) |z € F1}. As a consequence, the function
f:P—->Nyz— d(x,X) is a diagonal valuation of S.

Proof. For every point x of Fi, let 8(x) denote the unique point of F such that the
unique point Z in Fs(z) N Fy (6(x)) belongs to X. Obviously, € is a bijection. Now,
suppose that 2 and y are collinear points of F. The unique point in F5(y)NF; (0(x))
has distance 1 from the point £ € X and hence has distance 1 from another point
in X. This point necessarily coincides with the unique point g in F5(y) N F1(6(y)),
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proving that 6(z) and 0(y) are collinear. So, 8 preserves collinearity. By symmetry,
also 6! preserves collinearity. So, # is an isomorphism from Fy to F5. Now, for
every point « € Fy and every point y € F3, let ¢'(x,y) denote the unique point in
Fi(y) N Fy(z). The map ¢ : Fy x Fi;(z,y) — ¢'(x,0(y)) is an isomorphism from
Fy x Fy to 8. Moreover, X = {¢(z,z) |z € F1}. This proves the lemma. O

Property (V)

Let Ty = (£1,G1,A1) and To = (L2, G2, As) be two admissible triples where G
and G2 are isomorphic additive groups. Let P;, i € {1,2}, be the point set of L;.
If 21, 29,..., 2, are points of P;, i € {1,2}, then we define A;(x1,29,...,2) :=
Ai(xl,xg) + Ai(xg,l‘?,) + -+ Ai<$k_1,xk).

Definition. Let = be a point of Lo, let o be an isomorphism between Lo and £
and let g, be an element of G7. An anti-isomorphism 6 between G and G» is said
to satisfy property (V..) (with respect to («, g)) if

9o = 07 (Ag(w,y, 2, 7)) + go + A1 (2%, 9%, 2%, 2%)

holds for all points y and z of L.

Lemma 5.23. Suppose that Lo is not a line. There for every point x of Lo, for
every isomorphism « from Lo to L1 and for every g, € Gi, there exists at most
one anti-isomorphism 0 satisfying property (V) with respect to (o, gz ).

Proof. Tt suffices to prove that Ay (z,y, z, x) can take all values of G5. Let L denote
a line of £5 not containing x and let y denote an arbitrary point of L. If

Ao (2, y) + Aa(y, 21) + Aa(z1,2) = Ao(,y) + Ao (y, 22) + Az(22, 2)
for two different points z; and z5 of L, then

Az(z2,21) + Da(21,2) = Ag(22,y) + Da(y, 21) + Aa(21,7) = Ag(22, ),

contradicting the fact that z, z; and 29 are not collinear. So, the elements Ay(z, ¥,
z,x), z € L, of G are mutually different. Since there are as many points on L as
elements in Ga, As(x,y, z, ) will take all values of G5. This proves the lemma. O

Lemma 5.24. Let © and y be points of Ls, let o be an isomorphism from Lo
to L1 and let g, € G1. If an anti-isomorphism 0 between G1 and Go satisfies
property (V) with respect to (o, g;), then 6 satisfies property (V) with respect to
(0,07 (Da(2,y)) + g0 + A1 (z%, y)).

Proof. Let z; and 29 be arbitrary points of £5. Then we have

9o = 071 (Ax(z,y,21,7)) + g0 + A1 (2,9, 2, 2%), (5.1)
gz = 9_1(A2<(E,Zl,22,$))+g$+A1(LL'a,Z(11,Zg,!L'a),
9o = 071 (Ax(7,22,5,2)) + g0 + A1 (2%, 25, y%, 2%).
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From equations (5.1) and (5.2), we have
o = 9_1(A2(x,y,z1, 29,2)) + gz + A1 (z%, y%, 27, 25, 2%). (5.4)
From equations (5.3) and (5.4), we have
9o = 07 (D2(2,y, 21, 22,5, 2)) + g + Aa (2, Y%, 27, 28, 9%, 2),

or
Gy = 9_1<A2<ya Zl?ZQay)) + 9y + Al (yOt,ZiXa zgaya)a

with g, = 071(As(z,y)) + g2 + A1 (2®,y®). This proves the lemma. O

Definition. Let o be an isomorphism from L to £1. We say that an anti-isomor-
phism 6 between G and G satisfies property (V') with respect to « if there exists
a point z in Lo and an element g, € G7 such that 0 satisfies property (V) with
respect to (a, g). We say that an anti-isomorphism between G; and G4 satisfies
property (V) if it satisfies property (V) with respect to some isomorphism between
Lo and L;.

Necessary and sufficient conditions for the existence of semi-diagonal valuations

We will now determine necessary and sufficient conditions for the existence of
semi-diagonal valuations. We will use the coordinatization of glued near hexagons
as presented in Theorem 4.50. Let Ty = (£1,G1, A1) and To = (L2, G2, Ag) denote
two admissible triples where GG; and G4 are two isomorphic additive groups. For
any anti-isomorphism 6 between G and Ga, let Sy denote the corresponding glued
near hexagon. Let {R;, Ro} be the element of A;(Sp) which arises in the natural

" /!

way from the admissible triples T and T5. If (g, p1,p2), (¢', P}, p5) and (¢”, pY, py)
are three points of Sy at mutual distance 2, then

/

g 07 (Az(p2,ph)) + g + A1(p1, ph),
9" = 07 (Da(phpY)) + 9+ APl pY),
g = 071 (Ax(py,p2)) + 9" + A1 (pY, p1).

As a consequence,

g =0""(A2(p2, Py P, p2)) + g + A1(p1, 01, 0!, p1).

We have: p1, p] and p{ are collinear points of £; < Aq(p1,p},p],p1) = 0 &
Ao (p2, ph, Py, p2) = 0 < pa, ph and pj are collinear points of Lo.

Proposition 5.25. The following are equivalent:
(1) 0 satisfies property (V);

(2) there exists a set X of points in Sy satisfying the following properties:
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(i) d(z,y) =2 for any two different points x and y of X ;
(ii) every quad of Ry U Ry has a unique point in common with X .

Proof. By the remark preceding this proposition, we know that if X is a set of
points satisfying (2i) and (2ii), then there exists an isomorphism « from Ly to £q
and a function A from P, to G such that X = X, »y := {(A(p),p%,p) |p € P2}
We will now determine the conditions that need to be satisfied by a and A so that
X(a,n) satisfies properties (2i) and (2ii). Choose a point 2 € P; and put g, :=
A(z). Then for every point y of P, the unique point (*,y%,y) at distance 2 from
(g, %, ) is the point (071 (Az(z,y)) + gz + Ar(z%,y*),y",y). Now, the points
(9_1(A2 (x, y))+g$—|—A1(.CL'O‘, ya)a Y%, y) and (9_1(A2 (x’ Z))+gw+A1<$a’ Za)’ 2%, Z)
are at distance 2 if and only if g, = 67! (Ag(x,y) + As(y, z) + Ag(z,:zz)) + gu +
A (%Y%) + Ar(y®, 2%) + A1 (2%, 2%). So, X(q,») satisfies properties (2i) and (2ii)
if and only if 0 satisfies property (V) with respect to (v, g,). The proposition now
readily follows. O

Corollary 5.26. Let 0 be an anti-isomorphism between G1 and Go. Then Sy has
semi-diagonal valuations if and only if 0 satisfies property (V).

Examples. Suppose that 7} and 75 are equal to some admissible triple T' =
(L, G, A) where G is a commutative group of size at least three. Let 1, denote the
trivial automorphism of £ and let —1¢ be the (anti-)automorphism of G mapping
g to —g. Put § := S_1,. The map —1¢ satisfies property (V,) with respect to
(1z,g) for every point x of £ and every g € G. Hence, S has a semi-diagonal
valuation fg with Oy, := {(g,p,p) |p € L}. All these semi-diagonal valuations are
equivalent since the map (g,p1,p2) — (g + h, p1, p2) defines an automorphism of
S for every h € G. For each known admissible triple (£, G, A) for which the linear
space L is not a line, the group G is commutative, see [29, Section 8].

5.6.5 Distance-j-ovoidal valuations

Definition. Let S be a near 2n-gon, n > 2. A distance-j-ovoid (2 < j < n) of § is
a set X of points satisfying:

(1) d(x,y) > j for every two different points = and y of X;

(2) for every point a of S, there exists a point z € X such that d(a,z) < %;

(3) for every line L of S, there exists a point « € X such that d(L,z) < %
A distance-2-ovoid is just an ovoid. From (1), (2) and (3), we immediately have:

e If j is odd, then for every point a of S, there exists a unique point x € X

-1
such that d(a,z) < 5=,

e If j is even, then for every line L of S, there exists a unique point z € X

-2
such that d(L,z) < 5=,
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Theorem 5.27. Let S = (P, L,1) be a near 2n-gon, n > 2, and let W be a set of
convex subpolygons of S such that the pair (S, W) is nice. Let X be a distance-j-
ovoid of S (2 < j < mn and j even). Then the map f: P — Nyx — d(z,X) is a
valuation of (S, W).

Proof. Since f(x) = 0 for every point « € X, property (V1) holds.

Let L be a line of S. Then there exists a unique point z* € X such that
d(z*,L) < % = % — 1. So, d(a,z*) < % for every point a of L. By property (1),
we then have that d(a, X) = d(a, z*) for every point a of L. It is now easily seen
that property (V2) holds: the point x, of L with smallest value is the unique point
of L nearest to x*.

Let x denote an arbitrary point of S. If d(z, X) = %, then we define F,, := S.
Ifd(z, X) < %, then by property (1), there exists a unique point 2’ € X at distance
d(z, X) from x and we define F;, := H(z,z’), where H(z,2’) denotes the unique
convex sub-2-d(z, z’)-gon of W through the points z and a’. Clearly, property (V3)
holds for any point = for which d(z, X) = % Suppose therefore that d(x, X) < %
and let 2’ denote the unique point of X at distance d(z, X) from x. Then for every
point y of Fy, d(y,2") < d(z,2') < . So, f(y) = d(y,X) = d(y,2’) < f(z) and
F, = H(y,2') C H(z,2') = F,. If z is a point of S collinear with y such that
f(z) = f(y) —1, then there exists a point «” € X such that d(z,2”) = d(y,z’) — 1.
Since y has distance at most d(y,z’) to z”, 2’ coincides with z”. So, d(z,2') =
d(y,2') — 1 and z € H(2',y) C F,. This proves that also (V) holds. O

Definition. Any valuation f which can be obtained as in Theorem 5.27 is called
a distance-j-ovoidal valuation. A distance-2-ovoidal valuation is the same as an
ovoidal valuation.

5.6.6 Extended valuations

Theorem 5.28. Let S = (P, L,1) be a near 2n-gon and let W be a set of convex
subpolygons of S such that (S, W) is nice. Let F' be a convex subpolygon of S which
is classical in S. Put W .= {FNF'|F' € W and FNF' # 0}. Suppose that the
following holds:

(a) (F,W') is nice;

(b) for every G € W' and every x € G, there exists an «' € G such that d(z,x") =
diam(G).

If f' is a valuation of (F,W'), then the map f : P — N,z — f(z) := d(z,7p(x))+
f(mr(x)), is a valuation of (S,W). If f" is a classical valuation, then also f is
classical.

Proof. Obviously, property (V1) is satisfied. From Theorem 1.9, it easily follows
that also property (V2) is satisfied.
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For every point x of F, let G, denote a convex subpolygon of W’ for which
property (V3) holds (with respect to the valuation f’). Put G, := Gy, () for
every point = of S. For all points « and y of S, let H(x,y) denote the unique
convex sub-2 - d(x, y)-gon of W through the points x and y. For every point = of
S, we define F, := H(x,x1), where z; is a point of G, at distance diam(G,,) from
mp(x). This is a good definition. Let «} denote another point of G, at distance
diam(G,) from 7p(z). By our assumption (b) and the fact that F is classical in
S, H(z,z1) contains a point at distance d(x, 7p(z)) + diam(H (x,21) N F) from
x. Hence, diam(H (z,21) N F) < d(z,21) — d(z,7p(z)) = d(rmp(x),21). Since
H(z,z1)NF contains the points 7p(z) and 1, H(z, z1)NF = G,. Hence, H (z, 1)
contains the point z} and H(z,z}) C H(x,z1). In a similar way one shows that
H(z,21) C H(x,x}). So, H(x,21) is equal to H(z,z}) and F, is well-defined. By
the above reasoning we also know that F, N ' = G, for every point x of S. The
following properties hold:

o [For every y € F,, np(y) € G,. Clearly every shortest path between y and
a point z € G, is contained in F,. Since the point 7 (y) is contained in a
shortest path between y and z, the point 7z (y) belongs to F, N F = G,.

e For every point y of Fy, d(y,7r(y)) < d(x,7r(x)). Let 3y denote a point of
G, at maximal distance diam(G,) from the point 7 (y). Then d(x, 7p(z)) +
diam(G,) = diam(F;) > d(y,y') = d(y, 7r(y))+d(7r(y), y') = d(y, 7r(y))+
diam(Gy). Hence, d(y, 7r(y)) < d(z, 7p(x)).

Let u be a point of F,. Since np(u) € G, f'(np(u)) < f'(7wr(x)). Hence, f(u) =
d(u, 7p(uw) + f'(7r(u)) < d(z, 7p(x) + f'(7p(x) = f(x). Since 7p(v) € Gr ),
Gy C G, and F,, C F,.. Let v be a neighbour of u with value f(u) — 1. In order to
prove property (V3), we distinguish two possibilities.

— d(v,mp(v)) # d(u, 7r(u)). Then 7p(u) = 7p(v) by Lemma 1.8. In this case
we have d(v, 7p(v)) = d(u, 7p(u)) — 1. So, v is on a shortest path between u
and mp(u) = 7p(v). Since u, 7p(u) € F,, also v belongs to F.

— d(v,mp(v)) = d(u, 7p(w)). In this case we have f'(rr(v)) = f/(7p(u)) — 1.
By Theorem 1.9, d(7p(u), 7r(v)) = 1. From g (u) € G, it then follows that
also 7p(v) € G,. Now, v lies on a shortest path between 7 (v) and u. Since
mr(v) € F, and u € F,, also v belongs to F.

If £’ is classical valuation of F, then we have f(z) = d(z, 7p(x))+f (7 (z)) =
d(z,7p(z)) + d(mp(x),2*) = d(x, 2*), where z* denotes the unique point of F' for
which f'(z*) = 0. Hence f is classical if f’ is classical. O

Definition. The valuation f is called an extension of f/. If F' =S, then f is called
a trivial extension of f'.
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5.6.7 SDPS-valuations

Let A = (P, L,1) be a possibly infinite thick dual polar space of rank 2n, n € N.
A set X of points of A is called an SDPS-set (SDPS = sub dual polar space) of
A if it satisfies the following properties:

(1) No two points of X are collinear in A.

(2) If 2,y € X such that d(z,y) = 2, then X NC(z,y) is an ovoid of the quad
Clz,y).

(3) The partial linear space A whose points are the elements of X and whose lines
are the quads of A containing at least two points of X (natural incidence) is
a dual polar space of rank n.

(4) For all z,y € X, d(z,y) = 2 - d(x,y). Here, d(z,y) and é(x,y) denote the
distances between x and y in the respective dual polar spaces A and A.

(5) If x € X and if L is a line of A through z, then L is contained in a quad of
A which contains at least two points of X.

An SDPS-set of the near 0-gon consists of the unique point of the near 0-gon. An
SDPS-set of a thick generalized quadrangle is just an ovoid of that generalized
quadrangle. We will now describe two classes of SDPS-sets in thick dual polar
spaces of rank 2n > 4 (see also Section 9 of [90]).

Consider the finite field F,» with q? elements and let F, denote the unique
subfield of order g of Fy>. Let 7 denote an arbitrary element of Fy2 \ F,. Then
Fpo = {1 4+ xan|x1, 22 € Fy}; define 7: Fo — Fy, 21 + 22 — 21.

e Consider the following bijection ¢ between the vector spaces Fg" and Fg;‘:

d(x1, 22, ..., &an) = (T1 +NT2, .o, Tan—1 + NTan).

If (-,-) is a nondegenerate symplectic form of F?Q, then 7((¢(-), #(-))) is a
nondegenerate symplectic form in Fg". If a is a totally isotropic n-dimensional
subspace of Fg?, then ¢~1(a) is a 2n-dimensional totally isotropic subspace
of Fg”. In this way we obtain an “embedding” of DW (2n—1, ¢?) in DW (4n—
1,q), giving rise to an SDPS-set.

e Consider the following bijection ¢ between the vector spaces Fy"*? and
F2n+l_
¢

d(x1, %2y ., Tant2) = (T1 + N2y .. oy Tan+1 + NTant2)-

Let (-, -) be a nondegenerate hermitian form of F2+1 For every z € Fi?“, we
define h(x) := (x,z) and for every z € F;"2, we define ¢(z) := (¢(z), p(x)).
The equation h(z) = 0, respectively g(x) = 0, defines a nonsingular her-
mitian variety H(2n,q¢?) in PG(2n,¢?), respectively a nonsingular elliptic
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quadric Q= (4n + 1,q) in PG(4n + 1,q). With every generator of H(2n,q¢?),
there corresponds a generator of Q™ (4n + 1,¢). In this way we obtain an
“embedding” of DH(2n,¢?) in DQ~ (4n + 1,q), giving rise to an SDPS-set.

Theorem 5.29 (Section 5.8). Let X be an SDPS-set of a thick dual polar space A
of rank 2n > 0. For every point x of A, we define f(x) := d(x,X). Then f is a
valuation of A.

Definition. A valuation which can be obtained from an SDPS-set as described in
Theorem 5.29 is called an SDPS-valuation. SDPS-valuations were introduced in
[61] for finite thick dual polar spaces.

Theorem 5.30 (Section 5.9). Let A be a thick dual polar space and let f be a
valuation of A which is the (possibly trivial) extension of an SDPS-valuation in a
convex subpolygon B of A. Then the following holds:

(i) f(z) = d(z,Oy) for every point x of A;
(ii) if H is a hex of A, then the valuation induced in H is either classical or the

extension of an ovoidal valuation in a quad of H.

Theorem 5.31 (Section 5.10). If X is an SDPS-set of a finite thick dual polar space

A of rank 2n > 4 and if A denotes the associated dual polar space of rank n, then
one of the following cases occurs:

(1) A2 DW(4n —1,q) and A DW (2n — 1,¢?) for some prime power q. If Q
is a quad containing two points of X, then Q N X is a classical ovoid of Q,
i.e., an elliptic quadric Q~(3,q) on Q@ = Q(4,q).

(2) AZDQ (4n+1,q) and A DH (2n,q?) for some prime power q. If Q is a
quad containing two points of X, then Q@ N X is a classical ovoid of Q, i.e.,
a unital H(2,¢%) on Q = H(3,¢?%).

Also the converse of Theorem 5.30 is true.

Theorem 5.32 (Section 5.11). Let A be a thick dual polar space and let [ be a
valuation of A with the property that every induced hex valuation is either classical
or the extension of an ovoidal valuation in a quad. Then f is the (possibly trivial)
extension of an SDPS-valuation in a convexr subpolygon of A.

5.7 Valuations of dense near hexagons

Let f be a valuation of a dense near hexagon & = (P, L,I). We know that f is
classical if and only if max{f(x)|x € P} = 3 and that f is ovoidal if and only if
max{f(z)|z € P} =1.

Theorem 5.33. If |O¢| = 1, then f is a classical or a semi-classical valuation.

Proof. This follows directly from Theorems 5.12 and 5.16. O
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Theorem 5.34. Suppose that |Of| > 2 and that f is not ovoidal. Then every two
points of Oy lie at distance 2 from each other. As a consequence, G is a linear
space.

Proof. Let x and y denote two distinct points of Oy. Then d(z,y) € {2,3}. Suppose
that d(z,y) = 3 and consider a shortest path x, 21, z2,y from x to y. By property
(V3), the points 27 and z have value 1, and there exists a point p on z1x2 with
value 0. Let F,, denote the subpolygon through x; satisfying property (V3). Since
x and p are points with value 0 collinear with x1, we have x,p € Fy,. Since z; and
p belong to F,,, also the point z2 belongs to F,,. Since y is a point with value
0 collinear with x5, we also have y € F,,. Hence, z,y € F,, and C(x,y) C F,,.
Since d(x,y) = 3, S = C(x,y) = F,,, a contradiction, since every point of F,, has
value at most 1 and S contains points with value 2. O

Theorem 5.35. If not every line of a dense near hexagon S is incident with the
same number of points, then f is either a classical valuation or the extension of
an ovoidal valuation in a quad of S.

Proof. By Corollary 1.13, the near hexagon § is the direct product of a generalized
quadrangle @@ and a line L such that no line of @ is incident with the same number
of points as L.

Let x denote an arbitrary point of Oy, let ), denote the unique quad through
x isomorphic to ) and let L, denote the line through x not contained in Q.. Every
quad intersecting @), in a line is a nonsymmetrical grid. As a consequence, the
valuation induced in each such quad is classical. We distinguish two cases.

(i) The valuation induced in @, is classical. Since the valuation induced in every
quad through z is classical, f(y) = d(z,y) for every point y at distance at most
2 from z. By Theorem 5.16, f is either classical or semi-classical. Let ) denote a
grid-quad not containing x intersecting (), in a line. If f were semi-classical, then
the valuation induced in @ would be ovoidal, which is impossible. Hence, f is a
classical valuation.

(ii) The valuation induced in @, is ovoidal. Then d(y, Oy) < 2 for every point y of
S. By Theorem 5.12, f(y) = d(y, Oy). Since the valuation induced in every quad
intersecting @), in a line is classical, Oy is an ovoid of Q). It follows that f is the
extension of the ovoidal valuation of (), associated with the ovoid O,. [l

Theorem 5.36. If S is classical, then f is either classical, ovoidal, semi-classical
or the extension of an ovoidal valuation in a quad of S.

Proof. By Theorem 5.12, f(z) = d(z,Oy) for every point x at distance at most 2
from Oy. If |Of| = 1, then f must be classical or semi-classical by Theorem 5.16.
Suppose therefore that |Of| > 2. Suppose also that f is not ovoidal, then every
two different points of Oy lie at distance 2 from each other by Theorem 5.34. Let
o1 and oz be two different points of Oy and let @ denote the unique quad through
o1 and 03. Then QN Oy is an ovoid of Q. For every point x outside @, there exists a
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point in OyNQ at distance 3 from x. Hence Oy = OyNQ. Now, every point of S lies
at distance at most 2 from Oy. So, f(z) = d(x,Of) = d(z, mq(z)) + d(rg(z), Of)
and f is the extension of an ovoidal valuation of Q. O

Theorem 5.37. Let f be a valuation of a dense glued near hexagon S of type 1 and
let {Th, T2} € A1(S). Then the following are equivalent:

(i) the valuation induced in every quad of Ty U Ty is classical;
(i) f s either classical or semi-diagonal.

Proof. Obviously, (ii) implies (i). Suppose that the valuation induced in every
quad of T7 UT5 is classical. If there exists a point with value 3, then f is classical
by Theorem 5.9. Suppose now that f(z) < 2 for every point = of S. The valuation
induced in an element ) € T3 UT5 is classical and hence @) contains a unique point
of Of. By Theorem 5.34, every two points of Oy lie at distance 2 from each other.
Now, every point = of § lies at distance at most 2 from Of. By Theorem 5.12,
f(z) = d(z,Of). Hence, f is a semi-diagonal valuation. O

5.8 Proof of Theorem 5.29

We will prove Theorem 5.29 in several lemmas. We will use the same notation as
in Section 5.6.7. We call a quad of A special if it contains at least two points of
X. If @ is a special quad, then ) N X is an ovoid of Q.

Lemma 5.38. No two special quads intersect in a line.

Proof. Suppose the contrary. Let ;1 and Q)2 denote two special quads which in-
tersect in a line L. Let x denote the unique point of X on L and let 1, zo denote
two other points of L. Let y;, ¢ € {1,2}, denote a point of (Q; N X)\ {z} collinear
with x;. Then d(y1,y2) = d(y1,z1) +d(z1,y2) = 14+ 2 = 3, contradicting property
(4) in the definition of SDPS-set. O

Corollary 5.39. If x is a point of X, then every line through x is contained in a
unique special quad.

Lemma 5.40. Let x1 and x5 be two distinct points of X and let L be a line through
x1 contained in C(x1,x2). Then the unique special quad Q through L is contained
in C(x1,x2).

Proof. Suppose the contrary. Let y denote the unique point on L nearest to xs
and let z3 denote a point of @ N Oy at distance 2 from y. Then d(z2,x3) =
d(z2,y) + d(y, z3) = d(x1,22) — 1+ 2 = d(z1,22) + 1. Now, by property (4) in
the definition of SDPS-set, d(z2,x3) and d(x1,z2) must be even. A contradiction
follows. O

Lemma 5.41. Let F' be_a convex subpolygon of A. Then F'N X is either empty or
a convex subspace of A.
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Proof. We suppose that F'N X is nonempty. Let ; and x5 denote two points of
FNX such that §(x1,22) = 1. Then d(z1, 22) = 2. Since F is convex, C(z1,22) C F
and hence C(x1,22) N X C F N X. This proves that F N X is a subspace of VZ
Now, let a,b, ¢ denote points of X such that a,b € FN X, §(a,c) = 6(a,b) — 1
and 6(c,b) = 1. Then d(a,c) = d(a,b) — 2 and d(c,b) = 2. Since F' is convex and

d(a,c)+d(e,b) =d(a,b), c€ FN X. Hence F'N X is also convex (in A). O

Lemma 5.42. Let F be a convez subpolygon of A. Then there exists a unique convex
subpolygon F of A such that diam 4 (F) = 2-diam z(F) and F' = F'NX. Moreover,

F is an SDPS-set of F.

Proof. Let x and y be two points of F' such that d(z,y) = diamvz(}%). If Fisa
convex subpolygon of A such that diam 4(F) = 2-diam z(F') and F' = F'N X, then
F necessarily equals C(z,y) since z,y € F and d(z,y) = 2-6(z,y) = 2~diamvz(l:“) =
diam 4 (F'). We will now show that F' := C(x, y) satisfies all required properties. By
Lemma 5.41, FNX is a convex subpolygon of A containing x and y and hence also
F'. On the other hand, we have diam z(F N X) = 3diam4(F N X) < diam(F) =
td(z,y) = (z,y) = diz}mj(ﬁ). This proves that F N X = F. From Lemma 5.40,
it readily follows that F' is an SDPS-set of F. O

Definition. A convex subpolygon F' of A is called special if F'N X is an SDPS-set
of F. The special subpolygons of A are those subpolygons of the form C(z1,z2)
where z1,z5 € X.

From Lemmas 5.41 and 5.42, we have the following corollary.

Corollary 5.43. If F' is a convex subpolygon of A, then F'N X is either empty or
an SDPS-set in a convex subpolygon of F.

Lemma 5.44. Let n > 1. If F' is a convex sub-(4n — 2)-gon of A, then FNX is a
convez sub-(2n — 2)-gon of A.

Proof. We first show that F'N X is nonempty. Let « be an arbitrary point of X. If
x € F, then we are done. If z € F, let () denote the unique special quad through
the line xmp(z). Then F N Q is a line. Since this line contains a point of X, also
F contains a point of X.

Now, let * denote a point of FNX and let y denote a point of X at maximal
distance from z*. Then d(z*,y) = 2n and y € F. Let @ denote the unique special
quad through the line ymp(y). The quad @ intersects F in a line which contains
a point y” of X. Now, d(z*,y”) > 2n — 2 and hence §(z*,y”) > n — 1. This
proves that diam 7(F'N X) > n — 1. On the other hand, we have diam z(F N X) =
$diam 4 (FNX) < $diam4(F) = 251, Hence, diam z(FNX) = n— 1. In Lemma
5.41, we have already shown that F'N X is convex (in .Z) O

Lemma 5.45. Let n > 1. Let x be a point of A and let F denote a conver sub-
(4n — 2)-gon through x. Then d(z,X) = d(x, F N X).



5.8. Proof of Theorem 5.29 113

Proof. Let y be a point of X \ F, let ) denote the unique special quad through
the line y7r(y) and let 3 denote the unique point of X on the line @ N F. Then
d(z,y) =d(z,7r(y)) + 1 > d(x,y’). As a consequence, d(z, X \ F) > d(z, FN X)
and d(z, X) = d(z, F N X). O

Lemma 5.46. Let x be a point of A and let F' denote a special subpolygon through
x. Then d(z, X) = d(z, FN X).

Proof. The lemma holds if F' = A. So, suppose that F' # A and that the lemma
holds for any special subpolygon of diameter diam(F) 4+ 2. Let F” denote a spe-
cial subpolygon of diameter diam(F') + 2 through F and let F’ denote a convex
subpolygon of diameter diam(F’) + 1 such that F' C F/ C F”. By our assumption,
d(z, X) =d(z, F” N X). By Lemma 5.45, d(z, F”" N X) =d(z, F" N X N F’) and
by Lemma 5.44, F" N X N F' = FFN X. The lemma now follows. O

Lemma 5.47. For every point x of A, d(x,X) < mn. Moreover, there exists a point
x* of A such that d(z*, X) = n.

Proof. We will prove this by induction on n. Obviously, the lemma holds if n
is equal to 0 or 1. Suppose therefore that n > 2. Let F denote a convex sub-
(4n — 2)-gon through = and let F’ denote the unique convex sub-(4n — 4)-gon
of A containing all points of FF N X. Then d(z,7p (z)) < 1. Since F N X is
an SDPS-set in F’, we have d(7p:/(z), FNX) < n—1 and hence d(z, X) < n.
By the induction hypothesis, we know that there exists a point y € F’ such
that d(y, X N F) = n — 1. If 2* denotes a point of F'\ F’ collinear with y, then
d(z*, X)=d(z*, XN F)=1+d(y,X N F) =n. This proves the lemma. O

Lemma 5.48. Let x be a point of A. Then there exist two points x1,x9 € X such
that d(z,z1) = d(x,22) = d(z, X) and d(x1,22) = 2-d(x,X). As a consequence,
every point is contained in a special convex sub-[4 - d(x, X)]-gon.

Proof. We will prove this by induction on the distance d(z, X). Obviously, the
property holds if d(z, X) = 0. Suppose therefore that d(z, X) > 1 and that the
property holds for any point at distance at most d(x, X)—1 from X. Take a point z’
collinear with z at distance d(z, X)—1 from X and let ) and z}, denote two points
of X such that d(2/,z}) = d(2/,25) = d(z, X) — 1 and d(a},2%) = 2-d(z, X) — 2.
Put F’ := C(«},x}). Then 2/ € F’ since 2’ is on a shortest path between x] and
xh. If x € F’, then by Lemma 5.47, x would have distance at most d(z, X)—1 from
X N F’', a contradiction. So, z is not contained in F’ and d(x,2}) = d(x,a%) =
1+d(a,2)) =1+ d(2/,25) = d(z, X). Now, the special convex sub-[4 - d(z, X)]-
gous through F partition the set of lines through z, not contained in F’ and hence
also the set of lines through z’ not contained in F’. As a consequence, there exists
a unique special convex sub-[4-d(z, X)]-gon F through F’ containing the line za’.
Let Lo denote a line of F through x5 not contained in F’ and containing a point o
at distance d(z, X)—1 from z. Let Q2 denote the unique special quad through Lo.
Then Q2 C F (recall Lemma 5.40). Now, put x; := 2} and let 2o denote a point
of (XNQ2)\ {xh} collinear with yo. Then d(x, x2) < d(z,y2) +d(y2, 72) = d(x, X)
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and hence d(z,z2) = d(z, X). Since the quad @2 intersects F’ only in the point
xhy, we have d(x1, x2) = d(z1, 25) +d(ah, z2) = 2-d(z, X). We have already noticed
that d(x,21) = d(z,2]) = d(z, X). This proves the lemma. O

Lemma 5.49. Every line L of A contains a unique point at smallest distance from
X.

Proof. We prove the lemma by induction on n. Obviously, the lemma holds if n is
equal to 0 or 1. Suppose therefore that n > 2. Let F' denote a convex sub-(4n —2)-
gon through L and let F’ denote the unique special sub-(4n — 4)-gon contained
in F. For every point = of L, d(z,X) = d(z, F' N X) by Lemma 5.45. If L is
contained in F”, then the lemma holds for the line L by the induction hypothesis.
If L is disjoint from F”, then the lemma holds for the line 7p (L) and hence also
for the line L since d(z, F' N X) = 1+ d(7p:(x), F' N X) for every point x of L.
If L intersects F’ in a unique point, then this point is the unique point of L at
smallest distance from X. (|

Lemma 5.50. Let x be a point of A and let F' denote a special sub-[4- d(x, X)]-gon
through . Then a line L through x contains a point at distance d(x,X)—1 from
X if and only if L is contained in F'. As a consequence, x is contained in a unique
special sub-[4 - d(x, X)]-gon F,.

Proof. Suppose that L is contained in F. By Lemma 5.49, L contains a unique
point nearest to X and by Lemmas 5.46 and 5.47 every point of F' has distance at
most d(z, X) to X. Hence L contains a unique point at distance d(x, X)—1 from z.
Conversely, suppose that L is not contained in F' and contains a point y at distance
d(z, X)—1 from X. Let F’ denote the unique special (4-d(z, X)+4)-gon through
C(y, F). Then d(y, X) = d(y, F’ N X) by Lemma 5.46. Let ¢’ denote a point of
X NF' at distance d(z, X) — 1 from y. Then ¢y ¢ F and hence also ' & C(y, F).
Let 3" denote the unique point of C(y, F') collinear with 3" and let ) denote the
unique special quad through the line y’y”. Then the line @ N C(y, F') contains a
point z of X which necessarily belongs to F. We have d(y,z) > d(z,X) + 1 and
d(y,z) <d(y,y")+d(y',2) =d(z,X)—1+2 =d(x, X) + 1. Hence ¢’ is contained
in a shortest path between y and z. But this is impossible since ' & C(y, F). O

Lemma 5.51. For every point x of A and every point y € Fy, F,, C F,.

Proof. In the near polygon Fy, there exists a unique special sub-[4 - d(y, F, N X)]-
gon Fy through y. By Lemma 5.46, d(y, F,NX) = d(y, X). Hence F, must coincide
with Fy. This proves the lemma. O

The following lemma completes the proof of Theorem 5.29.

Lemma 5.52. The map f: P — N;z — d(z, X) is a valuation of A.
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Proof. Obviously, there exists a point with value 0. By Lemma 5.49, every line
contains a unique point with smallest value. We will now show that f also satisfies
property (V3). For every point y of F,, we have d(y, X) < d(z,X) by Lemma
5.47. If y is a point of F, and if z is a point of A collinear with y for which
d(z,X) = d(y,X) — 1, then z € F, by Lemma 5.50. By Lemma 5.51, it now
follows that z € F,. Hence f is a valuation of A. O

5.9 Proof of Theorem 5.30

For every point z of A, f(z) = d(z,m5(x))+d(mg(x),Or) = d(z, Oy). This proves
(i). We will prove property (ii) by induction on the diameter n of A. Obviously,
the property holds if n < 3. So, suppose n > 4 and that the property holds for
any thick dual polar space of diameter less than n (= induction hypothesis). We
distinguish the following possibilities:

o B# A
Let A’ denote a convex sub-(2n — 2)-gon of A through B. For every point x
of A, we have

f(z) =d(z,0p) = d(z, ma () + d(7a: (), Oy). (*)

If H is contained in A’, then the valuation induced in H is either classical or
the extension of an ovoidal valuation in a quad of H since property (ii) holds
for A'. If H meets A’ in a quad @, then by (x), the valuation induced in H
is the extension of the valuation induced in Q). So, the property also holds in
this case. If H is disjoint from A’, then by the induction hypothesis applied
to the dual polar space A’, the property holds for the hex w4/ (H). Hence,
the property also holds for H by (x).

o B=A
Let A" denote a convex sub-2(n — 1)-gon through H and let A” denote the
unique special convex sub-(2n—4)-gon of A’. The valuation f’ induced by f in
A’ is the extension of an SDPS-valuation in A”. By the induction hypothesis
applied to A’ it follows that the valuation f” induced by f’ in H is classical
or the extension of an SDPS-valuation in a quad of H. The theorem then
holds since f” is also the valuation induced by f in H.

5.10 Proof of Theorem 5.31

Let (s,t), respectively (s',t), denote the order of A, respectively A. Let (s,t2),
respectively (s, t,), denote the order of the quads of A, respectively A. We call a
quad @ of A special if it contains two points of X, or equivalently, if @ N X is an
ovoid of Q. By Corollary 5.39, (1+1t) = (1+t2)(1+t') with t =ty +t3 4+ - +t3" "
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and t' =ty + 5+ + 15" "1 Hence, th + 147+ + )" =3+ td -+ 13"
It follows that t} = t3. Obviously, s’ = sts.

Suppose n = 2. By the classification of finite thick dual polar spaces, see
Section 1.9.5, one of the following cases occurs:

(1) A=~ DW(7,q) and A is a generalized quadrangle of order ¢2;
) A= DQ(8,q) and Ais a generalized quadrangle of order ¢?;
) A= DQ(9,q) and A is a generalized quadrangle of order (¢, ¢2);

(2
(3
(4) A=~ DH(8,4¢?) and A is a generalized quadrangle of order (¢°, ¢%);
(5

) A= DH(7,¢?) and A is a generalized quadrangle of order (¢%, ¢*).

Case (5) cannot occur, since the quads of DH (7, ¢?) are isomorphic to Q(5, q) and
do not have ovoids, see e.g. [82, 1.8.3]. Pralle and Shpectorov [84] have studied the
automorphism group of a special quad @ stabilizing Q N X. From their treatment,
it follows that either (A = DW (7,q) and A = DW (3, ¢?)) or (A= DQ(9,q) and
A~ DH (4,¢?%)). Moreover, they have shown the claims regarding the intersection
of a special quad @ with the SDPS-set.

Suppose now that n > 3. By Lemma 5.42, every special quad @ is contained
in a convex suboctagon F' such that FNX is an SDPS-set of F. From the discussion
of the case n = 2, the theorem then readily follows.

5.11 Proof of Theorem 5.32

Let n be the diameter of A. We will prove the theorem by induction on n. Obvi-
ously, the theorem holds if n < 3. So, suppose that n > 4 and that the theorem
holds for any thick dual polar space of diameter less than n (= induction hy-
pothesis). Recall that a quad of A is special if it contains two points of Oy, or
equivalently, if it intersects O¢ in an ovoid.

Lemma 5.53. No two special quads intersect in a line.

Proof. Suppose that (; and Q)2 are two special quads intersecting in a line. Then
C(Q1,Q2) is a hex H. Now, the valuation induced in H is either classical or the
extension of an ovoidal valuation in a quad. It is easily seen that none of these
two possibilities can occur. O

Lemma 5.54. For all z1,22 € Oy, d(z1,x2) is even.
Proof. We distinguish three possibilities.

(1) d(z1,22) < n. If f’ denotes the valuation induced in C(z1, z2), then by the
induction hypothesis, f’ is an SDPS-valuation in C(z1,22). Since 1,22 €
Oys, d(x1,z2) is even.

(2) d(x1,x2) =n and n is even.
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(3) d(z1,22) =n and n is odd. Let F' denote a convex sub-(2n — 2)-gon through
x1 and let z, denote the unique point of F collinear with 5. Then f(z4) = 1.
By the induction hypothesis, the valuation f’ induced in F' is the (possibly
trivial) extension of an SDPS-valuation in a convex subpolygon of F. Since
f(zh) =1, x4 is collinear with a point x4 of Oy N F', see Theorem 5.30. Since
d(z1,2%) is even and d(zy,25) > n—2, d(x1,24) =n—1. So, f’ is an SDPS-
valuation of F' = C(z1,25). Now, the line zhz] is contained in at least two
special quads, namely C(x2,z}) and the unique special quad through x4z}
contained in F', see Corollary 5.39. This contradicts Lemma 5.53. U

Lemma 5.55. If x1, 22 € Of with d(z1,x2) as big as possible, then Oy C C(x1,x2).

Proof. Obviously, this holds if d(z1,x2) = n. Suppose therefore that d(z1,z2) < n
and let F' denote a convex sub-(2n — 2)-gon through C(x1,z2). By the induction
hypothesis applied to F', it follows that every point of Oy N F' is contained in
C(z1,x2). Suppose now that there exists a point y € Oy not contained in F' and
let 3" denote the unique point of F' collinear with y. Since f(y’) = 1, there exists
a point x3 € Oy N F collinear with y’. Then z3 € C(x1,22). Since the valuation
induced in C(z1, z2) is an SDPS-valuation, there exists a point x4 € OfNC(z1, x2)
at distance d(x1,z2) from x3. We now distinguish two possibilities.

(1) The quad C(y, z3) intersects C(x1, z2) in a line L. Then L would be contained
in two special quads, namely C(y, z3) and the unique special quad through
L contained in C(x1,x2). This contradicts Lemma 5.53.

(2) The quad C(y,x3) intersects C(x1,x2) in the point x3. Then d(y,z4) = 2 +
d(z1,x2), contradicting the maximality of d(x1, z2). O

Lemma 5.56. The valuation f is not semi-classical.

Proof. Suppose the contrary. Let x denote the unique point of A with value 0
and let H denote a hex containing a point at maximal distance n from x. Then it
is easily seen that the valuation induced in H is semi-classical, contradicting our
assumptions. O

Lemma 5.57. If |Of| = 1, then f is a classical valuation.

Proof. Let x denote the unique point of Oy. If y is a point at distance at most n—1
from z, then by the induction hypothesis, the valuation induced in C(x,y) is the
(possibly trivial) extension of an SDPS-valuation in a convex subpolygon of C(x, y).
Since |Oy| = 1, this induced valuation must be classical. Hence, f(y) = d(z,y)
for every point y at distance at most n — 1 from z. The lemma now follows from
Theorem 5.16 and Lemma 5.56. O

Lemma 5.58. If |Of| > 2, then every point x of Oy is contained in a special quad.

Proof. Suppose the contrary. Then, by the induction hypothesis, the valuation
induced in every convex sub-(2n — 2)-gon through x must be classical. Hence,
fly) = d(z,y) for every point y at distance at most n — 1 from x. By Theorem
5.16 and Lemma 5.56, it now follows that f is classical, contradicting |O¢| > 2. O
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Lemma 5.59. For every point x of A, f(z) = d(x,Oy).

Proof. By Lemma 5.57, this holds if |Of| = 1. Suppose therefore that |Of| > 2.
Let 2* denote a point of Oy nearest to x and let @) denote a special quad through
x*. Then either mg(z) = «* or mg(x) ~ z*. Since d(z,mg(x)) < n — 2, we have
d(z,z*) < n—1. By the induction hypothesis, the valuation f’ induced in C(z, z*)
is the (possibly trivial) extension of an SDPS-valuation in a convex subpolygon of
C(z,z*). So, f(z) = f'(z) =d(z,0f NC(x,z*)) = d(z,x*) = d(z, Oy). O

Lemma 5.60. If the mazimal distance between two points of Oy is smaller than n,
then f is the extension of an SDPS-valuation in a convex subpolygon of A.

Proof. Let x1,z2 € Of with d(z1,x2) as big as possible. Since d(z1,z2) < n, the
valuation induced in F := C(x1, z2) is an SDPS-valuation f’ with Oy = Oy, see
Lemma 5.55. For every point x of A, we have f(z) = d(z,0y) = d(z,7p(z)) +
d(wp(x),Oyr), proving the lemma. O

In the sequel, we will suppose that the maximal distance between two points
of Oy is equal to n. This implies that n is even, see Lemma 5.54. Let A denote
the following partial linear space:

e the points of A are the elements of Oy,
e the lines of A are the special quads,
e incidence is containment.

If z1 and x4 are two points of Oy, then we denote by d(z1, z2) the distance between
x1 and x2 in the geometry A and by §(z1,x2) the distance between x; and x2 in
the geometry A.

Lemma 5.61. For all points x1,x2 € Of, d(z1,x2) = 2-6(x1,x2). As a consequence,
the diameter of A is half the diameter of A.

Proof. Every path of A between 21 and x5 can be turned into a path of A with
double length. This proves that d(z1,z2) < 2-d(x1, x2) for all points z1,z2 € Oy.

We will prove the lemma by induction on the distance d(z1,x2) which is
always even by Lemma 5.54. Obviously, the lemma holds if d(z1,22) is 0 or 2.
Suppose therefore that d(z1,22) = 2k > 4. Then we already know that §(z1,x2) >
k. We will now show that there exists a special quad @) through x5 containing a
point z3 at distance 2k — 2 from x;. If 2k < n, this follows from the fact that the
valuation induced in C(z1,x2) is an SDPS-valuation. If 2k = n, this follows from
Lemma 5.58. If 23 & Oy, then there exists a point in @) N Oy at distance 2k — 1
from x1, contradicting Lemma 5.54. Hence z3 € Oy. Since d(z1,23) = 2k — 2,
0(x1,z3) = k—1 and 6(x1,x2) < k. Together with 6(x1,x2) > k, this implies that
d(xl,xg) :2'5(171,172). O

Lemma 5.62. A is a near polygon (and hence a near n-gon).
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Proof. Let x denote a point of Oy and let () denote a special quad. If 7o (z) ¢ Oy,
then there exists a point in Oy N @ at distance d(z,mg(z)) + 1 from = and a
point in Oy N @ at distance d(z, 7g(z)) + 2 from z, contradicting Lemma 5.54.
So, mg(x) € Oy and mg(x) is the unique point of Oy N Q nearest to . The claim
now follows from Lemma 5.61. O

Lemma 5.63. A is a dense near polygon.

Proof. Obviously, every line of A is incident with at least three points. Now, let
z1 and xo be two points of A at distance 2 from each other, i.e., at distance 4
in A. We will show that every line L of C(x1,22) through x; is contained in a
(necessarily unique) special quad Qr C C(x1,z2). Let y denote the point of L
nearest to 2. By the induction hypothesis, the valuation induced in C(y, x2) is
the possibly trivial extension of an SDPS-valuation. Since f(y) = 1, there exists
a point z3 € C(y, x2) N Oy collinear with y. Obviously, L is contained in a special
quad C(z1,23) and x3 is a common neighbour of 27 and x5 in the near polygon
A. Repeating this argument for every line L of C(x1, 22) through z1, we see that
x1 and x2 have at least two common neighbours (in /T) O

If z1 and 2 are two points of Oy at distance 4 from each other, then O N

C(x1,22) is a convex subspace and hence a quad of A. Conversely, every quad is
obtained in this way.

Lemma 5.64. The near polygon A is classical.

Proof. The lemma holds trivially if A is a_generalized quadrangle. So, suppose
n > 4. Let o denote a point of A and let @ denote a_quad of A. Let F' denote
the convex suboctagon of A containing all points of ). Then, by the induction
hypothesis, the valuation induced in F' is an SDPS-valuation. Let H denote an
arbitrary hex of F through mp(x). Then H N Oy is an ovoid in a quad Q. Let
2’ denote the unique point of @) nearest to mp(x). Then d(rp(z),0f N F) =
d(rp(z), H N Of) = d(np(z),2") + d(2’, H N Of) < 2. So, we have the following
possibilities.

(a) 7p(z) € Of N F. Then 7p(x) is indeed the unique point of Q nearest to .

(b) d(wr(x),0fNF) = 1. Then 7 (x) is contained in a special quad @ of F, see
Corollary 5.39. Then there exists a point in OrNQ at distance d(z, 7p(z))+1
from x and a point in OyNQ at distance d(z, 7p(z))+2 from z, contradicting
Lemma 5.54.

(c) d(mp(x),0f N F) = 2. Let 2’ denote a neighbour of mg(x) collinear with a
point of Of N F', then 2’ is contained in a special quad @ of F. Then there
exists a point in Oy N Q at distance d(z, 7p(x)) + 2 from x and a point in
O; N Q at distance d(z, 7p(x)) + 3 from z, contradicting Lemma 5.54. O

The following lemma, in combination with Lemma 5.59, completes the proof
of Theorem 5.32.
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Lemma 5.65. The set Oy is an SDPS-set of A.

Proof. We still must check property (5) in the definition of SDPS-set. Let 2 denote
an arbitrary point of Oy and let L denote an arbitrary line of A through x. Since
A is a dense near n-gon, there exists a point 2’ in Oy at distance n from x.
Let y denote the unique point of L nearest to z’. By the induction hypothesis, the
valuation induced in C(y, ') is the possibly trivial extension of an SDPS-valuation.
So, there exists a point 2" € Oy NC(y,2’) collinear with y. Hence, the line L is
contained in the special quad C(z, z"). O



Chapter 6

The known slim dense near
polygons

In this chapter, we will discuss five infinite classes of slim dense near polygons
and three “exceptional” slim dense near hexagons. We will determine the convex
subpolygons and the spreads of symmetry of these near polygons. For the near
hexagons, we will determine all valuations. The above-mentioned near polygons
cover all known examples of slim dense near polygons which are not glued. At
the end of this chapter, we will also discuss the glued near polygons which can be
derived from the five infinite classes and the three exceptional examples.

6.1 The classical near polygons DQ(2n,2) and
DH(2n — 1,4)
Let n € N\ {0,1}. Let F be a nonsingular parabolic quadric in PG(2n,2) or a

nonsingular hermitian variety in PG(2n—1,4) and let P denote its corresponding
dual polar space, i.e.

e the points of P are the maximal subspaces (i.e. generators) of F,
e the lines of FP are the next-to-maximal subspaces of F,
e incidence is reverse containment.

The generalized quadrangle Q(4,2)” = DQ(4,2) is isomorphic to W (2) and the
generalized quadrangle H(3,4)P = DH(3,4) is isomorphic to Q(5,2).
Theorem 6.1. (a) If m and my are two generators of F intersecting each other

in an (n — 1 — i)-dimensional subspace, then the distance d(m,ms) between
71 and T in the near polygon FP is equal to i.

(b) FP is a near 2n-gon.
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The near polygon FP is dense.

Suppose w is an (n — 1 — i)-dimensional subspace lying on F. Then the gen-
erators through © form a convex sub-2i-gon of FP.

If 1 and wo are two generators of F, then C(mwy,m2) consists of all generators
through m N s.

Every convex sub-2(n — 1)-gon of FP is big in FP.

Every convex subpolygon of FP is classical in FP. As a consequence, FP is
classical.

Proof. (a) Suppose d(m1,m3) = k. Then there exist k+1 generators ag, aq, . . ., o

such that ag = m, o = w2 and dim(e; N ;1) = n — 2 for every j €
{0,...,k —1}. It easily follows (by induction) that dim(apNayj) >n—1—3j
for every j € {0, ..., k}. In particular,n+1—i¢ > n—1—k or k > i. We will now
show by induction on ¢ that k& < i. Obviously, this holds if 7 < 1. So, suppose
that ¢ > 2. Let a be a point of 71 \ 72 and let 73 be the unique generator
through « such that dim(m3 N 7w3) = n — 2. Then 7 N3 = (x, 7 N7e) and
dim(m N7g) = n—1— (i —1). By the induction hypothesis, d(m,m3) <i—1.
Since d(ma,73) = 1, d(m1,m2) <ior k <i.

Let 7 be a point and let o be a line of FP. First, suppose that a N7 = ().
Then there exists a unique generator through « intersecting 7 in a point.
This proves that the line o of F” contains a unique point nearest to 7. Next,
suppose that o N7 # (). Then the generators through o N7 define a polar
space F' of type Q(2k,2) or H(2k —1,4). (We take the following convention:
a dual polar space of type Q(2,2) or H(1,4) is a line of size 3.) The point 7
of F corresponds with a point 7’ of F "D and the line o of F corresponds with
a line o of F'P. In f’D, the line o/ contains a unique point nearest to m’.
It follows that the line o of FP contains a unique point nearest to 7. Hence,
FP is a near polygon. By (a) the maximal distance between two points of
FP is equal to n. So, FP is a near 2n-gon.

Obviously, every line of 77 is incident with precisely three points. Now, let 7
and 72 be two points of FP at mutual distance 2. Let = be a point of 71 \ 72,
let 3 be the generator through x intersecting 7o in an (n — 2)-dimensional
subspace, let y be a point of 75 \ 3 and let 74 be the generator of F through
y intersecting m in an (n — 2)-dimensional subspace. Then 73 and 14 are two
common neighbours of 71 and 7. This proves that F D is dense.

Let X denote the set of generators through 7. Let « be a line of F” containing
two different points 7y and 7 of X. Then o = m; N w9 contains 7 and hence
all generators through a contain 7. This proves that X is a subspace. Now,
let m; and me be two generators of X and let 73 be a third generator such
that d(my,m3) = d(m,m2) — 1 and d(mws,m2) = 1. Then dim(rs N 7)) =
dim(my; N7wg) + 1. So, there exists a point & € w3 N w1 not contained in 7.
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Since d(ms, m2) = 1, 73 is the unique generator through x intersecting my in
an (n — 2)-dimensional subspace. It follows that 3 N7e C 73 and hence also
that 7 C m3. Hence, X is convex. Through 7, there are now two generators
aq and ag such that a3 Nay = 7. By (a), X induces a convex sub-2i-gon.

(e) Let G denote the convex subpolygon which consists of all generators through
m1 Nmy. By (d), diam(G) =n — 1 — dim(m N7e). Since G and C(wy,m2) are
two convex subpolygons of diameter n — 1 —dim(7y N7e) = d(m1, m2) through
m1 and 72, we must have that G = C(my, m2).

(f) Let G denote an arbitrary convex sub-2(n—1)-gon of 2. Then G consists of
all generators through a certain point x of F. Let a be an arbitrary generator
of F. If x € «, then the point o of FP lies in G. If € o, then there exists
a unique generator o through z intersecting « in an (n — 2)-dimensional
subspace. Obviously, o' is the unique point of G collinear with a.

(g) Let G be a proper convex subpolygon of F?. If diam(G) = n — 1, then G is
classical in P by (f). If diam(G) < n — 2, then G can be obtained as the
intersection of convex subpolygons of diameter n — 1. The statement then
follows from Theorem 1.6. O

Corollary 6.2. (a) Every convex sub-2i-gon, i > 2, of DQ(2n,2) is isomorphic
to DQ(2i,2). In particular, every quad is isomorphic to W (2). Every local
space of DQ(2n,2) is isomorphic to PG(n — 1,2).

(b) Every convex sub-2i-gon, i > 2, of DH(2n — 1,4) is isomorphic to DH (2i —
1,4). In particular, every quad is isomorphic to Q(5,2). Every local space of
DH(2n — 1,4) is isomorphic to PG(n — 1,4).

Theorem 6.3. The near polygon DQ(2n,2), n > 2, has no spreads of symmetry.

Proof. Suppose that S is a spread of symmetry of DQ(2n,2). Let L be a line
of S and let @ be a W(2)-quad through L. By Theorem 4.5, Sg is a spread
of symmetry of @, a contradiction, since W(2) has no spreads of symmetry by
Theorem 4.42. O

Theorem 6.4. If x is a point of the near hexagon DQ(6,2), then there exists a path
of length 7 in Ts(z).

Proof. Let 1 and x5 be points collinear with = such that d(xy,z2) = 2. Let Q;,
1 € {1,2}, denote a quad through z; such that (i) x € Q; and (ii) Q1 N Q2 = 0.
We will use Sylvester’s model for @1 and (2. Suppose that the points of @)1 are
the subsets {i,j} of size 2 of {1,2,3,4,5,6}. We denote the unique point of Qs
collinear with {7, j} by {#*, 7*}. Without loss of generality, we may suppose that
x1 = {1,2} and zo = {3*,4*}. (Note that xo ~ mg,(x1) since d(z1,z2) = 2.) Then
{1,3},{2,4},{1,5},{2,3}, {2* 3%}, {4*,5*},{1%,3*},{1, 3} is a path of length 7 in

Corollary 6.5. The near hexagon DQ(6,2) has no semi-classical valuations.
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Lemma 6.6. If a slim dense near octagon S contains two disjoint big W (2)-quads,
then & has no ovoids.

Proof. Suppose the contrary. Let Q1 and Q2 be two disjoint big W (2)-quads and
let O be an ovoid of S. Then O; := ONQ;, i € {1,2}, is an ovoid of Q. The ovoids
70, (0O2) and Oy of Q1 have at least one point in common. So, O must contain two
collinear points, a contradiction. O

Corollary 6.7. Every valuation of DQ(6,2) is either classical or the extension of
an ovoidal valuation in a quad of DQ(6,2).

Proof. This follows from Theorem 5.36, Corollary 6.5 and Lemma 6.6. (]

Theorem 6.8. All valuations of DH(2n — 1,4) are classical.

Proof. Let f be a valuation of DH(2n — 1,4). Since Q(5,2) has no ovoids, every
induced quad-valuation is classical. Hence, f is classical by Theorem 5.11. g

We will now determine all spreads of symmetry of DH(2n — 1,4). Let (-,-)
denote the hermitian form of V(2n, 4) associated with H(2n—1,4) and let ¢ denote
the corresponding hermitian polarity. We will suppose that (-,-) is linear in the
first argument and semi-linear in the second.

Lemma 6.9. Let L be the linear space whose points are the points of H(2n — 1,4)
and whose lines are the lines of PG(2n — 1,4) which are not tangent to H(2n —
1,4). Then the subspaces of L are precisely the intersections of H(2n — 1,4) with
subspaces of PG(2n — 1,4).

Proof. For every set X of points on H(2n — 1,4), let (X) denote the subspace
of PG(2n — 1,4) generated by all points of X and let X denote the smallest
subspace of £ through X. Since (X) N H(2n — 1,4) is a subspace of £, we have
X C(X)NH(2n—1,4). We will now prove that X = (X)N H(2n —1,4) (x). This
property obviously holds if m := dim({X)) < 1, and since every intersection of a
hermitian variety with a plane is either the plane itself, a unital or a cone pB with
p a point and B a Baer subline, it also holds if m = 2. So, suppose that m > 3
and consider a subset Y of X such that dim((Y)) = m — 1. We may suppose that
(YYNH(2n—1,4) =Y C X (otherwise use induction). Now consider a fixed point
z in X \ (V). For every point 2’ of (X) N H(2n — 1,4) different from z, the line
za’ intersects (Y) in a point 2" and one of the following possibilities occurs.

e There exists a Baer subline L C H(2n — 1,4) in (Y) through the point z”.
Since property (*) holds if m = 2, we have 2’ € (z,L) N H(2n — 1,4) =
Lu{z} CX.

e Every line of (Y) through the point 2" is a tangent line. Then z” is a singular
point of the hermitian variety (Y) N H(2n — 1,4). Hence 2’ € H(2n — 1,4)

and #’ € xzz”" N H(2n —1,4) C X.



6.1. The classical near polygons DQ(2n,2) and DH(2n — 1,4) 125

In any case, we have 2’ € X. Since 2’ was an arbitrary point of (X)NH(2n —1,4)
different from z and since x € X, we have (X) N H(2n — 1,4) C X and hence
X = (X)N H(2n — 1,4). As a consequence the subspaces of £ are precisely the
intersections of H(2n — 1,4) with subspaces of PG(2n — 1,4). O

Theorem 6.10. For every subspace o of H(2n — 1,4), let a® denote the corre-
sponding convex subpolygon of DH(2n — 1,4). If V is the set of all (n — 2)-
dimensional subspaces of H(2n — 1,4) which lie in a nontangent hyperplane II,
then V¢ := {a®|a € V'} is a spread of symmetry of DH(2n — 1,4). Conversely,
every spread of symmetry is obtained in this way.

Proof. (a) Every generator of H(2n — 1,4) contains a unique element of V', or
equivalently, every point of DH (2n —1,4) is incident with a unique line of V¢. So,
V? is a spread. We can choose our reference system in such a way that H(2n—1,4)
has equation X3 + --- + X3 | = 0 and that II has equation X5,_1 = 0. The
group G = {0 : (%0,...,T2n—2,T2n-1) — (To,...,Toan—2, \T2n_1)|A> = 1} of
automorphisms of PG(2n — 1,4) fixes H(2n — 1,4) setwise and II pointwise. So,
G determines a group G¢ of automorphisms of DH (2n — 1,4) which fixes every
element of V. This group G? acts regularly on each line of V', proving that V¢
is a spread of symmetry.

(b) Now consider a spread of symmetry S of DH(2n —1,4) and let X denote
the set of the points = of H(2n — 1,4) for which the convex sub-2(n — 1)-gon z?
contains a line of S. Take two different points x1 and z2 in X, then one of the
following possibilities occurs:

e |z129NH(2n—1,4)| = 5. Let y denote an arbitrary point of 27Nzf = (z122)?.

By Theorem 4.5, the unique line of S through y is contained in xf and :17%5
and hence in 20 Nz§. As a consequence, each of the five convex sub-2(n — 1)-
gons through (z122)? belongs to X?, or equivalently, each of the five points

of x1x5 belongs to X.

e |z122NH(2n—1,4)| = 3. In this case 27 and 29 are two disjoint convex sub-
2(n—1)-gons of DH(2n — 1,4). Let x5 denote the third point of H(2n —1,4)
on the line x1x5. Let L denote an arbitrary line of S contained in xf and let
@ denote the unique quad through L which intersects xf and :1:?; in a line.
Now, let y denote an arbitrary point of Q ﬂx%’ . The unique line of S through
y is contained in @ and in x%s and hence coincides with the line @ N :17%5 Since
QN (:zz‘f U a:g U :rg) is a subgrid of @) and since S is a regular spread, we now
see that also @ N :Eg belongs to S. Hence x1, 22,23 € X.

As a consequence, the set X is a subspace of £ and hence the intersection of
H(2n — 1,4) with a subspace m of PG(2n — 1,4). The elements of S are precisely
the elements a?, where « is an (n — 2)-dimensional subspace contained in 7 N

)

H(2n — 1,4). For, if L € S, then every point of Lo belongs to X and hence
L?"" is contained in 7 N H(2n —1,4). Conversely, let a be an (n — 2)-dimensional
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subspace contained in 7 N H(2n — 1,4), let z1,...,2,-1 denote n — 1 points of
X generating a and let u denote an arbitrary point of a®. By Theorem 4.5 the
unique line K of S through w is contained in each convex subpolygon :c? and hence
coincides with the line a? = x‘fﬂ . ﬂxg_l. If TN H (2n—1, 4) contains a subspace 3
of dimension n — 1, then every line through the point 3% would belong to S, which
is impossible. As a consequence n — 2 is the maximal dimension of the subspaces
contained in 7 N H(2n — 1,4). If  is a singular point of 7 N H(2n — 1,4), then
x is contained in all (n — 2)-dimensional subspaces of 7 N H(2n — 1,4) and so all
lines of S would be contained in the convex sub-2(n — 1)-gon ¢, a contradiction.
So, m N H(2n — 1,4) is a nonsingular hermitian variety of type H(2n — 2,4) or
H(2n — 3,4), but since S must have the right amount of lines, i.e. %;HA)',
we know that 7 N H(2n — 1,4) is of type H(2n — 2,4) and that 7 is a nontangent
hyperplane. O

If p is a point of PG(2n—1,4) not contained in H(2n—1,4), then by Theorem
6.10, p¢ is a nontangent plane which determines a spread of symmetry Sp of
DH(2n —1,4). Let p = (&) for a certain vector € of V(2n,4). For every \ € F},
let 6z, denote the following linear map of V(2n,4): T — T + (A — )Ef fgé The
map 0z, induces an automorphism of PG(2n — 1,4) fixing the hermitian variety
H(2n — 1,4) and every point of the hyperplane pS. Hence, fz,» also induces an
automorphism of DH (2n — 1, 4) fixing each line of S,,. Since 0z x, 00z 1, = 02,1, 2,
for all Ay, Ay € F}, H := {0z | A € F}} is a subgroup of GL(2n,4). The group of
automorphisms of DH (2n — 1,4) induced by the elements of H is the whole group
of automorphisms of DH (2n — 1,4) fixing each line of S,.

Theorem 6.11. Let p1 and py denote two points of PG(2n — 1,4) not contained
in H(2n —1,4). Then Sy, is compatible with Sp, if and only if either p1 = pa or

p1 € pg-
Proof. Let &, and €2 be vectors of V(2n,4) such that p; = (&1) and p2 = (€2)

and let A\; and Ay denote arbitrary elements of F} \ {1}. Then one calculates that
0c, 2, © 0z, », is the following map:

—
&
m

)61+()‘21)(( ,82) 62+()\1*1)()\2*1)Mé

e+l 1, 51) 2,€2)

(

Similarly, one calculates that 0z, x, 0 0g, », is given by:

(7,
(

Hence 0g, ., and 0z, », commute if and only if either & || &2 or (é1,€2) = 0. The
theorem now readily follows. U
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6.2 The class H,,

This class of near polygouns is due to Brouwer, Cohen, Hall and Wilbrink [12]. Let
A be a set of size 2n + 2, n > 0. Let H,, = (P, L,I) be the following incidence
structure:

e P is the set of all partitions of A in n + 1 sets of size 2;
e [ is the set of all partitions of A in n — 1 sets of size 2 and one set of size 4;

e a point p € P is incident with a line L € L if and only if the partition
determined by p is a refinement of the partition determined by L.

Every line of H,, is incident with three points and every point is incident with
(";1) lines. The incidence structure Hy is a point, H; is a line of size 3 and H
is isomorphic to the generalized quadrangle W(2). (Recall Sylvester’s model for

W(2).)

Definition. For all points x and y of H,, a graph I';, , can be defined whose vertices
are the elements of A. Two vertices v; and vo are adjacent if and only if {v1, v} € =
or {v1, v} € y. Clearly, ' ,, is the union of disjoint cycles.

Theorem 6.12. The distance d(z,y) between x and y equals n+ 1 — K, ,, where
K is the number of connected components of the graph I'y .

Proof. Put k :=n+1— K, ,. Obviously, the theorem holds if k is equal to 0 or 1.
If z; and z, are collinear points of H,,, then | K, ., — K, .,| < 1. As a consequence,
k=Kyys— Ky < d(z,y). Now, we can find points 2, 21, . .., 25 such that: (i)
20 =y, (i) zi ~ z—1 and K, ., = Ky, , + 1 for every i € {1,...,k}. Since
K(z,z) =n+1, 2z = x. So, k > d(z,y). This proves the theorem. O

Theorem 6.13. The incidence structure H,, is a near 2n-gon.

Proof. Let x be a point and let L be a line of H,,. Let I'; ;, be the graph with
vertex set A. Two vertices v; and v are adjacent if and only if {v;,v2} € x or
{vi,v2} € L. 'y, is the union of disjoint cycles and two paths which are not
closed. There is a unique way to complete the two “open paths” to two closed
paths by adding two edges {v,v'} and {w,w’'}. If we replace the set {v, v, w,w’}
in the partition L by the two sets {v, v’} and {w, w’}, then we obtain a point 2’ in
H,, which is the unique point of L nearest to x by Theorem 6.12. So, H,, is a near
polygon. By Theorem 6.12, diam(H,,) < n. Obviously, there exist points z and y
such that K, , = 1, or equivalently, such that d(z,y) = n. This proves that H,, is
a near 2n-gon. O

Theorem 6.14. Fvery two points at distance 2 from each other have either two
or three common neighbours. Hence, S is a dense near polygon and every quad is
either a grid-quad or a W(2)-quad.
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Proof. Let x and y be two points of H,, at distance 2 from each other. Then I'; ,
has n — 1 components. There are two possibilities:

e I'; , has n —2 components of size 2 and one component of size 6. In this case
x and y have precisely three common neighbours.

e I', , has n — 3 components of size 2 and two components of size 4. In this
case x and y have precisely two common neighbours. O

Definition. Let {A1, Aa, ..., Ax} denote a partition of A such that |A4;] is even for
every i € {1,...,k}. Put |4;| = 2n;. If P;, i € {1,...,k}, is a partition of A; in n;
sets of size 2, then Py U P, U---U Py is a point of H,,. Let H(A;, ..., Ax) denote
the sets of all points arising in this way.

Theorem 6.15. H(A;,...,A;) is a conver sub-2(n + 1 — k)-gon isomorphic to
Hn1,1 X Hn2,1 X X anfl.

Proof. (a) By Theorem 6.12, the maximal distance between two points of H (A,
..., Ag) isequal ton+ 1 — k.

(b) Suppose that x and y are two different collinear points of H(A, ..., Ag), then
the line L through z and y is a partition of A in n — 1 sets of size 2 and a set
{a1, a9, a3, as} of size 4. There exists an ¢ € {1,...,k} such that {a1, a2, as3,a4} C
A;. Hence, also the third point of the line zy will belong to H (A, ..., Ag). This
proves that H(Ay,...,Ag) is a subspace.

(¢) Let « and y be two points of H(A1,...,Ax) and let z be a point of H,, such
that z ~ y and d(z, z) = d(z,y) — 1. Let {a1, a2, as, as} denote the unique set of
size 4 contained in the line (i.e. partition) yz. Since I';, , has one component more
than T'; ,, there exists an ¢ € {1,...,k} such that {a1,a2,as,a4} € A;. Hence, z
belongs to H(Aq,..., Ax). This proves that H(A4,..., A;) is convex.

(d) The partitions of A4;, i € {1,...,k}, determine a convex sub-2(n; — 1)-gon
A; isomorphic to H,,_1. If P = Py U---U Py is a point of H(A4, ..., Ag), with
P; a partition of A;, then we define §(P) = (P, Pa,..., P;). Obviously, 0 is an
isomorphism between H(Aq,...,A) and Ay X - - - x Ai. This proves the theorem.

O

Theorem 6.16. Let = and y be two points of H,, and let C1,...,Cy denote the
connected components of I'y . Then C(x,y) coincides with H(Ch, ..., Cy).

Proof. This follows from the fact that C(z,y) and H(CY,...,C})) are two convex
sub-2(n + 1 — k)-gons through z and y. O

Corollary 6.17. There exists a bijective correspondence between the partitions of A
in sets of even size and the convexr subpolygons of H,,. If P is a partition of A in
sets of even size, then the convex subpolygon of H,, corresponding with P consists
of all partitions of A in n+1 sets of size 2 which are a refinement of the partition

P.
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Theorem 6.18. Let M,, denote the linear space whose points, respectively lines, are
the subsets of size 2, respectively size 3, of {1,2,...,n+ 1} with containment as
incidence relation. Then every local space of H,, is isomorphic to Ly, , the unique
linear space obtained from M, by adding lines of size 2.

Proof. Let x denote an arbitrary point of H,,. Then x is a partition of A in n+1 sets
Ay, ..., Apy1 of size 2. For every line L through x, we define (L) := {4, j} with ¢
and j such that A; U A; is the unique set of size 4 contained in the partition L. If
Q is a W(2)-quad through z, then we define 0(x) := {i, j, k} with A; UA; U Ay the
unique set of size 6 contained in the partition associated with @ (see Theorem 6.15
and Corollary 6.17). Obviously, 6 determines an isomorphism between L£(H,,x)
and Ly, . O

Theorem 6.19. If Ay is a set of size 2n and if Az is a set of size 2, then H (A1, A3)
is a big convex subpolygon. Conversely, every big convex subpolygon is obtained in
this way.

Proof. Put Ay = {a,b}. Let x be a point of H,, not contained in H(A;, As). Let
a’ and b’ denote the unique elements of Ay such that {a,a’},{b,0'} € x. Then
z\ ({{a,a'},{b,V'}}) U ({{a,b},{a’,b'}}) is a point of H(A;, As) collinear with
x. This proves that H(Aj, A2) is big. Consider now a convex sub-(2n + 2)-gon
H (B, Bs) with |By|,|Bz2| > 4. Let « be a point of H,, containing four sets of the
form {b1,be} with b; € By and by € By. Obviously, « cannot be collinear with a
point of H(B, Bz). This proves the theorem. O

Theorem 6.20. The near polygon H,, has no spreads of symmetry if n > 2.

Proof. Every line of H,,, n > 2, is contained in a W (2)-quad. The proof is now
completely similar to the proof of Theorem 6.3. (|

In Section 6.4, we will determine all valuations of Hs.

6.3 The class G,

This class of near polygons is due to the author [39]. The near hexagon Gs was
already described in [12].

6.3.1 Definition of G,,

Let the vector space V(2n,4), n > 1, with base {eo, ..., €2,-1} be equipped with
the nonsingular hermitian form (zZ, ) = xoys + z1y3 + - + T2n—1Y3,_, and let
H = H(2n—1,4) denote the corresponding hermitian variety in PG(2n—1,4). The
support S, of a point p = (%) of PG(2n—1,4) is the set of all ¢ € {0,...,2n—1} for
which (Z, &;) # 0. The number |S,| is called the weight of p. Since Z = > (%, &) &;,
|Sp| is equal to the number of nonzero coordinates of p. Let X C H denote the
set of all points of weight 2. A point of PG(2n — 1,4) belongs to H if and only
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if its weight is even. A subspace m on H is said to be good if it is generated by a
(possibly empty) set G, C H of points whose supports are two by two disjoint.
If 7 is good, then G, is uniquely determined. If G, contains ky; points of weight
2i, 7 € N'\ {0}, then 7 is said to be of type (2¥2,4%4 . ). Let Y, respectively Y’,
denote the set of all good subspaces of dimension n — 1, respectively n — 2. Every
element of Y has type (27). Every element of Y’ has type (277!) or (2772 41).

Lemma 6.21. If 7 is a good subspace on H, then there exist w1, 7o € Y such that
T ="m Nmo.

Proof. For every point p = (Z) of G, we take two partitions P, and P; of S,

into ‘S’Qpl subsets of size 2 in such a way that the graph (S,, P, U P7) is a cycle

of length | S| if |Sp| > 4. If we define AX := {((z,&)é; + (z,€;)e;)|[{i,j} € PF},
k € {1,2}, then clearly <A}1,>H<A}2,> = {p}. If we define A* := Upegﬂ A’;, ke {1,2},
then (A') N (A%) = (Gx) = 7. Now, let N be the complement of (J,cg S, in
{0,...,2n — 1}. Clearly |N| is even. If |[N| = 0, then we put B! = B2 = (). If

|N| # 0, then we consider a partition P of N into @ sets of size 2 and an element

a € F;\ {1}. We put B! := {(&; + &;)|{i,j} € P} and B? := {(&; + ag;)|{i,j} €
Pandi < j}. Clearly (BY) N (B2%) = . If m, := (A* U B*), k € {1,2}, then
w1, T €Y and m N = 7. O

Lemma 6.22. The intersection of two good subspaces w1 and wo is again a good
subspace.

Proof. Consider the following graph T' on the vertex set {0,...,2n — 1}. Two
vertices 7 and j are adjacent if and only if there exists a p € G, U G, such that
{1,7} € Sp. Let C1,...,Cy denote the connected components of I'. For every i €
{1,..., f}, there is at most one point p € 7 Nmp with S, = C;. We can always label
the components of T' such that the following holds for a certain f’ € {0,..., f}:

(i) for every i with 1 < i < f’, there exists a unique point p; € 7 N 7y with
Sp; = Ci;
(ii) for every i with f’ < i < f, there exists no point p € m Ny with S, = C;.
It is now easily seen that 7 N7y is good with Gr i, = {pi |1 <@ < f'}. O
Lemma 6.23. If  is a generator of H, thenn —2 # s NX| #n— 1.

Proof. We use induction on n. For n € {1, 2}, it is easily seen that every generator
of H contains exactly n points of weight 2. Suppose therefore that n > 3 and let 7
be a generator containing the point (@) = ((ag,a1,0,0,...,0)). The points of TN X
different from (@) are all contained in the space & < Xy = X7 = 0. The intersection
H' := HNa« is a nonsingular hermitian variety in « and ' := mNa is a generator
of H'. By induction, n —3# |7’ NX|#n—2;hencen—2# |[rNX|#n—-1. O

Let G, be the incidence structure with point set ¥ and line set Y’ (natural
incidence). Gy, is a substructure of DH (2n—1,4). By Lemma 6.23, every generator
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through an element of Y’ belongs to Y. Hence, every line of G,, is incident with
three points. Let d(ms,m2) denote the distance between two points 7 and m of
DH(2n —1,4).

Theorem 6.24. Let my,m € Y. The distance between m and mo in G, is equal to
d(1,2).

Proof. The proof is by induction. If d(71,m2) = 1, then m N7e is a good subspace
of dimension n —2 and hence belongs to Y. As a consequence also the G,,-distance
between m; and s is equal to 1. Suppose therefore that d(my,m2) > 2. Take an
x € XN(m \(m1N72)) and let w3 be the unique generator through z intersecting 7o
in an (n—2)-dimensional subspace. Since there are at least n—2 elements in X Ny
H-collinear with z, |X Nm3| > n — 1. By Lemma 6.23, 73 € Y. Since d(m,7m3) =
d(m,m2) — 1, the distance between m; and 73 in G, is equal to d(m,m2) — 1.
Since mp and 73 are collinear in G,,, the distance between 77 and s in G,, is at
most d(my, 7). Since G, is embedded in DH(2n — 1,4), this distance is at least
d(m1,m2). This proves the theorem. O

Corollary 6.25. G,, is a sub-2n-gon of DH(2n — 1,4).

Proof. Let x be a point and L a line of G,,, then x and L are also objects of
DH(2n — 1,4). In the near polygon DH(2n — 1,4), L contains a unique point
nearest to . By Theorem 6.24, this property also holds in G,,. Hence G, is also
a near polygon. Since d(m,m) = n — 1 — dim(7; N 7we) for all 71,7 € Y and
since there exist w1, 7y € Y such that m N7y = @, see Lemma 6.21, G,, is a near
2n-gon. U

The near polygon G is the unique line of size 3. The points, respectively lines,
of Gy are all the maximal, respectively next-to maximal, subspaces of H(3,4).
Hence G2 = DH(3,4) = Q(5,2). We define Gg as the unique near 0-gon.

6.3.2 Subpolygons of G,

Theorem 6.26. The near polygon G,, is dense. For every two points m1 and mo
of Gy, C(my,m2) is the unique convexr sub-[2 - d(mwy,m2)]-gon through m and 7.
Moreover, C(my,ma) consists of all elements of Y through m N ma.

Proof. We noticed earlier that every line of G, is incident with three points. Now,
let m,m2 € Y such that d(m,m) = 2, or equivalently dim(m Nm2) = n — 3.
Choose an z3 € X N (w2 \ (m1 Nm2)) and an 4 € X N not H-collinear with
x3. Let m;, i € {3,4}, denote the unique generator through z; intersecting m;_o in
an (n — 2)-dimensional subspace. By the proof of Theorem 6.24, we know that 73
and 74 are common neighbours of 7 and 7. Hence G, is dense. By Theorem 2.3,
C(m1, ) is the unique convex sub-[2 - d(mq, m2)]-gon through 7; and ma. Now, let
F denote the set of all generators of Y through m Nme. Clearly F is a subspace of
Gy,. If v denotes a shortest path in G,, between two points of F', then by Theorem
6.24, v is also a shortest path in DH(2n—1,4) and hence every point of it contains
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m N y. As a consequence every point on « is contained in F' and F' is convex. If
m and 7’ are two arbitrary elements of F', then m N7’ contains w1 N w5 and hence
d(m,7") =n—1—dim(rN7’') < n—1—dim(m Nm2) = d(71, 72). As a consequence
the diameter of F' is at most d(my, m2). Since F' contains 7; and 2, the diameter
is precisely d(my,m2). Since F' is a convex sub-[2 - d(my, m2)]-gon through 7 and
ma, it coincides with C (7, 72). O

For every convex subspace F' of G, let mr denote the intersection of all
points of F' regarded as generators of H. Since there exist elements 71,7 € Y
such that m Nmy =0, 7, = 0.

Theorem 6.27. (a) There exists a one-to-one correspondence between the convex
subspaces of G,, and the good subspaces on H.

(b) If Fy and F» are two convex subpolygons, then Fy C Fy if and only if g, C
TE, -

Proof. Let F' denote an arbitrary convex subpolygon of G,,. If m; and 75 denote
two points of F' at maximal distance from each other, then F' = C(w1,m2). By
Theorem 6.26, 7 = w1 N 7. Hence wp is good by Lemma 6.22. Conversely,
suppose that 7 is a good subspace on H. If 7 = 7, then F necessarily consists of
all elements of Y through 7. Hence, the equation 7z = 7 has at most one solution
for F'. It suffices to show that this equation has at least one solution. By Lemma
6.21, there exist elements 71,73 € Y such that 7 = 7 N ma. If we put F' equal to
C(m1,m2), then by Theorem 6.26, mp = 7 N7y = 7. This proves part (a). Part (b)
follows from the fact that the points of a convex subpolygon F' are precisely the
generators of Y through 7p. O

Corollary 6.28. Let Fy and Fy be two convexr subpolygons of G, and let F3 =
C(F1,F»). Then g, = mp, N TR, .

Proof. Since F3 is the smallest convex subpolygon through Fy and Fh, 7p, is the
biggest good subspace contained in 7p, and 7g,. The result now easily follows
from Lemma 6.22. O

Theorem 6.29. Let p denote an arbitrary point of weight 2n in PG(2n — 1,4),
then p € H and the set of all generators of Y through p determines a convex
sub-2(n — 1)-gon isomorphic to H,,_1.

Proof. Put p = (ap€p + - - + aan_182n—1). The set {p} is a good subspace of H
and hence, by Theorem 6.27, the set of all generators of Y through p determines
a convex sub-2(n — 1)-gon B. The set {0,...,2n — 1} has size 2n and hence, by
Section 6.2, a near 2(n — 1)-gon A = H,,_; can be constructed from this set. For
every point P of A, i.e. for every partition P of {0,...,2n — 1} into n sets of size
2, we put ¢(P) = {{aué& + a;€;)|{i,j} € P}). Clearly ¢(P) is a generator of
Y through p. Conversely, every generator of Y through p is of the form ¢(P) for
some point P of 4. We will now show that ¢ determines an isomorphism between
the collinearity graphs of A and B. If P; and P; are two collinear points of A, then
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#(P1) N ¢(Py) is a good subspace of type (272 41); hence ¢(Py) and ¢(P,) are
collinear in B. Conversely, suppose that ¢(P;) and ¢(P2) are collinear in B, then
#(P1) N ¢(P,) is a good subspace of type (277 1) or (2772,41). If ¢(P1) N ¢(Ps)
has type (277 1), then |P; N Ps| > n — 1 and hence P; = P», a contradiction. As a
consequence ¢(P;) N ¢(P) has type (2"72,4') and P; and P are collinear in A.
Since the collinearity graphs of A and B are isomorphic, A and B themselves are
isomorphic. O

Theorem 6.30. The convex sub-(n—k)-gons, k € {0,...,n}, of G, are of the form

1 xHp, 1 XGpy oy withng, ..o yng > 1, g1 > 0 andny+- - - +ngyp1 = n.

Proof. Let F denote an arbitrary convex sub-(n — k)-gon, k € {0,...,n}, and
put Grp. = {p1,...,px}. Let S;, i € {1,...,k}, denote the support of p;, and let
Sk+1 = {0,...,2n—1}\(S1U- - -USy). Foreveryi € {1,...,k+1}, we put |S;| = 2n;
and «; := (gj]j € ;). Clearly, n1,...,ng > 1, ngg1 > 0 and nq + -+ + ngy1 = n.
Also a; N H is a nonsingular hermitian variety of type H(2n; — 1,4). If 7 is an
arbitrary point of F', or equivalently, an arbitrary generator of Y through 7, then
m = (mNaq, ..., mNak, TNak+1). Moreover, mNey; is a generator of o;NH containing
n; points of weight 2, and p; € mNe; if ¢ # k+1. Conversely, if 8;,¢ € {1,...,k+1},
is a generator of a; N H containing n; vertices of weight 2 such that p; € 8; if i < k,
then (B1,...,0k+1) is a generator of F through 7. Hence, by Theorem 6.29, the
map 7 — (T Nag,..., TN ag, ™Nagy1) determines a bijection between the point
sets of the near polygons F' and H,, 1 x -+ x H,, 1 X Gy, ,,. Now, two points
m and 72 of F are collinear if and only if dim(m; N ma) = n — 2. This happens if
and only if there exists a j € {1,...,k + 1} such that dim(m N7 Nay) =n; — 2
and dim(m NmeNa;) =n; —1 for every i € {1,...,k+1}\ {j}. These conditions
are equivalent with dim((m Nea;) N (M2 Nay)) =nj; —2 and m N = T2 N .
Hence m and 7 are collinear in F if and only if (71 Naq,...,m N ag+1) and
(ma Ny, ..., T2 Nagg1) are collinear in H,,, 1 x -+ x Hy, —1 X Gy, ,. Hence, the
collinearity graphs of I and H,, 1 X -+ x Hy, 1 X Gy, are isomorphic. So, the
near polygons themselves are also isomorphic. U

6.3.3 Lines and quads in G,

Let n > 3. If L is a line of G,,, then there are two possibilities for 7, (= L):
(a) mr, has type (2"71);
(b) 71 has type (2772,4%).

If Q is a quad of G, then there are four possibilities for m¢.

(i) mo has type (272).
By Lemma 6.23, each of the 27 generators through 7o belongs to Y, proving
that @ is a Q(5,2)-quad. The quad @ has 18 lines of type (a) and 27 lines of
type (b). The 18 lines of type (a) define three grids which partition the point
set of Q.
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(ii) mg has type (2"73,6').
From the 27 generators through mg, 15 are contained in Y, proving that @
is a W (2)-quad. Clearly @ contains only lines of type (b).

(iii) 7o has type (2"73,4%).
From the 27 generators through mg, nine are contained in Y, proving that @
is a grid. The quad @ contains three lines of type (a) and three lines of type
(b). Three lines of the same type partition the point set of Q.

(iv) mg has type (2774, 42).
This type of quad only exists if n > 4. From the 27 generators through mq,
nine are contained in Y, proving that @ is a grid. All six lines of @ have type

(b).
By Lemma 6.27, it then easily follows:
Theorem 6.31. Consider the near polygon G,, with n > 3. Then
e cach point is contained in n lines of type (a) and 3@ lines of type (b);

e cach line of type (a) is contained in exactlyn—1 Q(5,2)-quads, 0 W (2)-quads
and 3% grid-quads;

e cach line of type (b) is contained in a unique Q(5,2)-quad, 3(n — 2) W(2)-

quads and WM grid-quads;

(n—1)(3n—4)
2

e cach line is contained in exactly quads.

In the sequel lines of type (a) in G,, n > 3, will be called special, while
lines of type (b) are called ordinary. Clearly, a line is special if and only if it is
not contained in a W(2)-quad. For every permutation ¢ of {0,...,2n — 1} and
for every Ag,...,Aan—1 € Fj, the linear transformation of V(2n,4) defined by
€+ Ai€o(i), © € {0,...,2n — 1}, determines an automorphism of G,. Using these
automorphisms it is easily seen that any two lines of the same type are in the
same Aut(G,,)-orbit. Similarly, any two quads of the same type are contained in
the same Aut(Gy,)-orbit. Since a special line can never be mapped to an ordinary
line, Aut(G,,) has two orbits on the set of lines and three or four orbits on the set

of quads depending on whether n = 3 or n > 4. In Section 6.3.5 we will determine
Aut(G,,).

Remark. The above remarks on the orbits of Aut(G,), n > 3, do not hold for Geo.
Since G2 = Q(5,2) all lines are in the same orbit.

6.3.4 Some properties of G,
Theorem 6.32. The near 2n-gon G,, n > 1, has order (s,t) = (2, 3"2_7"_2) and

2
3".(2n)!
27 .n!

v = points.
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Proof. Clearly, the theorem holds if n € {1,2}. So suppose that n > 3. H(2n—1,4)

has exactly 37;;5'273)! good subspaces of type (2"). We noticed earlier that every line

is incident with exactly s + 1 = 3 points, and by Theorem 6.31, it follows that
t+1=n+3"0=0 O

Theorem 6.33. Let F' be a convex subpolygon of G,, isomorphic to Gy, k > 2, and
let x denote an arbitrary point of F. Then mr has type (2"%) and precisely k
from the n special lines through x are contained in F.

Proof. Recall that no near polygon of type H;, I > 0, has a Q(5,2)-quad. If F &
H; x A for some [ > 1 and some dense near 2(k —[)-gon A, then F has a line that
is not contained in a Q(5,2)-quad, contradicting Theorem 6.31. By the proof of
Theorem 6.30, it then follows that that 7 has type (2"~*). Theorem 6.27 allows
us to count the number of special lines through x which are also contained in F'.
It is easily seen that this number equals k. O

Theorem 6.34. If L1,..., Ly are different special lines of G,,, n > 3, through a
given point x, then C(L1,..., L) = Gy.

Proof. Put F =C(Ly,...,Lyg). By Corollary 6.28, 7p = wr, N---Nmp, . Every 7z,
i €{1,...,k}, is a good subspace of type (2"~1) contained in the good subspace
of type (2") associated with z. Hence 7p = 7r,, N--- Ny, is a good subspace of
type (2"7%). By Theorem 6.30, F' = Hj x - - - x Ho xGy = Gy. O
—_——
n—=k

Theorem 6.35. Let F' be a convex sub-2(n — 1)-gon of G, n > 3.

(a) If F 2 Gyp_1, then F is big in G,.

(b) If F is big in G, then F = G,_1 and 7 has type (21).

Proof. (a) If F = G,_1, then the total number of points at distance at most 1
from F is equal to |F|- (14 2(t — tr)) which is exactly the total number of
points in G,,. Hence F' is big in G,,.

(b) Take a line L intersecting F' in a point, then L is contained in precisely
%23"_4) quads, see Theorem 6.31. Since F is big, each of these 2=tEn=1)

quads meets F in a line by Theorem 1.7. Hence tp+1 = w. Since F
is a convex sub-2(n— 1)-gon, 7 has type ((2k)!) for a certain k € {1,...,n}.
By Theorem 6.30, F 2 Hj,_; X G,_j,. Hence =234 — ¢ 4 q = MO
(= k)GEr=3h=1) o (k—1)(6n—4k—4) = 0. Now 6n—4k—4 = 4(n—k)+2n—4 >
0 since n > 3. Hence k =1, F 2 G,,_1 and 7p has type (21). O

6.3.5 Determination of Aut(G,), n >3

Let n > 3 and let B denote the set of all big convex sub-2(n — 1)-gons of G,
isomorphic to G,,_1, or equivalently, the set of all convex subpolygons F' for which
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7r has type (21). Consider the following relation R on the elements of B: (Fy, F2) €
R & (Fy = F,) or (Fy N Fy = ) and every line meeting F; and F; is special).

Lemma 6.36. The relation R is an equivalence relation and each equivalence class
contains exactly three elements.

Proof. For every element F' of B, let Cr denote the set of all elements F/ € B
satisfying (F,F') € R. If F} and F» are two elements of B such that mp =
(€ + a1€;) and mp, = (€ + a2€;), then one readily verifies that (Fy, F») € R.
Hence |Cr| > 3 for every F' € B. It now suffices to prove that |Cp| < 3. Let L
denote an arbitrary special line intersecting F' in a point. If F’ is an element of
CF, then F’/ intersects L in a point. Now, each point & on L is contained in at
most one element of Cr, namely the element of B generated by the n — 1 special
lines through z different from L. Hence |Cr| < 3. This proves our lemma. O

Clearly the equivalence classes are in bijective correspondence with the pairs
{i,7} € {0,...,2n — 1}. Consider now the graph I whose vertices are the equiv-
alence classes, with two classes C; and Cy adjacent if and only if F; N Fy = () for
every I} € C7 and every Fy € (5. Clearly two vertices are adjacent if and only if
the corresponding pairs have one element in common. I' is a so-called triangular
graph.

If Fy and Fy are two elements of B satisfying mp, = (€9 + ré1) and g, =
(€0 + sé1), r # s, then the reflection F3 = Rp, (F1) of Fy about Fj is the unique
element of Cp, different from Fy and Fy; hence mp, = (€p + (r + s)é1).

Lemma 6.37. If Fy and F» are two elements of B satisfying mr, = (€y + ré1) and
TE, = (€0 + $€2), then F3 := R, (F1) satisfies mp, = (€1 + r~'sés).

Proof. Every point p of Fy is of the form (&, + réy, & + té;, s, ..., Uy,) for some
i€{3,...,2n — 1}, some ¢t € F; and some vectors 7;, j € {3,...,n}, of weight
2. The unique line L through p intersecting Fs is then equal to (€y + ré; + sés +
st€;, V3, . .., Un). The point (€ + sté;, & + 1 1séa,03,...,0,) of L is not contained
in F; U Fy and hence belongs to F3. Considering all possibilities for 4, ¢ and v,
j€{3,...,2n — 1}, we easily see that 7, = (1 +r~'séa). O

Theorem 6.38. For every permutation ¢ of {0,...,2n — 1}, every automorphism
0 of By, and all Xo,..., Aon—1 € F}, the semilinear map V(2n,4) — V(2n,4) :
S ae; — Z)\ia?é¢(i) induces an automorphism of G,,. Conversely, every auto-
morphism of G, n > 3, is obtained in this way.

Proof. Clearly every semilinear map V(2n,4) — V(2n,4) : > «;é;+— > )\iag%(i)
induces an automorphism of G,. We will now prove that every p € Aut(G,)
is derived from a semilinear map. The action of u on the set B determines an
action on the vertices of I'. Clearly, that action permutes the 2n maximal cliques
of size 2n — 1 in I". Thus, there exists a permutation ¢ of {0,...,2n — 1} such
that, if C' is the equivalence class corresponding to the pair {4, 5}, then u(C) is
the class corresponding to {¢(i), #(j)}. Now, fix ¢,j € {0,...,2n — 1} with ¢ # j.
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For all r € F}, 1 maps the element (€; + ré;) of B to an element of the form
(€p(i) +7"€4(j)) (notice that we identify each element F' € B with 7 ); hence there
exists an €;; € {1,2} and a \y; € F} such that u({€; +7€;)) = (€px) + AijT €4(5))
for all r € GF(4)*. Clearly, A;; = A;jl and €;; = ¢;; for all 4,5 € {0,...,2n — 1}
with i # j. Put Aj; equal to 1 for all i € {0,...,2n—1}. Now take mutually distinct
i,5,k €{0,...,2n—1}. For all , s € F}, the reflection of (¢;+r¢&;) around (&;+ séy)
equals (e; + r~'seg). Since p € Aut(G,), the reflection of (€43 + Aij 7 €4(5))
around (€g4(;) + AirS“*eyk)) equals (Eg;) + ik (r7ts) R Eg(x)), or equivalently,
A T Nigs©E = Ajpr~ <k sk Since this holds for all r,s € Fj, AijAjr = Ak,
€;; = €51 and €;; = €;;. It now easily follows that €;; = €g1 = € and \;; = /\&1)\0]-
for all 4,5 € {0,...,2n— 1} with i # 4. For all r € F} and all j, k € {0,...,2n—1}
with j # k, /L(<éj +rég)) = <§¢(j) + )\ajl)\OkTeéd,(k)> = <>\0j§¢(j) + )\okr5§¢(k)>. The
action of p on the elements of B completely determines the action of p on the
points of G,,. For, if p is a point of G,,, then p(p) = (\u(F) where F ranges over
all the n elements of B through p. Hence p is induced by the semi-linear map
Z ;€ — Z )\Oiafé¢(i). O

Remark. We have | Aut(G,,)| = 2- 32"~ . (2n)!. The condition n > 3 in Theorem
6.38 is necessary. For n = 2, the natural distinction between lines of type (a)
and lines of type (b) disappears. Since G2 = Q(5,2), | Aut(Gz)| = |PTU(4,4)| =
103680, while 2 - 33 - 4! = 1296.

6.3.6 Spreads in G,

For every i,j € {0,...,2n — 1} with ¢ # j, let A;; denote the set of all good
subspaces « on H = H(2n — 1,4) that satisfy the following properties:

e « has type (2"71);
o ((é; +1€;), ) is a generator of H for every r € F}.

Clearly, U0§i<j§2n—1 A; ; is the set of all special lines of G,,. For every i €
{0,...,2n — 1}, we put B; := U#i A; ;. Obviously B; consists of all good sub-
spaces of type (2"~1) contained in (¢;)¢ N H. Here ¢ denotes the hermitian polarity
associated with H.

Lemma 6.39. Let n > 2. For everyi € {0,...,2n— 1}, B; is a spread of symmetry
of G,,. As a consequence, B; is also an admissible spread.

Proof. If 7 is a point of G, i.e. a good subspace of type (2"), then 7 contains a
unique point of the form (&; + ré;). Clearly (X Nx) \ {(&; + re;)}) is the unique
line of B; incident with 7. This proves that B; is a spread. For every A € F}, the
linear map e; — Ae;, €; — é; for all j # ¢, induces an automorphism 8, ; of G,
which fixes each line of S. Clearly, {6,;| € F;} acts regularly on every line of
B;, proving that B; is a spread of symmetry. O

Lemma 6.40. An admissible spread S of G,,, n > 3, contains only special lines.
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Proof. Suppose that S has an ordinary line L and let = denote an arbitrary point
of L. By Theorems 6.31 and 6.33, there exists a unique pair {L;, Lo} of special
lines through x such that L € C(Ly, L2). Let L3 denote a special line through x
different from L; and Lo and let H denote the hex C(Lq, Lo, L3). By Theorem
6.34, H = G3. By Theorem 4.5, the spread S induces an admissible spread S’ in
‘H. By Theorem 6.31, there exist two W (2)-quads @1 and Q2 in H through the line
L. Let S;, i € {1,2}, denote the spread of Q; induced by S’. Let L’ be an element
of Sy different from L, let Q3 denote a Q(5,2)-quad of H through L’ and let S5
denote the spread of @3 induced by S’. Now, Q1 and Q3 are disjoint, and since
Qs is big in H, every point of @)1 has distance one to a unique point of Q3. As a
consequence 1 projects to a subGQ Q4 of @3 isomorphic to W (2). If y € Q4 then
vy is collinear with a unique point ¢’ of Q1 and ¥’ is contained in a unique line M
of S;. The unique line of S3 through y is contained in the quads C(M,y) and Q3
and hence coincides with the line C(M,y) N Q3 which is precisely the projection
of M on Q3. As a consequence the spread S; projects to a spread Sy of Q4 and
S4 C S3. Let z be a point of Q3 \ Q4. Through z there is a line of S5 and five lines
intersecting an element of S4. Hence, the point z of Q3 is contained in at least six
lines, contradicting Q3 = Q(5,2). O

Lemma 6.41. Let S be a spread of G,, n > 3, satisfying
(a) every line of S is special,

(b) if a grid-quad contains one line of S, then it contains exactly three lines of

S.
Then S = B; for a certain i € {0,...,2n — 1}.

Proof. Suppose that S contains a special line K of the set As,_22,-1, €.g. let
K = <<Oé()§0 + Oélél>, <05262 + Oégég), ey <a2n7452n74 + 052n7352n73>> for certain
ag,...,aa,—3 € Fj. Now, for every A € F}, the grid-quad @ for which mg =
<<Oé()é()+051§1 +)\04262+>\053§3>, ceay <a2n7462n74+0‘2n73§2n73>> contains K. Hence,
the two other lines in @ disjoint from K are also contained in S, or equivalently,
((Oéoé0+/\04252>, <051é1 +/\Oé3é3>, RN (agn_4é2n_4+a2n_3é2n_3)> € S and <<a0é0+
)\a3é3>, <041é1 +/\042é2>, RN <a2n_4égn_4+a2n_3égn_3>> es. Applying this several
times, we see that every line of Ag,_22,—1 belongs to S. Hence S is a union of
sets of the form A, ;. Since S = %, S is the union of 2n — 1 sets of the form A4, ;.
Forall4,j,k,1 €{0,...,2n—1} with i # j, k # land {4, 5} N{k, 1} =0, A; j U A,
always contains two intersecting lines. The lemma now easily follows. O

Corollary 6.42. The spreads B;, i € {0,...,2n—1}, are the only admissible spreads
n G,, n>3.

Proof. This follows immediately from Theorem 4.5 and Lemmas 6.39, 6.40, 6.41.
O

Theorem 6.43. For alli,j € {0,1,...,2n— 1}, B; is compatible with Bj.
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Proof. Let G;, i € {0,...,2n — 1}, denote the group of automorphisms of G,
fixing each line of S;. By Theorem 4.43, G; = {6, » | A € F;}, with 0;  as defined
in the proof of Lemma 6.39. It is now easy to see that [G;,G;] = 0 for all 4,j €
{0,...,2n—1}. O

So, the near polygon G,,, n > 3, has 2n spreads of symmetry and all these
spreads are mutually compatible. The generalized quadrangle Go = Q(5,2) =
DH(3,4) has more than 2n = 4 spreads of symmetry and not every pair of such

spreads is compatible, as we have seen in Theorem 6.11.

6.3.7 Valuations of G;

Definition. Let W (2) denote the linear space derived from the generalized quad-
rangle W(2) by adding its six ovoids as extra lines.

Lemma 6.44. A linear space L is isomorphic to W(2) if and only if each point of
L is incident with exactly three lines of size 3 and two lines of size 5.

Proof. One calculates that £ has fifteen points, fifteen lines of size 3 and six lines
of size 5. If L is a line of size 5 then precisely 20 other lines meet L in a point.
Hence no line is disjoint from L. Let £’ be the partial linear space obtained from
L by removing all lines of size 5. We will show that £’ = W(2). Obviously, £’
has order (2,2). Let (y, L) be a non-incident point-line pair in £’. Because both
lines of size 5 through x intersect L in a point, exactly one line of size 3 through =
intersects L in a point. It follows that £’ is the generalized quadrangle of order 2.
Since every line of size 5 in £ intersects every line of size 3 in exactly one point,
every line of size 5 determines an ovoid in £. This proves the lemma. O

We have shown above that there exists a distance-preserving embedding of
Gs in DH(5,4). So, every (classical) valuation of DH (5,4) induces a valuation of
Gs. Since G3 has Q(5,2)-quads, there are no ovoids in Gs.

Theorem 6.45. If f is a nonclassical valuation of Gs, then Gy = W (2) and f is
induced by a (classical) valuation of DH(5,4).

Proof. Since f is not classical, f(u) € {0, 1,2} for every point u of E3 by Theorem
5.9. Since Q(5, 2) has no ovoids, every Q(5, 2)-quad contains a unique point of Oy.
Since there are 45 Q(5, 2)-quads and since every point is contained in three Q(5, 2)-
quads, |Oy| = 475 = 15. Now, choose an arbitrary point x of O¢ and suppose that
x is contained in «a, special grid-quads and (3, special W (2)-quads. Since f is not

ovoidal, Gy is a linear space and we find that
20, + 45, = 14.
Since no special quads intersect in a line,

200, + 38, < 12.
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Hence, B, > 2. From the structure of the local spaces, see Theorem 6.31, it follows
that the possibility (a,,8:) = (1,3) is impossible. Hence, (ay, ;) = (3,2). By

Lemma 6.44, Gy = W (2).

Let @ be a special quad such that © ¢ Q. Let Q' denote the unique Q(5, 2)-
quad of DH (5,4) containing @, let 2’ denote the unique point of @’ collinear with
z, let ¢’ denote the classical valuation of DH(5,4) determined by ¢'(z’) = 0 and
let g denote the valuation of Gz induced by ¢'. Since |Of| = |O4| = 15, Gy = G4 =
W(2) and {z} U (T'2(z) N Q) € Of N Oy, Of = Oy. Since every point y of G3 is
contained in a Q(5,2)-quad, d(y,Of) <2 and f(y) = d(y, Of) = d(y, O4) = g(v).
This proves the theorem. O

6.4 The class I,

This class of near polygons is due to Brouwer, Cohen, Hall and Wilbrink [12].
Consider a nonsingular quadric Q(2n,2), n > 2, in PG(2n,2) and a hyperplane II
of PG(2n,2) intersecting Q(2n,2) in a nonsingular hyperbolic quadric Q" (2n —
1,2).

Theorem 6.46. The generators of Q(2n,2) not contained in QT (2n —1,2) form a
subspace X of DQ(2n,2).

Proof. Let m and ma be two generators of Q(2n,2) which are not contained in
Q71 (2n — 1,2) intersecting each other in an (n — 2)-dimensional subspace. The
subspace IINm; is contained in three generators of Q(2n, 2). One of these generators
is m; and the other two are contained in Q*(Zn —1,2). Hence, m Ny # I Ny
Hence none of the generators through m; N s is contained in QT (2n — 1,2). This
proves the theorem. O

Let I, denote the following incidence structure:

e the points of I,, are the maximal subspaces of Q(2n,2) not contained in
Q" (2n - 1,2);
e the lines of I,, are the next-to-maximal subspaces of Q(2n,2) not contained
in QT (2n —1,2);
e incidence is reverse containment.
The incidence structure I,, is a subgeometry of DQ(2n,2). Every line of I, is

incident with three points. Let d(m, m2) denote the distance between two points
m1 and 72 of DQ(2n,2).

Theorem 6.47. The distance between two points w1 and wo of I, in the geometry
I, is equal to d(my,ms).

Proof. We will prove this by induction on the distance d(my1, 7). Obviously, the
theorem holds if d(71,m2) < 1. So, suppose d(m1, 72) > 2. Obviously, the distance
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between 71 and 79 in I, is at least d(m1, m2). Let o be a point of 71 not contained
in my U II and let w3 be the unique generator through z intersecting 7o in an
(n — 2)-dimensional subspace. Then d(7y, m3) = d(71, m2) — 1. The generator 3 is
a point of I, and the distance between 7; and 73 in I, is equal to d(m, 73). Hence,
the distance between 7; and 7y in I3 is at most (and hence precisely) d(my,m2).
This proves the theorem. O

Theorem 6.48. I, is a dense near 2n-gon.

Proof. Let (m, L) be a point-line pair of I,. Since = and L are also objects of the
near polygon DQ(2n,2) and since distances in [,, are inherited from distances in
DQ(2n,2), L contains a unique point nearest to 7 (in I,,). This proves that I,
is a near polygon. By Theorem 6.47, the distance between two points of I, is
at most n. If 71 and 7wy are two disjoint generators of Q(2n,2) not contained in
Q*(2n—1,2), then d(my, m2) = n, proving that I, is a slim near 2n-gon. Now, take
two points m and g at distance 2 from each other. So, dim(7w; N7e) = n — 2. Let
x be a point of w1 not contained in 7wy UII, let w3 be the unique generator through
x intersecting 7o in an (n — 2)-dimensional subspace, let y be a point of w5 not
contained in w3 U II and let w4 be the unique generator through y intersecting
in an (n — 2)-dimensional subspace. Then 73 and 74 are two common neighbours
of m and msy. This proves that II,, is dense. O

Theorem 6.49. Let o be an (n — 1 — i)-dimensional subspace of Q(2n,2) which
is not contained in QT (2n —1,2) if i € {0,1}. Then the set F, of all generators
through o not contained in QT (2n — 1,2) defines a convex subpolygon of I,. If
i > 2 and « is not contained in QT (2n — 1,2), then F, = DQ(2i,2). If i > 2 and
« is contained in QT (2n —1,2), then F, = 1;.

Proof. Let m; and mo be two different collinear points of I, belonging to F,, and let
73 denote the unique third point on the line through 7 and 5. Since o C 7 N7ra,
a C ws. Hence, 73 is also a point of F,, and F, is a subspace.

Let m; and w9 be two arbitrary points of F,. Every point on a shortest path
in DQ(2n,2) between 7, and 7o contains «. Hence, every point on a shortest path
in I, between m; and w5 contains «. This proves that F, is convex.

If 4 > 2, then the subspaces through « define a polar space of type Q(2i,2).
If a is contained in QT (2n — 1,2), then the subspaces through « contained in
Q1 (2n — 1,2) define a polar space of type Q*(2i — 1, 2). The theorem now readily
follows. O

Theorem 6.50. If m1 and w2 are two points of L, then Fr nr, S the unique convex
sub-[2 - d(m1,m2)]-gon of 1, through m1 and ms.

Proof. This follows from the fact that C(m,m2) and Fy Ay, are two convex sub-
[2 - (71, 72)]-gons through 71 and ms. O

Theorem 6.51. Every local space of 1, is isomorphic to PG(n — 1,2)’, the linear
space derived from the point-line system of PG(n — 1,2) by deleting a point.
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Proof. A point 7 of I, is an (n — 1)-dimensional space of Q(2n,2). The lines
through 7 correspond with the hyperplanes of « different from 7 N II and the
quads through 7 correspond with the (n — 3)-dimensional subspaces of 7. This
proves the theorem. O

Theorem 6.52. Let n > 3 and let F be a convex sub-2(n — 1)-gon of L,,. If F =
DQ(2n — 2,2), then F is big in 1,,. If F 2 1,,_1, then F is not big in L,.

Proof. Suppose F 2 DQ(2n — 2,2). Then F consists of all generators through a
point p of Q(2n,2) not contained in II. Let 7 denote an arbitrary point of I,, not
contained in F. Let 7’ denote the unique generator through p intersecting 7 in an
(n — 2)-dimensional subspace. Then 7’ is the unique point of F' collinear with .
This proves that F is big.

Suppose that F = 1,,_;. Then F consists of all generators through a point p
of Q% (2n —1,2) which are not contained in QT (2n —1,2). Let a be a generator of
Q*(2n — 1,2) through p, let 8 be an (n — 2)-dimensional subspace of o not con-
taining p and let v denote the unique generator through 3 which is not contained
in QT (2n — 1,2). Obviously, d(v, F) > 2, proving that F is not big. d

Theorem 6.53. The near polygon 1, does not contain spreads of symmetry if n > 3.

Proof. Similarly as in the proof of Theorem 6.3, this follows from the fact that
every line of I,, is contained in a W (2)-quad. O

We will now determine all valuations of II3. The above-mentioned embedding
of I3 in DQ(6,2) is distance-preserving. Hence by Theorem 5.7, every valuation f
of DQ(6,2) induces a valuation f of I. In this way, we obtain at least four classes
of valuations of I3.

e If f is a classical valuation of DQ(6,2) such that the unique point x with
value 0 belongs to I3, then f is also a classical valuation of I3.

e If f is a classical valuation of DQ(6,2) such that the unique point x with
value 0 does not belong to I3, then f is not a classical valuation. Every line
through x corresponds with a line of Q(6,2) contained in Q7 (5,2). Through
this line there are three generators, two are also generators of @*(5,2) and
one is not contained in Q% (5,2). This proves that every line through x meets
I5 in a unique point. So, |Of| = 7. Also, f admits only special grid-quads.
Hence, G = PG(2,2).

o If f is the extension of an ovoidal valuation in a W (2)-quad of DQ(6,2)
which is also contained in I3, then f is the extension of an ovoidal valuation
of @ (in the near hexagon I3). We have O; = Oy.

e If f is the extension of an ovoidal valuation of a W (2)-quad @ of DQ(6,2)
which is not contained in I3, then O 7 is an ovoid in the grid-quad QNIs.

Theorem 6.54. For every point x of I3, there exists a path of length 7 in Ts(x).
As a consequence, I3 has no semi-classical valuations.
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Proof. Let x1,x9 € T'1(x) such that C(x1,x2) & W(2). Let L1 and Lo be lines of
C(z1,2) such that Ly N Ly = () and x; € L;, L; # xx; for every i € {1,2}. Let
Q;, © € {1,2}, denote the unique W(2)-quad through L; different from C(x1,z2).
Then @1 and Q)2 are disjoint big quads of I3 and we can follow a similar reasoning
as in the proof of Theorem 6.4. O

By Lemma 6.6, I3 does not have ovoids and hence also no ovoidal valuations.

Theorem 6.55. Let f be a nonclassical valuation of Is. Then f is induced by a
valuation of DQ(6,2).

Proof. If |Of| = 1, then f is a classical valuation by Theorems 5.33 and 6.54. So,
suppose that |Of| > 2. Since f is not ovoidal, every two points of Oy lie at distance
2 from each other by Theorem 5.34. We distinguish the following possibilities.

e There exists a special W(2)-quad Q. For every point outside @, there exists
a point of Of N @ at distance 3 from that point. Hence, O = Oy N Q. For
every point x of I3, we have f(z) = d(z,Oyf) = d(z, mg(x)) +d(mg(x), Of) by
Theorem 5.12. So, f is the extension of an ovoidal valuation in a W (2)-quad.

o G = Ls. Let Q denote the unique special grid-quad. By the discussion before
Theorem 6.54, there exists a unique valuation f’ such that (i) Oy = Oy and
(ii) f’ is induced by a valuation of DQ(6,2). Let m;, i € {0,1,2}, denote the
total number of points with f-value i. By Theorem 5.13, mo — %5t + %2 = 0.
It follows from mg = 3 and mg + mq1 + ms = 105 that mg = 3, m; = 38
and my = 64. By Theorem 5.12, f is completely determined by O¢: the 64
points with value 2 are on the one hand the 48 points in I'; (Q) which are not
collinear with a point of Oy and the 16 points of I's(Q) which lie at distance
2 from at least one point of Oy. Since Of = Oy/, f = f’ and f is induced by
a valuation of DQ(6,2).

e G has only lines of size 3 and contains a point « and a line L such that « ¢ L.
There exist no points with value 3 by Theorem 5.9. So, every W(2)-quad
contains a unique point of Oy. It follows that |Of| = 7 and Gy = PG(2, 2).
Let @ denote the grid-quad corresponding with L. Let @’ denote the unique
W(2)-quad of DQ(6,2) containing @, let 2’ denote the unique point of @’
collinear with x, let ¢’ denote the classical valuation of DQ(6,2) determined
by ¢'(z’) = 0 and let g denote the valuation of I3 induced by g. Since |Oy| =
|04l =7, Gy =2 Gy 2 PG(2,2) and {z}U(T2(2)NQ) C O;NO,, we must have
Oy = O,. Since every point of I3 is contained in a W (2)-quad which contains
a unique point of Oy, d(z,0f) < 2 and f(z) = d(z,0y) = d(x,0,) = g(z).
This proves the theorem. O

6.5 The near hexagon [E,

The near hexagon E; is due to Shult and Yanushka [91].
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6.5.1 Description of E; in terms of the extended ternary Golay
code

Let Fi? denote the 12-th dimensional vector space over the finite field F3. Let
B = {ej,...,e12} denote a base of Fi2. Let M denote the following matrix with
entries M;;, 1 <4 <6 and 1 < j < 12, belonging to F3.

100 0 0 O 1 1 1 1 1 0
01 0 00O 0 1 -1 -1 1 -1
0010 0O 1 0 1 -1 -1 -1
000100 -1 1 0 1 -1 -1
000O0T1TO0 -1 -1 1 0 1 -1
0 00 0001 1 -1 -1 1 0 -1

Put v; := Z;il M;je; for every i € {1,...,6}. We call the subspace C of F}?
generated by the vectors v;, ¢ € {1,...,6}, the extended ternary Golay code ([22]).

For all vectors = > x;e; and y = > y;e;, we define

o= 3w

If (x,y) = 0, then we say that = is orthogonal with y.

Lemma 6.56. Every two vectors of C are orthogonal. If x is a vector of Fi? which
is orthogonal with every vector of C, then x € C.

Proof. One easily verifies that (v;,v;) =0 for all i, € {1,...,6}. It then follows
that every vector of C is orthogonal with every vector of C. The six equations
(x,v;) = 0,4 € {1,...,6}, determine a 6-dimensional subspace of F3? which con-
tains C and hence is equal to C. (|

Lemma 6.57. Fvery vector of C has weight 0, 6, 9 or 12.

Proof. Let x be an arbitrary nonzero vector of C'. Since z is orthogonal with itself,
its weight is equal to either 0, 3, 6, 9 or 12. One easily sees that the following
holds.

e Every vector of the form av; with a # 0 and ¢ € {1,...,6} has weight 6.

e Every vector of the form awv; 4+ Bv; with o # 0 and 1 < ¢ < j < 6 has weight
at least 4 and hence weight at least 6.

e Every vector of the form owv; + v+, with oy #0and 1 <i<j <k <6
has weight at least 4 and hence weight at least 6.

e Every vector of the form ajv; + - - - + agvg where at least four of the a;’s are
different from 0 has weight at least 4 and hence weight at least 6.

The lemma now easily follows. O
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Remark. If all nonzero vectors of a 6-dimensional subspace of F3? have weight at
least 6, then by [66] and [83], this subspace is isomorphic to the extended ternary
Golay code.

Lemma 6.58. Fvery five columns of M are linearly independent.

Proof. Suppose the contrary. Let w = Y w;e; be a nonzero vector of weight at
most 5 such that M - [wy,...,wia]7 = 0. By Lemma 6.56, w € C. But this
contradicts Lemma 6.57. (|

Now, let E; be the following incidence structure:
e the points of E; are all the cosets v + C, v € Fi?;
e the lines of E; are all the sets of the form {v+ C v +e; + C,v —¢; + C};
e incidence is containment.

The incidence structure 1 has 729 points. Every line of E; is incident with three
points and every point is incident with 12 lines. So, E; has 2916 lines.

Theorem 6.59. E, is a regular near hexagon with parameters (s,ta,t) = (2,1,11).
Every local space of Eq is isomorphic to the complete graph Ko on 12 vertices.

Proof. If v+ C'is a point of 1, then the points of [E; at distance 1, 2, respectively
3, from v + C' are the points of the form v £ e; + C, v £ e; £ e; + C, respectively
vte; tej £ep+ C. By Lemma 6.58, [I'i(v+ C)| = 24 and T2 (v + C)| = 264.
Moreover, every two points at distance 2 have precisely two common neighbours.
If z is a point of E; and if L is a line of E; such that d(z, L) < 2, then by Lemma
6.58, L contains a unique point nearest to x. Hence, for a given point x there are
12 lines through x, 24 - 11 = 264 lines at distance 1 from x and 264 - 10 lines at
distance 2 from x. In this way we obtain 12 4 264 + 2640 = 2916 lines. Since these
are all the lines, E; is a near hexagon. The theorem now readily follows. O

Theorem 6.60. Every regular near hexagon with parameters (s,ta,t) = (2,1, 11)
18 isomorphic to ;.

Proof. This was proved in [7] using the results of [91]. O

6.5.2 Description of E; in terms of the Coxeter cap

The 12 columns of the matrix M define a set K of 12 points in PG(5, 3). This set
of 12 points, which was discovered by Coxeter [28], has several nice properties. For
every point  of PG(5, 3), define the generating index ix(x) of x as the minimal
number of points of K which are necessary to generate a subspace containing x.

Lemma 6.61. (a) Fvery point has index at most 3.

(b) If L is a line of PG(5,3) through a point x of K, then L\ {z} contains a
unique point with smallest indez.
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Proof. Let x be a given point of PG(5, 3). By Lemma 6.58, there are [\ {z}| = 11
lines through = containing besides x a necessarily unique point with index 1, and
2- (“C \é{x}l) = 110 lines through x containing besides = a necessarily unique point
with index 2 but no point with index 1. The lemma now follows from the fact that
there are precisely 121 lines through x. O

Now, embed PG(5, 3) as a hyperplane I, in a 6-dimensional projective space
II. Then we can define the following geometry 77 (K):

e the points of T (K) are the affine points of II, i.e. the points of II not con-
tained in Il.;

o the lines of T7(K) are the lines of II not contained in I, and intersecting
Il in a point of K;

e incidence is derived from II.

Theorem 6.62. (a) Let x and y be two different points of TE(KC) and let z be the
intersection point of the line xy with the hyperplane Ily. Then d(x,y) =

i;c (Z)
(b) T (K) is a regular near hexagon with parameters (s,t2,t) = (2,1,11).
Proof. (a) Obviously, d(z,y) = lifand only if z € K, i.e. if and only if ix(2) = 1.

If ix(z) = 2, then there exists a unique line L, through z containing two
different points z1,2o € K. Then the points xzz; N yzo and zzo N yz; are
common neighbours of z and y, proving that d(z,y) = 2.

If d(z,y) = 2 and if u is a common neighbour of x and y, then the points
2y N, 2u NIy and yu NIy lie on a line. So, ix(z) = 2. Since there
exists a unique line L, through z containing two different points z1,20 € K
(Lemma 6.58), we see that xz1 N yze and xzy N yz; are the only common
neighbours of z; and z,.

If ixc(z) = 3, then there exist points z1, 2o and z3 such that z € (21, 22, 23).
Put {2’} = 223 N 2129 and {u} = 2’z N z3y. Since ix(z') = 2, d(x,u) = 2.
Since ix(z3) = 1, d(u,y) = 1. This proves that d(z,y) = 3.

(b) Let x denote an arbitrary point of T (K) and let L be an arbitrary line of
T#(K). Put LNIls = {z}. If x € L, then obviously L contains a unique point
nearest to . Suppose therefore that = ¢ L. Then the plane (z, L) intersects
Il in a line L’ through z. By Lemma 6.61, L'\ {2} contains a unique point
z" with smallest index. The point z’x N L is the unique point of L nearest to
x. This proves that T¢(K) is a near polygon. By (a) and Lemma 6.61, T (K)
is a regular near hexagon with parameters (s, t2,t) = (2,1,11). O

Theorem 6.63. Let L be a line of Il intersecting IC in two points and let « be
a plane through L not contained in Il. Then the points of a not contained in L
form a quad of T7 (K). Conversely, every quad of T¢(K) is obtained in this way.
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Proof. By Theorem 6.62, we know that every quad is a (3 x 3)-grid. Obviously, the
points in « determine a subgrid of T3 (K) which is necessarily a quad. Conversely,
suppose that z and y are two points at distance 2 from each other. Let @) denote
the unique quad through x and y and let z denote the unique point on the line
zy contained in II,. Through z there exists a unique line containing two different
points z1 and z5 of K. Now, the plane (z1, 22, ) determines a quad through x and
y and this quad necessarily coincides with Q. U

Theorem 6.64. Let o be a hyperplane of 11 intersecting Il in a four-dimension-
al subspace disjoint with IC. Then the affine points of a define an ovoid of K.
Conversely, every ovoid is obtained in this way.

Proof. Every line of Il intersects « in a unique point, proving that the affine
points of « define an ovoid. Conversely, let O be an ovoid of T (K). In order to
show that O comes from a hyperplane it suffices to show that for every two different
points x7 and zo of O, also the third affine point x3 on the line z;zs belongs to
O. We distinguish two possibilities. In both cases, let z be the intersection point
of the line x1x2 and the hyperplane Il..

e d(z1,xz2) = 2. Let @ denote the unique quad through x; and x5. By Theorem
6.63, x3 also belongs to Q. Now, O N Q is the unique ovoid of @ through the
points z1 and x2. Since ix(z) = 2, x1, 2 and x3 are three points of @ at
mutual distance 2. It follows that x5 € O.

e d(z1,x2) = 3. Since ix(z) = 3, there exist three points z1, 22 and z3 such
that z € (z1,29,23). By Lemma 6.58, 21, 22 and 23 are the only points
of K contained in (z1, 22, z3). Consider now the three-dimensional subspace
(21,22, 23,x,y) and let X denote the set of affine points contained in this
subspace. By looking at the points, lines and of 73 (K) which are contained
in X, we see that the subspace X induces a near hexagon H isomorphic to
Ls x L3 x Ls. The subhexagon H is not necessarily convex. The set O N H
is the unique ovoid of H through the points x; and z9. Since ix(z) = 3, z1,
z9 and x3 form a set of points of H at mutual distance 3. It follows that
r3 € ONH. O

Remark. There are 12 hyperplanes in Il disjoint from K. These hyperplanes form
a Coxeter cap in the dual projective space II7 .

Theorem 6.65. Let = be be a point of I and let S, denote the set of lines of
IT through x not contained in . Then Sy is a spread of symmetry of T2 (K).
Conversely, every spread of symmetry of Ty (K) is obtained in this way.

Proof. Obviously, S, is a spread of Tz (K). Let G denote the group of elations
with center x and axis Il.. Then G induces a group of automorphisms of Ty (K)
acting transitively on every line of S,. Hence, S, is a spread of symmetry of 77 (K).
Conversely, let S be a spread of symmetry of T (K). For every line L of S, let z,
denote the unique point of IC contained in L. We need to show that xx = x for
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every two lines K and L of S. By connectedness of T (K), we may suppose that
d(K,L) = 1. Since S is a spread of symmetry, it is also a regular spread. So, K
and L are contained in a subgrid which is also a quad. By Theorem 6.63, it then
follows that zx = z1,. O

Corollary 6.66. The near hexagon K1 has, up to isomorphism, only one spread of
symmetry.

Proof. By [28], the automorphism group of 1, fixing the set K acts 5-transitively
on the set of points of K (see also [99]). The result now readily follows. O

Theorem 6.67. If z1 and xo are two points of IC, then the spreads of symmetry
Sz, and Sy, are compatible.

Proof. Let G;, i € {1,2}, denote the group of elations of II with center x; and
axis Ilo. G; induces a group G; of automorphisms of T3 (K). By Theorem 4.43,
G; is the whole group of automorphisms fixing each line of Sz,;. The theorem now
follows from the fact that any element of G; commutes with every element of
Gs. O

Remark. The spreads of symmetry of E; can easily be recognized in the model
of E; which makes use of the extended ternary Golay code C' C Fi%. For every
i € {1,...,12}, let S; denote the set of all lines of the form {v + C,v + e; +
C,v—e;+C}. Obviously, S; is a spread of Ey. The three translations v — v+ Ae;,
A € F3, determine a group of automorphisms of E; fixing each line of S; and acting
regularly on each line of S;. So, 51, ..., S12 are the twelve spreads of symmetry of
E;.

Theorem 6.68. For every point x of Es, there exists a closed path of length 7 in
Ts(x). As a consequence, Es has no semiclassical valuations.

Proof. Take a 3-dimensional subspace « of Il for which |a N K| = 4. By [28],
the automorphism group of I, fixing the set I acts 5-transitively on the set of
points of K. So, we may suppose that « is generated by the first four columns of the
matrix M. Let 8 be a plane generated by three points of aNK. Let v & {a, (z, 8) }
be a 3-dimensional subspace of (x, «) through /3. The points of v\ Il determine a
subhexagon C' of T¢(K) which is isomorphic to L x L3 x Ls. The points of C' can
be labeled with the triples (i, j, k), i, 7,k € {—1,0,1}, such that (¢, 4, k) ~ (¢, 5/, k)
if and only if these triples agree in exactly two positions. If (0,0, 0) is the unique
point of v\ I collinear with z, then d(z, (0,0,0)) =1 and

d(.’L’, (1,0, 0)) = d(SC, (—1, 0,0)) = d(.’[?, (0, 1, 0)) =2,

d(z, (0, 1,0)) = d(x, (0,0, 1)) = d(x, (0,0,

d(=, (1, 1,0)) =d(z, (1,-1, 0)) = d(a?, (—1, 1,0)) = d(a?, (—1, -1, 0)) =3
d(I, (L 0, 1)) = d(ﬂj, (13 0, *1)) - d(zﬂ (71, 0, 1)) = d(xv (717 0, 71)) =3,
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d(z,(0,1,1)) = d(z, (0,1, -1)) = d(=, (0,—-1,1)) = d(z, (0,-1,—1)) = 3.
We may suppose that d(z, (1,1,1)) = 3. Then
d(z,(1,1,-1)) =d(z, (-1,1,1)) = d(, (1,—1,1)) = d(z, (-1, -1,-1)) = 2
e d(z,(-1,-1,1)) = d(z, (-1,1,-1)) = d(z, (1,-1,—-1)) = 3.
The closed path
(,-1,-1),(1,-1,-1),(1,0,-1),(1,0,1),(1,1,1),(0,1,1), (0, —1,1), (0, -1, —1)

has length 7 and is completely contained in I's(x). O

6.5.3 The valuations of [E;

In this paragraph, we will show the following.
Theorem 6.69. Every valuation of Eq is either classical or ovoidal.

We take the proof of [63]. Let f be a valuation of E;. There are three possi-
bilities.
e The maximal value attained by f is equal to 3. Then f is a classical valuation
by Theorem 5.9.

e The maximal value attained by f is equal to 1. Then f is an ovoidal valuation
by Theorem 5.9.

e The maximal value attained by f is equal to 2. We will prove that this case
cannot occur.

Suppose that the maximal value attained by f is equal to 2. Let Oy denote
the set of points of E; with value 0. By Theorem 5.34, every two different points
of Oy lie at distance 2 from each other.

Let 6 denote an isomorphism between E; and T3 (K). So, 6 is a bijection be-
tween the point sets of E; and AG(6, 3) := IT\Il such that d(x,y) = ixc[0(x)8(y)N
II.] for all points = and y in E; with = # y.

Lemma 6.70. The set 6(Oy) is a proper subspace of AG(6,3). As a consequence,
04] € {1,3,9,27,81,243}.

Proof. Let 0(x1) and 6(x2) denote two arbitrary different points of 6(Oy). Then
the quad C(6(z1),0(x2)) of T#(K) consists of all affine points in a plane a of II
and the intersection line o N Il contains precisely two points of K. The third
affine point of the line 0(x1)0(x2) is not Ty (K)-collinear with (x1) and 6(x2) and
hence equals 6(x3), where z3 is the unique point of C(z1,22) not collinear with
x1 and xo. Since |Of NC(z1,x2)| > 2, Of NC(z1,22) is an ovoid of C(x1,x2) by
Theorem 5.7 and Corollary 5.10. Hence, z3 € O and 6(x3) € 8(Oy). This proves
that 8(Oy) is a subspace of AG(6,3). Since no two points of Oy are collinear,
0(0y) # AG(6,3). It follows that |Of| € {1,3,9,27,81, 243}. O
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Lemma 6.71. |Oy| < 13.

Proof. Let € Oy and let V' denote the set of all quads of the form C(z, z) where
z € Of\ {z}. Suppose that [Of| > 14. Then |V| > =L or [V| > 7. Since there are
precisely 12 lines through x, there exists a line L through x which is contained in
two quads @1 and Q2 of V. Let u denote an arbitrary point of L\ {z}, let u; denote
the unique point of (Q1 NOf) \ {z} collinear with u and let us denote the unique
point of Q2 N O not collinear with w. Then d(u1, uz) = d(u1,u) + d(u, uz) = 3,
contradicting Theorem 5.34. O

Lemma 6.72. The case |O¢| = 1 cannot occur.

Proof. Suppose that Oy = {z}. By Theorem 5.12, f(z) = d(z,y) for every point
y at distance at most 2 from «. Since the maximal value attained by f is equal to
2, it follows by property (V) that every point of I's(x) has value 1 or 2 and that
the subgraph induced by I's(x) must be bipartite. But in Theorem 6.68, we have
shown that there exists a path of length 7 in I's(x). Hence it is impossible that
|Of] = 1. O

Lemma 6.73. The case |Oy| = 3 cannot occur.

Proof. If |O¢| = 3, then Oy is an ovoid in a quad @ of E;. Let O; be an ovoid
of @ which intersects Oy in a unique point, let z; be a point of E; at distance
2 from @ such that T'y(z1) N Q = Oq, let L = {x1, 22,23} be a line through x4
completely contained in T'2(Q) and let O, i € {2, 3}, denote the ovoid I'y(z;)NQ of
Q. Then {O1, 03,03} is a partition of @) in ovoids. Hence, |O; N Of| = 1 for every
i € {1,2,3}. It follows that the point x; has distance 2 from Oy. By Theorem 5.12,
it now follows that every point of L has value 2, contradicting property (V2). O

By Lemmas 6.70, 6.71, 6.72 and 6.73, it follows that |O¢| = 9. Let T" denote
the set of all quads of the form C(z1,z2) where 21 and z2 are two points of Oy.
Since §(Oy) is a subplane of AG(6,3), the incidence structure G5 defined by Of
and T is an affine plane of order 3. So, |T| = 12.

Lemma 6.74. I'5(Oy) = 0.

Proof. Suppose that u is a point of I's(Oy ), then u has distance 3 to every point of
Oy and distance 2 to every quad of T'. There are precisely |T'| -6 = 72 pairs (Q, L)
with @ a quad of T and L a line through u contained in T'2(Q). For every line L
through u, let T'(L) denote the set of all quads Q € T for which L C I';(Q). Since
u is contained in precisely 12 lines, there exists a line L = {u,uy,us} through u
for which |T'(L)| > 6. For every x € Oy, L contains a unique point nearest to = of
Oy and hence {d(z,u1),d(z,u2)} = {2,3}.

Let @ denote a quad of T and put Q N Of = {z1,22,23}. If Q € T(L),
then the points w, u; and uy determine three mutually disjoint ovoids O, O,
and O,, of Q. Since O, is disjoint from the ovoid {x1,x2,x3}, either O,, or O,,
coincides with {z1, 22, 23}. In any case, we have d(u1,z1) = d(u1,x2) = d(u1, z3)
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and d(ug, x1) = d(ug, x2) = d(ug, x3). If @ ¢ T(L), then u; € T'1(Q) for a certain
i € {1,2}. Since (u;, Q) is classical, [{d(u;, z1), d(ui, x2), d(u;, z3)}| = 2 and hence
also |{d<U3_i, .Tl), d(U3_i, :L‘Q), d<U3_i, $3)}| =2.

Now, consider the partial linear space with point set O; and line set T'(L)
(natural incidence). Since |T'(L)| > 6, we have two possibilities.

e The partial linear space is connected. Then d(x, u;), ¢ € {1, 2}, is independent
of the chosen point x € Oy. So, T = T(L). Suppose that d(uq,z) = 2
for every point of x € Oy. If 1 and xy are two different points of Oy,
then C(uy,z1) N C(u1,x2) = {u1} and so the quads C(u1,x1) and C(u1,x2)
determine four different lines through ;. Now, the nine quads C(u1,z), = €
Oy, will determine 18 different lines of IE; through u;, a contradiction, since
there are only twelve such lines.

e The partial linear space is disconnected: there is one connected component
O} of size 8 and one single point z*. Then d(z,u;), i € {1,2}, is independent
of the chosen point = € O} and different from d(z*,u;). So, [T'(L)| = 8 and
T\T(L) = {Q1,Q2,Q3,Q4}, where Q1, Q2, Q3 and Q4 are the four quads
of T through z*. By reasons of symmetry we may suppose that d(uq,z) =2
for every point of x € O}. For every i € {1,2,3,4}, d(u1,Q;) = 1 and hence
there exists a unique point v; in ); collinear with u;. Let w;; and w; denote
the two points of Q; MOy collinear with v;. For every i € {1,2,3,4} and every
J € {1,2}, let A;; denote the set of two lines through u; contained in the quad
C(u1,w;j;). Since Ajn N Ajp = ugv;, |An U Aja| = 3 for every i € {1,2,3,4}.
Now, for all 4,3’ € {1,2,3,4} and all j,j" € {1,2} with i # ¢/, C(w;j,wyj) €
T(L) and hence A;; N Ay jy = 0. It now easily follows that || J A;;| = 12. So,
L € A;-j+ for a certain ¢* € {1,2,3,4} and a certain j* € {1,2}. Now, u € L
and d(w;«;+, L) =1 and so d(u, Of) < 2, a contradiction. O

Put Y :=T1(0y) and Z := T's(Oy). Let Y;, i € N\ {0}, denote the set of
points of Y which are collinear with precisely ¢ points of Oy. We have ) |Y;|-i =
0| - 24 = 216.

Lemma 6.75. |Y1| = |Y2] = 72 and |Y;| = 0 for all i > 3. So, |Y| = 144 and
|Z| = 576.

Proof. Suppose that the point u of I'1 (Oy) is collinear with three different points
x1, x2 and x3 of Oy. Then w is contained in the quad C(z1,z2). Since z1 and z,
are the only points of C(z1,22)NO; collinear with u, we have x3 & C(z1,z2). Now,
u is also contained in C(x1,x3) and so the quads C(x1,z3) and C(x1, z2) intersect
in a line uz;. If 4 denotes the unique point of C(z1,z3) N O not collinear with
u, then d(z2,z4) = d(x2,u) + d(u,z4) = 1+ 2 = 3, a contradiction. So, |¥;| =0
if 4 > 3. Since every two points of O have precisely two common neighbours, we
have [Va| = 2 (1%71) = 72, V1| = 216 — 2|Y| = 72 and |Y| = |Yi| + |Ya| = 144.
Since E; has precisely 729 points, |Z| = 729 — |Of| — |Y| = 576. O
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Using the notation of Theorem 5.13, we have that mg = 9, m; = 144,
ma = 576 and m; = 0 if i > 3. Since > ;o (—21)'m; = 81, we have found a
contradiction.

6.6 The near hexagon E,

This near hexagon is due to Shult and Yanushka [91].

6.6.1 Definition and properties of [,

By [102], there is a unique Steiner system S(5,8,24). (There are 24 points in such
a Steiner system, each block contains eight points and every five different points
are contained in a unique block.) We will now provide a model of S(5,8,24). The
projective plane PG(2,4) has the following properties.

e The set of 168 hyperovals (i.e. sets of six points no three of which are collinear)
can be divided into three classes O, Oz and O3 of equal size. Two hyperovals
are in the same class if and only if they intersect in an even number of points.

e The set of 360 Baer subplanes (i.e. subplanes of order 2) can be divided into
three classes By, B2 and Bs of equal size. Two Baer subplanes are in the same
class if and only if they intersect in an odd number of points

e The indices 7 and j can be chosen in such a way that for O € O; and S € B;,
|O N S| is even if and only if i = j.

Define now the following design D. The points of D are the points of PG(2,4)
together with three new symbols 0oy, 002, and cos. There are four types of blocks:

e L U{o01,002,003} where L is a line of PG(2,4);

e (OU{o01,009,003}) \ {o0;} for each O € O;;

e SU{o0;} for each S € B;;

o the symmetric difference L A L’ of two distinct lines L and L’ of PG(2,4).

Taking the natural incidence, we find the unique Steiner system S(5, 8, 24). Follow-
ing [26], we will call the blocks of S(5,8,24) octads. The Steiner system S(5, 8, 24)
has the following properties:

e Every i € {1,2,3,4,5} different points of S(5,8,24) are contained in n; oc-
tads. Here, ny = 253, ng =77, ng =21, ngy = 5 and n5 = 1.

e Every two different octads of S(5,8,24) meet in either 0, 2 or 4 points.

e If By and Bs are two disjoint octads, then the complement of By U Bs is also
an octad.

e If B; and B> are two octads which meet in four points, then the symmetric
difference B1ABs is again an octad of S(5, 8,24).
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From S(5,8,24), we can construct the following incidence structure Eo:
e the points of Ey are the octads of S(5,8,24);
e the lines of Ey are the triples of mutually disjoint octads;
e incidence is containment.

Theorem 6.76. e If By and Bz are two octads of S(5,8,24), then d(By, Bs) is
equal to 0, 1, 2, respectively 3, if and only if |By N Ba| is equal to 8, 0, 4,
respectively 2.

e s is a dense near hexagon and every quad of Eq is isomorphic to W (2).

e s is a regular near hexagon with parameters (s, te,t) = (2,2,14). Every local
space is isomorphic to PG(3,2).

Proof. e Let By and By be two octads of S(5,8,24). Obviously, d(By, B2) =0
if and only if |B; N By| = 8.

Suppose |B; N Ba| = 4 and let Bs, By, Bs denote the remaining octads
through By N Bs. If B is a common neighbour of B; and By, then B has at
least three points in common with one of the octads B3, B4 or Bs. Suppose
|[BN B3| > 3. Then |BN Bs| =4 and BN Bz = B \ (B1 N Bs). The five
octads through Bs\ (B1 N Bs) are the octads Bs, BsAB;, i € {1,2,4,5}. As
a consequence, B3ABy, BsABs and ByAB5 are three common neighbours
of Bl and BQ.

Conversely, suppose that d(By, B2) = 2. Let B denote a common neigh-
bour of By and B, and let B’ denote the complement of B U B;. The octad
Bs has at most four points in common with B; and B’. Hence, |[BoNB;| =4
and |B' N By| = 4.

Finally, suppose that |B; N Bz| = 2. Let B and B’ denote two octads
of S(4,5,24) such that {By, B, B’} is a line of Es. Then B; has at least
three points in common with one of the octads B, B’. If |Bo N B| > 3, then
|B2 n B| = 4. From d(BQ,B) =2 and d(B,Bl) = 1, d(Bl,BQ) =3.

e Let L = {B1,B2,B3} be a line of E; and let B denote a point of Es. In
view of the possible intersections of two octads of S(5,8,24), the multiset
{|B N Bi|,|BN Ba|,|BN Bs|} is equal to either {8,0%}, {0,4%} or {4,22}. In
any case we have that L contains a unique point nearest B. So, E, is a near
hexagon. Since every two points at distance 2 have precisely three common

neighbours, E5 is a dense near hexagon and every quad is isomorphic to
W(2).

e By an easy counting, one finds that for every octad B, there are 30 other
octads which are disjoint from B. It follows that E; is a regular near hexagon
with parameters (s, t2,t) = (2,2, 14). By the Corollary on page 55 of [8], every
local space of Eg is isomorphic to PG(3, 2). O
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Remark. Let B; and Bs be two points at distance 2 from each other. Then |B; N
Bs| = 4. Let B3, By and By denote the other octads through By N By. Put
Xo:=B1NBsy and X; := B;\ X, for every i € {1,2,3,4,5}. Then the 15 octads of
the W(2)-quad through B; and Bs consists of the octads X; U X, where ¢ and j
are two different elements of {0,1,2,3,4,5}. In this way, we rediscover Sylvester’s
model for W(2).

Theorem 6.77 ([8]). Every regular near hexagon with parameters (s,ta,t) = (2,2,
14) is isomorphic to Eo.

Theorem 6.78. E5 has no spread of symmetry.

Proof. Similarly as in the proof of Theorem 6.3, this follows from the fact that
every line of E; is contained in a W(2)-quad. O

Theorem 6.79. Let x be a point of S(5,8,24). Then the 253 octads through x define
an ovoid O, of E,.

Proof. If {B1, Ba, B3} is a line of Eo, then precisely one of the octads By, Bs, Bs
contains x, proving the theorem. U

In Section 6.6.2 we will show that every ovoid of E; is of the form O, for a
certain point x of S(5,8,24). This proves that Eo has 24 ovoids and hence also 24
ovoidal valuations.

Theorem 6.80. For every point x of Ea, there exists a path of length 5 in T's(x).
As a consequence, Eo has no semiclassical ovoids.

Proof. Take a quad @ at distance 2 from x. Then I'y(z) N @ is an ovoid of @ and
by Lemma 1.39 there exists a path of length 5 in @ not containing points of O.
This path of length 5 is also a path of length 5 in I's(z). O

Theorem 6.81. Every valuation f of Es is either classical or ovoidal.

Proof. Let f be a valuation of Eo which is neither classical nor ovoidal. By Theorem
6.80, f is not semiclassical. So, Oy > 2 and G is a linear space by Theorems 5.33
and 5.34.

We will now show that d(z,0y) < 2 and f(z) = d(x, Oy) for every point x
of Ey. Let @ be a special quad. If z € QUT'1(Q), then d(z,Of) < 2. If z € I'y(Q),
then the ovoids I'z(z) N Q and Oy N Q of Q meet in at least one point, proving
that d(z, Of) < 2. By Theorem 5.12, it follows that f(z) = d(z, Oy).

Suppose |Of| = 5. Let @ denote the unique W (2)-quad containing all points
of Oy, let = be a point in I'1(Q) not collinear with a point of Oy and let L =
{z,y1,y2} be a line through x such that y1,y2 € I'2(Q). Since d(z, Oy) = d(y1,Oy)
= d(y2,0y) = 2, every point of L has value 2 by Theorem 5.12. This contradicts
Property (V2) in the definition of valuation.

Suppose |Of| > 5. Considering an antiflag in G, we see that there exists a
point in Gy which is incident with at least five lines. Hence, |Of| > 21. On the
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other hand, since no two special quads meet in a line, |Of| < 21. Hence, |Of| = 21
and Gy = PG(2,4). Using the notation of Theorem 5.13, mo = 21, my = [I'1(Oy)|
and mg = |T'2(Oy)|. Since every point of I'1 (Oy) is collinear with three points of
Of,my = mf’T'BO = 210. Since E; has 759 points, ma = 528. So, mo— 5+ + " = 48,
contradicting Theorem 5.13. (|

6.6.2 The ovoids of E,

The ovoids of Ey were classified in [15] with the aid of the Erdos—Ko-Rado Theo-
rem ([70]). We will give an alternative proof. Let X denote the set of 24 points of
the Steiner system S(5, 8,24). Recall that E is a regular near hexagon on v = 759
points with parameters (s, t2,t) = (2,2,14). Let O be an ovoid of E,.

Lemma 6.82. The ovoid O has 253 octads. If a is a octad of O, then ms :=
IT2(a) N O] = 140 and ms := |T3(a) N O| = 112.

Proof. The number of lines of Es is equal to U(Stjll) = (t+1)-]0|. Hence |O| = 253.
Counting the number of connections between points of I'y (o) and I's(a) N O yields
ITi(a)] -t = (t2 + 1) - [T2(a) N O], from which it follows that ms = 140 and

m3:|O|717m2:112. O

Lemma 6.83. Four different elements of X are contained in one or five elements

of O.

Proof. The five octads through four elements of X form an ovoid O’ in a quad Q.
Let O” be the ovoid of @, induced by O, then O’ and O” have one or five points
in common. O

Lemma 6.84. Three different elements of X are contained in at least five elements
and at most 21 elements of O.

Proof. Take three elements a, b, c of X. Let d; be a fourth element of X and let
a be an octad of O through {a,b,c,d;}. Let d2 be an element of X not in « and
let 8 be an octad of O through {a,b,c,dz}. By Lemma 6.83, there are now five
octads of O through a N 3. The upper bound is immediate since nz = 21. O

Lemma 6.85. Three different elements of X are contained in five or 21 elements

of O.
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Proof. Let o € ()3() be contained in ¢, octads of O. Double counting yields

SR (234),

a€(3)
t = |0]- 8),
% ol-
S talta—1) = [0]-ma- (3)
a€(3)
From Lemma 6.84 and Zae(ﬁ)(ta —5)(21 —t,) =0,tq =5 or to = 21. O

Remarks. (1) Let T3, respectively Ts, be the number of o € ()g) for which t, =5,

respectively t, = 21. From
24
TW+T, = < 3 >7

8
5Ty + 21T, = |O]- ( )

T = (233) and Ty = (223)'

(2) Let Ry, respectively Ra, denote the number of o € ()4(), which are contained
in exactly one, respectively exactly five, elements of O. From

24

Ri+ Ry, = (4),
8

Ri1+5Ry = |O|()>

Ry = (243) and Ry = (233)'

Lemma 6.86. For every A = {p1,pa,p3,pa} C X, there exists an i € {1,2,3, 4}
such that A\ {p;} is contained in exactly five octads of O.

Proof. Suppose the contrary. Let a and 3 be two different elements of O through
A. Take two different points 2 and y in « \ 8 and let z be a point of a N 3. Let
v # a be an octad of O through {z,y, z}, then v intersects « in a fourth point w.
Through {z,y, z,u}, there are five octads of O. If u € '\ 3, then '\ {z,y, z,u} is
contained in only one octad of O, a contradiction. Hence, u € aN 3. Take a point
v € B\ a. Let Dy be the octad through [(ang) —{z}]U{v,y} and D be the octad
through [(a N B) — {u}] U {v,z}. Dy and D2 are two octads of the ovoid meeting
in four points. The octad D1/A D5 is not an element of O, a contradiction, since
the set {z,y, z,u} is contained in it. O
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Lemma 6.87. If {p1,p2,p3,p4} C X is contained in exactly five elements of O,
then there are exactly three subsets of size 3 in {p1, pa2, p3, Pa} which are contained
in 21 elements of O.

Proof. Counting pairs (A, B) with (i) A € (3), (ii) B € (}). (ili) A C B and (iv)
A is contained in 21 elements of O, yields 21 - T5 = Y kp, where the summation
ranges over all Ry elements B of (i( ) through which there are five octads of O.
The number kp denotes the number of subsets of size 3 of B through which there
are precisely 21 octads of O. By Lemma 6.86, kg < 3. Since 2175 = 3R5, all values
of kp are equal to 3. O

Lemma 6.88. Fvery two elements x andy of X are contained in at least 21 elements
and in at most 77 elements of O.

Proof. Let z € X be a third element of X. From the proof of Lemma 6.84, it
follows that there exists a fourth element u € X such that {x,y, z,u} is contained
in five elements of O. By Lemma 6.87, at least one of {x,y, 2z}, {x, y, u} is contained
in 21 octads of O. The upper bound is immediate since no = 77. [l

Lemma 6.89. Two different elements of X are contained in 21 or 77 octads of O.

Proof. Let a € ()2() be contained in s, octads of O. Double counting yields

(24
zo- ()

> s = 100 (3):

056()2()
> salsa—1) = [0]-my- (;1) + 10| - ms.
ae(¥)

From Lemma 6.88 and ) _(sq — 21)(77 — s5,) = 0, it follows that s, = 21 or
So = T7. O

Remark. Let Sy, respectively So, be the number of a € (X) for which s, = 21,

2
respectively s, = 77. From
24
S1+852 = ( 9 ) )

218, + 778 — |0|.(8),

it follows that S; = (%)) and S = (*7).

Lemma 6.90. For every A = {p1,pa2,ps} C X, there exists an i € {1,2,3} such
that A\ {p;} is contained in exactly 21 octads of O.
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Proof. Suppose that all octads through {pi,p2} or through {p2,p3} belong to
O. Choose ¢q1,q2 ¢ A with ¢1 # g2 and ¢3 not in the unique octad through
{p1,p2,p3,q1,q2}. Let By, respectively Bs, be the octad through {p1,p2,q1, 2,
gs}, respectively {pa,p3,q1,G2,93}. Then B1ABy & O, since By, By € O. Since
{p1,p3} C B1ABs, the lemma follows. O

Lemma 6.91. If {p1,p2,p3s} C X is contained in 21 octads of O, then there are
exactly two subsets of size 2 in {p1,p2, p3} which are contained in 77 octads of O.
Proof. Counting pairs (A, B) with (i) A € (3), (ii) B € (3), (ili) 4 C B and (iv)
A is contained in 77 elements of O, yields 22 - So = Y Ip, where the summation
ranges over all T, elements B of ()3( ), through which there are 21 octads of O. The
number [p denotes the number of subsets of size 2 of B through which there are
77 octads of O. By Lemma 6.90, g < 2. Since 22 - Sy = T5 - 2, all values of Ip
must be equal to 2. O

Lemma 6.92. There are at least 77 octads of O through every point.

Proof. Let x denote the point. The element x is contained in a set P C X of size 4,
through which there are five elements of O. By Lemma 6.87, there exists a subset
P’ of size 3 in P containing x and contained in 21 octads of O. By Lemma 6.91,
there exists a subset P of size 2 in P’ containing x and contained in 77 octads of
O. This proves the lemma. O

Lemma 6.93. Fvery point of X is contained in 77 or 253 octads of O.
Proof. Let a € X be contained in p, octads of O. Double counting yields

Y- <214>’

acX

> = 100 (}):

aceX
4 2
|O] - mg - (1) + 0] - ms - (1>

> palpa — 1)
aeX

By Lemma 6.92 and 3" (ta — 77)(253 — pia) = 0, i = 77 OF f1q = 253. O

Theorem 6.94. There exists an x € X, such that O = O,.

Proof. Tt suffices to prove that there exists a point x € X with p, = 253. Let Uy,
respectively Us, be the number of x € X for which p, = 77, respectively p, = 253.
From
Ui+U;, = 24,
5U1 +21U; = 8- |O|,

it follows that U; = 23 and Us = 1. This proves the theorem. O
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6.7 The near hexagon E;

A nonempty set X of points of a partial linear space S is called a hyperoval if every
line of S has either 0 or two points in common with X. Pasechnik [78] showed that
the point-line system of the hermitian variety H(5,4) has two isomorphism classes
of hyperovals. The hyperovals of one class contain 126 points and the hyperovals
of the other class contain 162 points. (Regarding the hyperoval on 126 points, see
also the discussion in Section 2.2 of [19]).

Let X be a hyperoval of size 126 in H(5,4). One easily verifies that the following
holds:

(1) each generator of H(5,4) has 0 or six points in common with X;

(2) if m and 7wy are two generators such that dim(m Nme) = 1, |7y N X| =
|me N X | =6, then |y Nme N X| = 2.

Let E3 be the following incidence structure:
e the points of E3 are the generators of H(5,4) intersecting X in six points;
e the lines of E5 are the lines of H(5,4) intersecting X in two points;
e incidence is reverse containment.

The incidence structure Eg has 567 points. Each line of Eg is incident with three
points and each point is incident with 15 lines. The incidence structure E;z is
embedded in DH (5,4). Let d’(+,-) be the distance function in E3 and let d(-,-)
denote the distance function in DH(5,4).

Theorem 6.95. If m and 72 are two points of Es, then d' (71, m2) = d(m1, m2). As
a consequence, E3 is a near hexagon.

Proof. Notice that d’(my,m2) > d(my,72); so, the theorem holds if d(my,m5) < 1.
Suppose d(m1,m2) = 2. Then 7 and 79 intersect in a point p. Let ¢ be a point of
m1NX different from p and let 3 denote the unique generator of DH (5,4) through
q intersecting 7o in a line. Obviously, 73 is a common neighbour of 7y and 7o in
the geometry Esz, proving that d’(m,m2) = 2. Finally, suppose d(m,m) = 3.
Then m; and 7y are disjoint. Let g be a point of 73 N X and let 73 be the unique
generator through ¢ intersecting 72 in a line. Since d’ (1, 73) = 2 and d' (73, 72) =
1, d/<71'1,71'2):3. O

Theorem 6.96. Es is a dense near heragon. Fvery quad is isomorphic to either
W(2) or Q(5,2).

Proof. Let m and mo be two points of E3z at distance 2 from each other. Then
w1 Nme is a point p. We have the following possibilities.

e p € X. Then m; and me have five common neighbours.
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e p&Z X. Let L1, L3y and L3 denote the three lines of 7m; through p intersecting
X in two points. Let a;, i € {1,2,3}, denote the unique plane through L;
intersecting 7y in a line. Then a4, as and ai are the three common neighbours
of m; and .

The theorem now readily follows. O

If @ is a quad of Eg, then there exists a point g on H(5,4) such that Q
consists of all generators of H(5,4) through xz¢ containing six points of X. If
zg € X, then Q is a Q(5, 2)-quad.

Theorem 6.97. If = is a point of H(5,4)\ X, then the generators of H(5,4) through
x containing six points of X define a W(2)-quad of E3. As a consequence, the map
Q — xg defines a bijection between the set of quads of Ez and the set of points of
H(5,4).

Proof. We first prove that there is a generator through x containing six points of
X. Suppose the contrary. Count in two different ways the triples (71, w2, y), where
y is a point of X and where m and 7y are two generators of H(5,4) satisfying
(i) z € my, (ii) y € mo and (iii) m N 72 is a line. There are 126 possibilities for y
and for given y, there are 27 possibilities for mo. The generator 7 is completely
determined by 7. So, the number of triples is equal to 126 - 27. On the other
hand, there are 27 possibilities for m;. For given 71, there are 16 possibilities for
L := m N 7o, and for given L, there is at most one possibility for 7y, see the
property (2) mentioned above. For given s, there are at most six possibilities for
y. Hence, we have 126 - 27 < 27 -16 - 1 - 6, a contradiction. Hence, there exists
a generator m through = containing six points of X. Now, let L; and Lo denote
two lines of 7 through x containing two points of X. Let «y, ¢ € {1,2}, denote a
generator through L; such that a; Nas = {«}. Then ay and @z are two points of
Es at distance 2 from each other. If ) denotes the quad through «; and aq, then
xq = z. This proves the theorem. O

Theorem 6.98. FEvery local space of Eg is isomorphic to W (2).

Proof. Since every line of E3 contains two points of X, every line of E3 is contained
in two Q(5,2)-quads and three W (2)-quads by Theorem 6.97. The theorem now
follows from Lemma 6.44. O

Theorem 6.99. E3 has no spread of symmetry.

Proof. Similarly as in the proof of Theorem 6.3, this follows from the fact that
every line is contained in a W (2)-quad. O

Theorem 6.100. If f is a nonclassical valuation of Es, then Gy = PG(2,4) and f
is induced by a (classical) valuation of DH(5,4).

Proof. Since f is not classical, f(z) € {0,1,2} for every point = of Es. Since
Q(5,2) has no ovoids, every Q(5,2)-quad contains a unique point of Oy. Since
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there are 126 Q(5,2)-quads and since every point is contained in six Q(5,2)-
quads, |Oy| = % = 21. Since every special quad is isomorphic to W(2), G;
is a Steiner system S(2,5,21) or a projective plane of order 4. Now, let x be a
point of Oy and let @ be a special quad such that z ¢ Q. Let Q' denote the
unique Q(5,2)-quad of DH(5,4) containing @, let 2’ denote the unique point in
Q' collinear with z, let ¢’ denote the classical valuation of DH (5,4) determined
by ¢'(z') = 0 and let g denote the nonclassical valuation of E3 induced by g¢'.
Since |Of| = |04] = 21, Gy =2 G, 2 PG(2,4) and {z} U (T2(z) N Q) C Of N Oy,
we must have Oy = Oy. Since every point of E3 is contained in a Q(5,2)-quad,
d(z,0f) < 2 and f(z) = d(z,05) = d(z,04) = g(z) by Theorem 5.12. This
proves the theorem. O

Remark. Consider in PG(6,3) a nonsingular quadric Q(6,3) and a nontangent
hyperplane 7 intersecting (6, 3) in a nonsingular elliptic quadric @~ (5, 3). There
is a polarity associated with Q(6,3) and we call two points orthogonal when one
of them is contained in the polar hyperplane of the other. Let N denote the set of
126 internal points of Q(6,3) which are contained in 7, i.e. the set of all 126 points
in 7w for which the polar hyperplane intersects Q(6,3) in a nonsingular elliptic
quadric. Let S be the following incidence structure:

e the points of S are the 6-tuples of mutually orthogonal points of NV;
e the lines of S are the pairs of mutually orthogonal points of N;
e incidence is reverse containment.

Then S is isomorphic to Es, see [16]. A group-theoretical construction for E3 can
be found in [2].

6.8 The known slim dense near polygons

Above we described five infinite classes of near polygons and three sporadic exam-
ples. In the case of generalized quadrangles we have the following isomorphisms:
DH(3,4) =2 G2 = Q(5,2), Hy & DQ(4,2) = W(2) and Iy = Lz x L. Look-
ing to the structure of the local spaces, we see that the near hexagons DQ(6,2),
DH(5,4), Gs, Hs, E;, E; and E3 are mutually nonisomorphic. The local spaces of
I3 are isomorphic to the local spaces of Hs, i.e. to PG(2,2)’. We will see in Chapter
7 that I3 is isomorphic to Hs. Looking at the structure of the local spaces, we see
that the near 2n-gons DQ(2n,2), DH(2n — 1,4), G, H,, and I,, are mutually
nonisomorphic if n > 4.

Every known slim dense near polygon which is not a product near polygon
nor a glued near polygon of type 1 belongs to one of the above-mentioned classes.
Among the known slim dense near 2n-gons, n > 2, only DH(2n — 1,4), G,, and
E; (n = 3) have spreads of symmetry. This observation allows us to construct the
following class of near polygons (see also Theorem 4.59).
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If Z; and Z5 are two sets of near polygons, then Z; ® Z5 denotes the (possibly
empty) set of all near polygons of type 1 obtained by glueing an element of Z;
with one of Zs. We introduce the following sets.

C: = {Q(5,2)};

Oy = {(Gg,DH(5,4),]E1}U(Cg®Cg);

C, = {G,,DH(2n—1,4)}U U Ci®Cugri| forevery n > 4;
2<i<n—1

C = CLUCsU---;

M = {0,Ls,Ey,E3} UCU{DQ(2n,2)n > 2} U{H,|n >3} U{L,|n > 4}.

Let M* denote the set of all near polygons obtained by taking the direct product
of k > 1 elements of M. Every known slim dense near polygon is isomorphic to
an element of the class M*. In [58], the following conjecture was introduced.

Conjecture. Fvery slim dense near polygon is isomorphic to an element of the class

M.

6.9 The elements of C5 and C}

6.9.1 Spreads of symmetry of (5, 2)

Consider a nonsingular hermitian variety H(3,4) in PG(3,4). By Theorem 6.10,
every spread of symmetry of DH (3,4) arises by intersecting H(3,4) with a non-
tangent plane. Since every line of H(3,4) intersects H(3,4) in a point or a Baer
subline, we have:

Lemma 6.101. If S1 and Sy are two different spreads of symmetry of Q(5,2), then
|Sl N 52| S {1,3}

Let S be a spread of symmetry of Q(5,2). If K; and K> are two different
lines of S, then K7 and K5 are contained in a unique subgrid G and there exists
a unique line K3 € S in G disjoint from K; and Ky. We call R = {K, Ko, K5}
a regulus of S. The lines and reguli of S define an affine plane Ag of order 3. If
R is a regulus of S, then R* denotes the set of three lines meeting each line of
R.If Ry, Ry and R3 are three mutually disjoint reguli of S, then R; U Ry U R§
is a spread of symmetry of Q(5,2) intersecting S in three lines. Conversely, if S’
is a spread of symmetry of Q(5,2) such that |S N.S’| = 3, then there exist three
disjoint reguli Ry, Re, R3 of S such that S’ = Ry U Ry U Ry .

6.9.2 Another model for Q(5,2)

Let T" be the following graph on the vertex set F3 x F3 x F3: two vertices (z1, y1, 21)
and (2, Yo, 22) are adjacent if
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e 11 # T2, (Y1,21) = (Y2, 22), Or
o 1o =x1 + Y122 — Y221, (Y1,21) # (Y2, 22).

Lemma 6.102. For every two vertices (x1,y1,21) and (x2,y2, 22) of T', there exists
a unique vertex (xs,ys, z3) collinear with (x1,y1,21) and (z2,y2,22). As a conse-
quence, every mazximal clique of T' has size 3.

Proof. We need to distinguish two cases.

e 1 # 29 and (y1,21) = (y2, 22).
If (ys,23) # (y1,21), then we have x3 = x1 + y123 — 21y3 on the one hand
and x3 = x2 + Y123 — 21y3 on the other hand. This is impossible. Hence,
(ys,23) = (y1,21) = (y2,22). It follows that x3 is the unique element of

]Fg \ {,’L‘l,LUQ}.

o 1y =x1 + Y122 — Y221 and (y1, 21) # (Y2, 22).
By the first case, we know that (y1,21), (y2,22) and (ys, 23) are mutually
different. From x5 = 22 4+ y223 — 20y3 and x3 = x1 + y123 — 21y3, it follows

that
1 y1 =z
1 Y2 z9 = 0
1 ys =3

SO, (yg, 2’3) = (7y1 — Y2,—21 — 22). It also follows that Ir3 = —T1 — T2. O

Let S be the incidence structure with points the vertices of I' and with lines
the maximal cliques (of size 3) of I (natural incidence).

Lemma 6.103. The incidence structure S is isomorphic to Q(5,2).

Proof. Every line of S contains three points. Since every vertex of I' is incident
with 10 other vertices, every point of S is incident with five lines. Now, let L be
an arbitrary point. Since |I'1(L)| = 24, every point of S not contained on L is
collinear with a unique point of L. This proves that S is a generalized quadrangle
of order (2,4). So, S is isomorphic to Q(5,2). O

For all all,au,agl,am,b,c,d € Fg such that a110a22 — 412021 7é O, consider
the following permutation of the point set of S:

0
T a11G22 — a12a21  bagy —cair  bagy — cars T d
0
y 0 al a2 y |+
ZG 0 a1 a2 z

We denote this permutation by (a1, age, a1z, a1, b, ¢, d). One easily verifies that
O(a11,az2,a12,a21,b,c,d) defines an automorphism of S. Let S be the set of lines
of the form {(c,a,b)| o € F3}, a,b € F3. The group G := {0(1,1,0,0,0,0, f)| f €
Fs} of automorphisms of S fix each line of S and acts regularly on each line
of S. It follows that S is a spread of symmetry and that G is the full group of
automorphisms of § fixing each line of S. Since there is up to isomorphism only
one spread of symmetry in Q(5,2), we can now easily show the following.
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Lemma 6.104. Let S be a spread of symmetry of Q(5,2) and L a line of S. Then
the group of automorphisms of Q(5,2) stabilizing S and firing the line L € S
induces the full group of permutations of this line L.

Lemma 6.105. Let S1 and So be two different spreads of symmetry of Q(5,2) and
let Gg,, i € {1,2}, denote the group of automorphisms of Q(5,2) fixing each line
of Si. Then Ggs, commutes with Gg, if and only if |S1 N S| = 3.

Proof. By Theorem 4.56, G's, commutes with Gg, if and only if S;US5 is a disjoint
union of lines and grids. The lemma now easily follows. O

We can also show the following.

Lemma 6.106. Let S be a spread of symmetry of Q(5,2) and let Gs denote the
group of automorphisms of Q(5,2) fixing each line of S. For every two reguli Ry
and Ry of S, there exists an automorphism 6 of Q(5,2) which satisfies the following
properties:

(a) S?=5;
(b) R? = RQ;
(c) 6 commutes with every element of Gg.

Proof. Since all spreads of symmetry of Q(5,2) are equivalent, we may consider
the above-mentioned spread of symmetry S in & 2 Q(5,2). The elements of
Gy are precisely the elements 6(1,1,0,0,0,0, f) with f € Fs. An automorphism
0(a11,a22,a12,a21,b,¢,d) commutes with every element of Gg if and only if
a11a22 — aijzag; = 1. The automorphism (a1, ass, a1z, a21,b,¢,d) induces the
following automorphism of the affine plane Ag:

r | = + .
z a1 Q22 z C
It is now easily seen that we can take elements aq1, ase, ai2, as1, b, c and d in Fg
such that 0(a11, as2, a2, as1,b, ¢, d) satisfies all required conditions. O

6.9.3 The near polygons DH(2n—1,4) ® Q(5,2), G, ® Q(5,2) and
El ® Q<57 2)

By Theorem 6.10, DH (2n — 1,4) has up to isomorphism a unique spread of sym-
metry. By Corollary 6.66, E; has up to isomorphism a unique spread of symmetry.
By Theorem 6.38, Lemma 6.39 and Corollary 6.42, G,, has up to isomorphism a
unique spread of symmetry.

Theorem 6.107. Let S be a near polygon which is isomorphic to either DH (2n —
1,4), G, or Ey. Then there exists a unique glued near polygon of type S ® Q(5,2).
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Proof. We will use the notation of Chapter 4. Put A4; =S and Ay = Q(5,2). Up
to equivalence, A; and Ay have unique spreads of symmetry. So, we may choose
arbitrary spreads of symmetry S; and Sy in A; and As, respectively. By Theorem
4.16, we may also choose arbitrary base lines Lgl) € 57 and ng) € S,. Let B be
the line of size 3. By Theorem 4.48, every permutation 6, : B — Lgl) and every
permutation 0y : B — L§2) gives rise to a glued near hexagon of type S ® Q(5,2).
All these glued near hexagons are isomorphic since the group of automorphisms
of Ay fixing Sy and the line L§2) of S5 induces the full group of six permutations
of the line L§2), see Lemma 6.104. O

In the sequel, we will use the notations DH(2n—1,4)® Q(5,2), G, @ Q(5, 2)
and E; ® Q(5,2) to denote the unique glued near polygons of these types.

6.9.4 Spreads of symmetry of Q(5,2) ® Q(5,2)

Let Ty and T» denote the two partitions of Q(5,2) ® Q(5,2) in Q(5,2)-quads.
Every element of 77 UT5 is big in Q(5,2) ® Q(5,2). Every element of T3 intersects
every element of T5 in a line and S* := {Fy N Fy|Fy € T1, F> € Ty} is a spread of
Q(5,2)®Q(5,2). f Q € T;, i € {1,2}, then Sg ={QNF|F € T5_,} is a spread
of symmetry of Q.

Theorem 6.108. Up to equivalence, Q(5,2) ® Q(5,2) has two spreads of symmetry.

Proof. Let B be a spread of symmetry of Q(5,2) ® Q(5,2). By Theorems 4.54 (b),
4.55 and Lemma 6.105, there exists a quad @ of 771 UT5 and a spread of symmetry
S in @ such that |[S N Sg| € {3,9} and B = S. Conversely, let Q be a quad of T}
and let S be a spread of symmetry of @ such that |S N Sg| € {3,9}. By Theorem
4.53 (b) and Lemma 6.105, S is a spread of symmetry of Q(5,2) ® Q(5,2). This
proves that S* is a spread of symmetry of Q(5,2) ® Q(5,2). If @ is a quad of
Ty and if S; and S, are two spreads of symmetry of @) intersecting Sg in three
lines, then by Theorem 4.53 (b) and Lemma 6.106, there exists an automorphism
of Q(5,2) ® Q(5,2) mapping S; to Sz (and fixing each element of T7). Since there
exists an automorphism of Q(5,2) ® Q(5,2) interchanging 77 and T4, there exists,
up to equivalence, only one spread of symmetry in Q(5,2) ® Q(5, 2) different from
S*. O

Definition. We call S* the spread of symmetry of type (a). The 24 remaining
spreads of symmetry of Q(5,2) ® Q(5,2) are called spreads of symmetry of type

(b).

6.9.5 Near polygons of type (Q(5,2) ® Q(5,2)) ® Q(5,2)

Let S be a glued near octagon of type (Q(5,2) ® Q(5,2)) @ Q(5,2). We say that S
is of type (Q(5,2) ® Q(5,2)) @4 Q(5,2), respectively of type (Q(5,2) ® Q(5,2)) @
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Q(5,2), if it arises from a spread of symmetry of type (a), respectively of type (b),
of Q(5,2) ® Q(5,2).

Theorem 6.109. There exist unique glued near octagons of type (Q(5,2)®(5,2))®q
Q(5,2) and (Q(5,2) ® Q(5,2)) @ Q(5,2).

Proof. We show that there exists a unique glued near octagon of type (Q(5,2) ®
(5,2)) @ Q(5,2). The proof for the uniqueness of the glued near octagon of type
(Q(5,2)®(5,2)) ®, Q(5,2) is completely similar. All spreads of symmetry of type
(b) in Q(5,2) ® Q(5,2) are equivalent and all spreads of symmetry of Q(5,2) are
equivalent. As a consequence, we may choose an arbitrary spread of symmetry
of type (b) in Q(5,2) ® Q(5,2), which we call S;, and an arbitrary spread of
symmetry So in Q(5,2). Every glued near polygon which can be obtained for a
certain choice of the base lines can always be obtained for any other choice of the
base lines. Hence, we may also choose arbitrary base lines Lgl) € 51 and L§2) € Ss.
Let B be the line of size 3. By Theorem 4.48, every permutation 6y : B — Lgl)
and every permutation 0 : B — ng) gives rise to a glued near hexagon of type
(Q(5,2) @ Q(5,2)) @ Q(5,2). All these glued near hexagons are isomorphic since
the group of automorphisms of Q(5,2) fixing Sy and the line L§2) € Sy induces
the full group of six permutations of the line L§2), see Lemma 6.104. O

Corollary 6.110. We have
Cs = {DH(54),G3,Q(52)®Q(5,2)},
Ci = {DH(7,4),G4,DH(5,4) ® Q(5,2),G3 ® Q(5,2),E1 ® Q(5,2),
(Q(5,2) ®Q(5,2)) ®a Q(5,2), (Q(5,2) ® Q(5,2)) @ Q(5,2)}-



Chapter 7

Slim dense near hexagons

7.1 Introduction

In this chapter, we classify all slim dense near hexagons. This classification is
mainly based on the paper [12], which itself was a compilation of the reports
[9], [14] and [17]. The classification in [12] relies on Fisher’s theory on groups
generated by 3-transpositions ([72]) and Buekenhout’s geometric interpretation of
that theory ([18]). The proof which we will present here avoids the use of group
theory and is purely combinatorial. The results of our classification are summarized
in the following theorem.

Theorem 7.1. If S is a dense near hexagon of order (2,t), then S is isomorphic
to one of the 11 near hexagons mentioned in the following table.

| near heragon | v | t+1 | big quads | other quads | local spaces |

Lz x L3 x L3 27 3 Lz x Ls - Ca2
W(2) x Lg | 45 4 Lz x Lz, W(2) - C32
Q(5,2) x Lz | 81 6 Ls x Ls, Q(5,2) - Cs2

Hs =213 105 6 W(Q) L3 x L3 PG(Q, 2),

DQ(6,2) | 135 7 W(2) - PG(2,2)
62(57 2) ® Q(5, 2) 243 9 Q(57 2) Lg X ]Lg 05’5
G3 405 12 Q(5, 2) Lg X Lg, W(2) ﬁGs
]El 729 12 - Lg X ]Lg K12

Es | 759 15 - W(2) PG(3,2)

Es | 567 15 Q(5,2) W(2) W(2)
DH(5,4) | 891 21 Q(5,2) - PG(2,4)

In the table Q(5,2) ® Q(5,2) denotes the unique glued near hexagon of type
Q(5,2) ® Q(5,2). The number v denotes the total number of points of the near
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hexagon and ¢ + 1 denotes the constant number of lines through a point. Lg,
denotes a linear space such that all local spaces of Gg are isomorphic to Lg,. Ki2
denotes the complete graph on 12 vertices.

For a given slim dense near hexagon, all local spaces are isomorphic. We can
use this property to show the following result regarding the structure of slim dense
near polygons. Recall that every slim dense near polygon is finite by Theorem 2.35.

Theorem 7.2. For every slim dense near polygon S there exist constants as, bs
and cs such that every point x of S is contained in precisely as grid-quads, bs
W (2)-quads and cs Q(5,2)-quads. Moreover, we have ts(ts+1) = 2as+6bs+20cs.

Proof. For each of the 11 slim dense near hexagons H, let ag, by, respectively cg,
denote the constant number of grid-quads, W (2)-quads, respectively Q(5, 2)-quads
through a given point of H. Consider two collinear points « and y of & and let
1 denote the number of grid-quads through zy. For every hex H through xy, let
Mg denote the number of grid-quads through zy. The total number of grid-quads
through z is equal to p+ Y (ag — M) where the summation ranges over all hexes
H through the line zy. Similarly, the number of grid-quads through y is also equal
to p+ > (ag — Am). Hence every two collinear points are contained in the same
number of grid-quads. By connectedness of S, it follows that every point of S is
contained in the same number of grid-quads, say as. In a similar way, one shows
that there exist constants bs and cs such that every point of S is contained in
bs W(2)-quads and cs Q(5,2)-quads. Since every two intersecting lines of S are
contained in a unique quad, ts(ts + 1) = 2as + 6bs + 20cs. O

7.2 Elementary properties of slim dense near hexagons

In this section we will collect some elementary properties of slim dense near
hexagons. Let & be a slim dense near hexagon, let v denote the total number
of points of S and let t + 1 denote the constant number of lines through a point.
By Theorem 2.6, there exist constants n;, ¢ € {0,1,2,3}, such that |T';(z)| = n;
for every point = of S. We have

ng = 1,
n = 2<t+1),
ny = Q(TLQ 74t)

Every two points at distance 2 are contained in a unique quad, which is either a
grid-quad, a W (2)-quad or a Q(5,2)-quad.

Lemma 7.3. If Q1 and Q2 are two W (2)-quads of a slim dense near hexagon, then
precisely one of the following holds:

(1) Q1 =Qq;
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(2) Q1NQ2 is a line;

(3) Q1N Q2 is a point;

(4) Q2 CT1(Q1);

(5) Q1NQ2=0 and Q2NT1(Q1) induces a (3 x 3)-grid;

(6) Q1NQ2 =0 and Q2NT1(Q) consists of three intersecting lines.
As a corollary, Q2 NT(Q1) € {0,6,8}.

Proof. If Q1 N Q2 # (), then we have one of the cases (1), (2) or (3). So, suppose
that Ql n QQ = @ and QQ N FQ(Ql) 7é @ Put X = QQ n Fl(Ql) Since W(Z) has
no partitions in ovoids, T'2(Q1) does not contain lines by Theorem 1.23 (4). As
a consequence, every line of Q2 meets X. If x1 and z2 are two collinear points
of X, then x125 is completely contained in X by Theorem 1.23 (1). Hence, X is
either a set of noncollinear points or induces a possibly degenerate subquadrangle
of Q2. For the latter possibility, either case (5) or (6) occurs. We prove that the
first possibility cannot occur. Suppose @1 N Q2 = @ and Q2 NT'1(Q1) is an ovoid
O of Q2. Put T'1(02) N Q1 = O;. Let x be a point of Q2 \ O2. Then d(z, Q1) = 2.
The point x has distance 1 from three points of Os and hence distance 2 from at
least three points of O;. It follows that T's(x) N Q1 = O1. So,  must be collinear
with all points of O3, a contradiction. O

For every point x of S, let a, b,, respectively c¢,, denote the total number
of grid-quads, W (2)-quads, respectively Q(5, 2)-quads, through z. Since every two
lines through z are contained in a unique grid, we have

2a; + 6b; + 20c, = t(t + 1). (7.1)
Since every two points at distance 2 are contained in a unique quad, we have
4a, + 8by + 16¢; = no. (7.2)

From equations (7.1) and (7.2), it follows that if S contains only two types of
quads, then the number of quads of each type through a point is a constant.

If 2 is a point of S and if @ is a quad of S, then d(z,Q) < 2. If d(z,Q) <1,
then by Theorem 1.5, x is classical with respect to Q. If d(x, Q) = 2, then z is
ovoidal with respect to @ since d(x,y) € {2,3} for every point y of Q.

Suppose @ is a big quad of S and let x denote a point of Q. By Theorem 1.7,
every quad of S different from @ either is disjoint from @ or intersects @ in a line.
The quad @ corresponds to a line Lq in the local space £, := £(S, z) which meets
every other line of the local space. If @ has order (2,t3), then v = |Q| + [T'1(Q)| or

So, if a quad of order (2, t3) is big, then every quad of order (2,t2) is big.
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Suppose that S contains a Q(5, 2)-quad Q. Since Q(5, 2) has no ovoids, every
point of § is classical with respect to @) and it follows that @ is a big quad. The
total number of points is then equal to v = 27(2t — 7).

Suppose that S contains a W (2)-quad Q'. If Q' is big in S, then the total
number of points is equal to v = 15(2¢t — 3). Suppose now that @’ is not big in
S, then there exists a point € I'9(Q). The points in Q" at distance 2 from x
form an ovoid {z1,...,z5}. Since d(z,Q) = 2, the quad C(z,x;), i € {1,...,5},
intersects @ in {z;} and cannot be isomorphic to Q(5, 2). So, C(x, x;) is isomorphic
to Ly x L3 or W(2) for every i € {1,...,5}. If L is a line through «, then L has
at most one point in common with I';(Q) by Theorem 1.23 (1). It follows that
the quads C(x,x;), i € {1,...,5}, two by two intersect in the point z. Since
W (2) has no partition in ovoids, I';(@)) does not contain lines by Theorem 1.23
(4). Hence every line through x contains a unique point of I';1(Q). It follows that
the quads C(z,z1),...,C(x, z5) determine a partition of the lines through z. So,
100<t+1<L 15,

We will perform the classification for each of the following cases.

(I) S is a regular near hexagon.

(IT) S contains grid-quads and W (2)-quads, but no Q(5, 2)-quads.
(ITI) S contains grid-quads and Q(5, 2)-quads, but no W (2)-quads.
(IV) S contains W (2)-quads and Q(5, 2)-quads, but no grid-quads.

(V) S contains grid-quads, W (2)-quads and Q(5, 2)-quads.

7.3 Case I: S is a regular near hexagon

Suppose that S is a regular near hexagon with parameters s = 2, ¢t and t. We
distinguish the following cases.

e If ¢ty =1, then from eigenvalue techniques, see Chapter 3, it follows that ¢ = 2
ort =11. If t = 2, then § is isomorphic to L3 x L3 x L3 by Theorem 4.4. If
t = 11, then S is isomorphic to E; by Theorem 6.60.

e Ift5 = 2, then from eigenvalue techniques, see Chapter 3, it follows that ¢t = 6
or t =14. If t = 6, then S is the dual polar space DQ(6,2) by Corollary 3.7.
If t = 14, then S is isomorphic to Eo by Theorem 6.77.

o If t5 = 4, then every quad of S is isomorphic to Q(5,2) and hence big. So, S
is a classical near hexagon. It follows that S = DH(5,4).
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7.4 Case II: S contains grid-quads and W (2)-quads but
no (5, 2)-quads

In this case there exist constants a and b such that every point is contained in

a grid-quads and b W(2)-quads. We have 2a + 6b = t(t + 1), np = 1, n; =

2t + 1), ng = 4a+ 8b = 4(a + 2b), n3 = 2(4a + 8b — 4t) = 8(a + 2b — t) and
v =3—6t+ 12(a + 2b). We distinguish two cases.

7.4.1 There exists a big I (2)-quad

Then v = 15(2t — 3) and every W (2)-quad is big. We can express a and b in terms
of t. We find that

—2t? + 16t — 24
a = _
2 b
t? — 5t
b = 74'8.
2

Lemma 7.4. There exists a constant o such that for every W(2)-quad Q and every
line L such that |LNQ| =1, there are a grid-quads and 3 —a W (2)-quads through
L.

Proof. Since @ is big, every quad through L intersects () in a line by Theorem 1.7.
Suppose that there are «y, grid-quads and 3 — ay, W (2)-quads through L. Since
the quads through L partition the set of lines through L N Q different from L, we
find that t = ay, +2(3 — ar) = 6 — ar. Hence «f, is equal to a := 6 — ¢. O

Lemma 7.5. If a = 3, then S is isomorphic to W(2) x Ls.
Proof. We find that t + 1 = 4. The lemma now follows from Theorem 4.1. O
Lemma 7.6. The case a = 2 cannot occur.

Proof. One calculates that t +1 =5, a = 4 and b = 2. Hence, every local space is
isomorphic to the (3, 3)-cross. By Theorem 4.24, it follows that S is a glued near
hexagon of type W (2) ® W (2). But this is impossible, because by Theorem 4.42,
W (2) has no spreads of symmetry. O

Lemma 7.7. If « = 1, then S is isomorphic to Hs.

Proof. One calculates that t +1 =6, a = 3, b = 4 and v = 105. It easily follows
that every local space is isomorphic to PG(2,2)". Let T' be the graph with vertices
the W (2)-quads of S with two W (2)-quads adjacent whenever they are disjoint.
The graph T has w = 11—';)1 = 28 vertices. There are 15 W (2)-quads intersecting
a given W(2)-quad in a line. It follows that the graph T is regular with valency

k=w—-1-15=12.

Let R and S be two disjoint quads of order 2 and let T = Rp(S). There
are 15 lines meeting R, S and 7', and every such line is contained in two quads of
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order 2. Hence there are exactly 10 quads of order 2 meeting R, S and T'. From the
three quads (# T') of order 2 through a point of 7', there is only one disjoint from
R and S. Hence there are five quads of order 2, disjoint from R and .S, meeting
T in a line. Similarly, there are five quads of order 2, disjoint from 7', meeting
R (respectively S) in a line. Together with R, S and T, we counted all 28 quads
of order 2. It easily follows that every maximal clique of I' contains either three
or seven vertices. Moreover, every two adjacent vertices are contained in a unique
maximal clique of size 3 and a unique maximal clique of size 7.

Let X be a set of size 8. Since there are “;Xxé“ = 8 maximal cliques of size 7,

every element of X can be associated to a maximal clique. Since every quad of
order 2 is contained in % = 2 maximal cliques of size 7, every quad @ of order 2
corresponds to a set Ag C X of order 2. Since there are 28 quads of order 2 and 28
subsets of order 2, the correspondence is bijective. Every line of § is contained in
two quads Q1 and Q2 of order 2, and since Ag, N Ag, = 0, every line corresponds
to a partition {Ag,, Ag,, X \ (Ag, UAg,)} of X. Since there are 210 lines and 210
partitions of X in two subsets of size 2 and one subset of size 4, the correspondence
is bijective. Every point of S is contained in four quads Q;, i € {1,2, 3,4}, of order
2, and hence corresponds to a partition {Aq,, Aqg,, Ag,, Ag, } of X. Since there are
105 points and 105 partitions of X in four subsets of order 2, the correspondence
is bijective. It is now clear that S = H. U

7.4.2 No W (2)-quad is big

In this case, we have
10<t+1<165. (7.3)

From 2a + 6b = ¢(t + 1), it follows that

t(t+1)
2

1<a< —3. (7.4)
Each pair (¢, a) which is possible by equations (7.3) and (7.4) will be ruled out by
at least one of the Lemmas 7.8, 7.10, 7.11, 7.12, 7.13, 7.14. Notice that b and v can
be written as functions of ¢ and a since 2a+6b = t(t+1) and v = 3—6t+12(a+2b).
The following lemma is straightforward.

Lemma 7.8. e The number of grid-quads is equal to Ny := <G> and the number
of W(2)-quads is equal to Ny := ll’—g. As a consequence, these numbers are
integral.

o IfQ is a W(2)-quad, then |T'2(Q)| = N, where N :=v — 15 — 30(t — 2).

Lemma 7.9. Let x be a point of S which is ovoidal with respect to a W (2)-quad Q.
Then x is contained in t —9 W (2)-quads and 14 — t grid-quads which meet Q.

Proof. Suppose that x is contained in k7 grid-quads and k2 W (2)-quads meeting
Q. Since there are five quads meeting ), we have k; + k2 = 5. We have seen earlier
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that the five quads through x partition the set of lines through x. So, we also have
2k + 3ks =t + 1. The lemma now immediately follows. O

Lemma 7.10. Let Q be a given W(2)-quad. The total number of grid-quads, re-
spectively W (2)-quads, which meet Q in a unique point is given by i(l4 —t)N,
respectively %(t —9)N. If t # 10, then the total number of W(2)-quads which
intersect Q in a given point is equal to %(t —9)N. As a consequence,

o 1(14 —t)N is integral and at most equal to 15a,
o ift # 10, then ﬁ(t —9)N is integral and at most equal to b — 1.

Proof. Let A, denote the total number of W (2)-quads which meet @ in the point
z € Q. Then A:= 3 A, denotes the the total number of W(2)-quads which
meet @ in a unique point. Counting in two ways the number of pairs (u, Q'), where
QNQ'|=1andue Q NIy(Q) gives A-8=N-(t—9). Hence, A = (t — 9)N.
In a similar way one shows that there are precisely i(14 — t)N grid-quads which
intersect @ in a point. Suppose now that ¢ # 10. We will show that A, = A, for
all points x and y of Q. Since the noncollinearity graph of ) is connected it suffices
to prove this if  and y are not collinear. Counting the number of pairs (Q, Qy),
where @, and @, are W(2)-quads satisfying Q, N Q = {z}, @, N Q = {y} and
|Qz N Qyl = 1, we find that A, - (¢t —10) = A, - (¢t — 10) or A, = A,. Hence if
t # 10, then A, = %(t —9)N for every point z of Q. O

Lemma 7.11. The case (t,a,b) = (11,15,17) cannot occur.

Proof. Let x be a point of S and consider the local space L. Let L be a line of size
3in L,. Since t = 11, every point of L, is contained in at most five lines of size 3.
Hence, there are at most 13 lines of size 3 which have nonempty intersection with
L. Let @ denote the W(2)-quad corresponding with L. By Lemma 7.10, there are
precisely four W(2)-quads R such that RN Q = {x}. Hence, there are precisely
four lines of size 3 in £, which are disjoint with L. Since there are precisely 17
lines of size 3, we find that every point of L is contained in precisely five lines of
size 3. Hence, every point of £, is incident with either 0 or five lines of size 3. So,
the number of points of £, which are contained in five lines of size 3 is given by
3b

=, a contradiction, since this number is not an integer. O

Remark. If Q is a W (2)-quad, then the number of W (2)-quads intersecting @ in
a line is equal to $[15(b— 1) — £(t — 9)N].

Lemma 7.12. %(bf 1-— %(tfg)N)jL 1> ti_bl'

Proof. For every line L of S, let i1, denote the number of W (2)-quads through L.
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We have
1
Z 1 = g(t + 1)’0,
L
> in = 15Ny =ub,
L
. 1 1
> iglip—1) = SMa[15(b—1) = 2(t = 9)N].
L

The inequality >, (ir, — ti—bl)Q now gives the desired inequality. O

From Lemma 7.3 we get the following result.

Lemma 7.13. Let Q be a W (2)-quad and let m;, i € {0,6,8}, denote the number of
W(2)-quads Q' for which |T2(Q)NQ'| =1i. Then the following (in)equalities hold:

mo +me +mg = Na,
6meg +8mg = bN,

1 1
L+ 301506~ 1) = S(t ~ 9)N).

Y

mo

As a consequence, bN < Ny —1 —5(b—1) + 57(t — 9)N.
Lemma 7.14. Ift =9, then b < 6.

Proof. Let x be a point of S and consider the local space £,. By Lemma 7.10,
every two lines of size 3 in £, meet each other.

If £, contains a point u which is collinear with four lines of size 3, then every
other line of size 3 in £, necessarily goes through u. It follows that b < 4.

Suppose b > 5 and let L; and Lo denote two lines of size 3. The number of
lines of size 3 intersecting L1 and Ls in a point different from L; N Lo is at most
4. The number of lines of size 3 through L; N Lo is at most 3. Hence, b < 7.

Suppose that b = 7, then the lines of size 3 determine a Fano-plane in each
local space. Hence, there are two types of lines in S:

e lines of type I are contained in three grid-quads and three W (2)-quads;
e lines of type II are contained in 0 W(2)-quads and nine grid-quads.

Let @ denote a W (2)-quad of § and define the numbers mg, mg and mg as in
Lemma 7.13. From a = 24, v = 405 and N = 180, we find that

mg +mg +mg = 189,
6m6 + Smg = 1260,
mo = 1+4+2-15+4¢,

where € denotes the number of W(2)-quads contained in I'1 (). The only possible
solution is € = 0, mg = 31, mg = 2 and mg = 156. Each point of @ is contained
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in four lines of type I which are not contained in ). Hence, there are 120 points
z in I'1(Q) for which zmg(x) is a line of type I. Let x1 be one of these points.
Every W(2)-quad R through x1 mg(z1) intersects @ in a line and the two lines of
R through z different from x1 7w (1) are also of type I. In this way, we find six
lines of type I through z1 which are contained in I'1 (Q). As a consequence, there
are four W (2)-quads through 27 which contain three of these six lines. Since € = 0,
each of these quads contributes to mg. Hence, mg > 4 - 120, a contradiction. [

7.5 Case III: S contains grid-quads and (5, 2)-quads
but no W (2)-quads

In this case, there exist constants a and c such that every point is contained in
a grid-quads and ¢ Q(5,2)-quads. We have t(t + 1) = 2a + 20¢, ng = 1, n; =
2(t+ 1), ng = 4a + 16¢ = 4(a + 4¢), ng = 2(4a + 16¢ — 4t) = 8(a + 4c — t) and
v =3—6¢+ 12(a + 4¢). Since S has a big Q(5,2)-quad, we have v = 27(2t — 7).
Equating both expressions for v, we find that a+4c¢ = 5¢ —16. We can now express
a and c in terms of t. We find

—t2 4+ 24t — 80
a = —,
3
t2 — 9t + 32
C = —_—.
12

Lemma 7.15. There exists a constant o such that for every Q(5,2)-quad Q and
every line L such that |LNQ| =1, there are a grid-quads and 5 — a Q(5, 2)-quads
through L.

Proof. Since @Q is big, every quad through L intersects ) in a line by Theorem 1.7.
Suppose that there are oy, grid-quads and 5 — a, Q(5,2)-quads through L. Since
the quads through L partition the set of lines through L N @ different from L, we

find that t = ar, +4(5 — ar) = 20 — 3ar,. Hence «ay, is equal to « := %. O

Lemma 7.16. If a = 5, then S = Q(5,2) X Ls. If a = 4, then S is isomorphic to
Q(5,2) ® Q(5,2). The case a € {0,1,2,3} cannot occur.

1%

Proof. e If « = 5, thent =5, ¢ =1 and a = 5. By Theorem 4.1, S
Q(5,2) x Ls.

e If « =4, then t =8, ¢ =2 and a = 16. Every local space is a (5, 5)-cross. By
Theorem 4.24, S is a glued near hexagon of type Q(5, 2)®Q(5, 2). By Theorem
6.107, there exists a unique glued near hexagon of type Q(5,2) ® Q(5,2).

e If a=3,thent=11 and ¢ = ﬁ*i’%& ¢ N. So, this case cannot occur.

e [fa=2thent=14 and c = 75241’%32 ¢ N. So, this case cannot occur.
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o If « =1, thent = 17, ¢ = 14 and a = 13. We will show that this case
cannot occur. Let x be an arbitrary point of S. Since a = 13, there exists
a line through = which is contained in at least two grid-quads R; and Ra.
Since ¢ = 14, there exists a Q(5, 2)-quad @ through = not containing the line
L. Now, R; and Ry are two grid-quads through L intersecting ) in a line,
contradicting o = 1.

e Since there exist grid-quads through every point, a cannot be equal to 0. O

7.6 Case IV: S contains W (2)-quads and (5, 2)-quads
but no grid-quads

There exist constants b and ¢ such that every point is contained in b W (2)-quads
and ¢ Q(5, 2)-quads. We have 6b+20c = t(t+1),ng = 1,n1 = 2(t+1), no = 8b+16¢,
ng = 2(8b+16c—4t) = 8(2b+4c—t) and v = 3—6t+ 12(2b+4c). Since S contains
a big Q(5,2)-quad, we have v = 27(2t — 7). Equating both expressions for v, we
find that 2b + 4c = 5t — 16.

Lemma 7.17. No W(2)-quad is big.

Proof. Suppose the contrary. Then v = 15(2t — 3) = 30t — 45. Together with
v = 27(2t—7) this implies that ¢t = 6. From 60+20c = t(t+1) and 2b+4c¢ = 5t—16,
it now follows that ¢ = 0, a contradiction. O

Lemma 7.18. t+1 =15, b =15 and c = 6.

Proof. Let @ be a W(2)-quad and let = be a point at distance 2 from Q. Then
there are five quads through x which intersect @) in a point. All these quads are
isomorphic to W(2) and partition the set of lines through x. Hence ¢t + 1 = 15.
From 6b + 20c = t(t + 1) and 2b + 4c = 5t — 16, it now follows that b = 15 and
c=6. O

Lemma 7.19. Every local space is isomorphic to W(2).

Proof. Every local space £ has 15 points, 15 lines of size 3 and six lines of size 5.
Every line of size 5 meets every other line of the local space. For every point = of
L there exists a line L of size 5 not containing = and every line through = meets
L. As a consequence, every point of £ is contained in precisely five lines. Since all
these lines cover all the points of L, it easily follows that every point is contained
in three lines of size 3 and two lines of size 5. The lemma now follows from Lemma
6.44. O

Definition. Let Q denote the incidence structure whose points are the pairs
(x,{K1, K3}) where (z,K;) and (x, K2) are two different flags of Q(5,2), and
whose lines are the pairs (N, R) with N a line of Q(5,2) and R a proper subquad-
rangle of Q(5,2) through N. A point (z,{K;, K2}) is incident with a line (N, R)
if and only if the following conditions are satisfied:



7.7. Case V: § contains grid-quads, W (2)-quads and Q(5,2)-quads 177

(i) z € N,
(ii) Ky and K3 are lines of R,
(i) Ky £ N # K, if R~ W(2).

Recall that with every big convex subpolygon F of a slim dense near polygon S,
there is associated a partial linear space (S, F'), see Section 2.6.

Lemma 7.20. If Q is a Q(5,2)-quad of S, then Q(S,Q) = Q.

Proof. Every POINT K of Q(S,Q) is contained in two big quads @1 and Qs
intersecting @ in the respective lines K; and Ks. Clearly Q;, i € {1,2}, is the
only big quad through K; different from @, and K = @1 N Q2. Hence, the map
0: K— (KNQ,{K;, K>}) is a bijection between the point sets of (S, Q) and .
Now, let G be a subgrid of S intersecting @ in a line N, and let K, L and M be
the three POINTS of (S, @) incident with G. If G is contained in a Q(5, 2)-quad,
then we may suppose that K1 = Ly = My = N. If Qa, A € {K, L, M}, denotes
the big quad through A and As, then the reflection of Qx about Qp is equal to
Q- Hence Ko, Lo and Mo are contained in a subgrid R of S. Suppose now that
G is contained in a W(2)-quad. As before, the reflection of K;, i € {1,2}, around
L;, j € {1,2}, belongs to {M, Ms}. This proves that K1, Ko, L1, Lo, M; and
M, are contained in a subquadrangle R isomorphic to W (2). We have just shown
that the incidence is preserved by 6. The lemma now follows since Q(S, Q) and 2
have the same number of lines. O

Corollary 7.21. S is isomorphic to Es.

Proof. Let Q' denote an arbitrary Q(5,2)-quad of Es. Since Ez has W (2)-quads
and Q(5,2)-quads, but no grid-quads, Q(Es, Q') = Q(S, Q). By Theorem 2.40,
S = Es. O

7.7 Case V: § contains grid-quads, W (2)-quads and
Q(5,2)-quads

In this case, we have v = 27(2t — 7).

Lemma 7.22. No quad isomorphic to W (2) is big. As a consequence, 10 <t+1 <
15.

Proof. Suppose the contrary. Then v = 30t — 45. Hence ¢t = 6. Let = be a point
which is contained in a Q(5,2)-quad Q. Let L1 and Lo be the two lines through «
not contained in Q. Then C(L1, Lo) is a W(2)-quad which intersects @ in a line.
Hence, the local space at z is isomorphic to the (3,5)-cross. By Theorem 4.24 it
follows that S is a glued near hexagon of type W(2) ® Q(5,2). This is impossible
since W (2) has no spreads of symmetry by Theorem 4.42. O

Lemma 7.23. Ift + 1 > 12, then every line of S is contained in a Q(5,2)-quad.
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Proof. Let L be a line which meets a Q(5,2)-quad @. If L were not contained in
a Q(5,2)-quad, then since every quad through L meets @, we would have that
t < 5-2, a contradiction. Hence, every line meeting a Q(5,2)-quad is contained
in a Q(5,2)-quad. Since there exists at least one Q(5,2)-quad, every point of S
is contained in a Q(5,2)-quad. So, every line of & meets a Q(5,2)-quad and is
contained in a Q(5,2)-quad. O

Lemma 7.24. The case t +1 = 13 cannot occur.

Proof. The total number of points is equal to v = 27(2t — 7) = 27 - 17. Consider a
local space L£,. By Lemma 7.23, every point of £, is contained in a line of size 5.
Hence, £, contains at least three lines of size 5, say L1, Lo and L3. We distinguish
two cases.

e Suppose L1 N LoN Lz = 0.
Then there exists a unique point in £, not contained in Ly U Lo U L3. This
point is contained in a line Ly of size 5. The line Ly has at most one point
in common with Ly, Ls and Ls. Hence, |L4| < 4, a contradiction.

e Suppose L1 N Ly N Ly = {u}.
Then every point of L, is contained in Ly U Lo U L3. Since every line of L,
meets Ly, Ly and L3, there are precisely 16 lines of size 3 and no line of size

2.
Hence, the total number of W(2)-quads is equal to 116—5“, which is not an integer.
So, we have a contradiction. [l

For every point x of S, let I(x) denote the intersection of all Q(5,2)-quads
through x.

Lemma 7.25. Ift + 1 € {12,14,15}, then I(xz) = {x} for every point x of S.

Proof. Suppose the contrary. Let L be a line in I(z). By Lemma 7.23, the Q(5, 2)-
quads through L partition the set of lines through z. So, ¢ is a multiple of 4, a
contradiction. (|

Lemma 7.26. Ift+1 € {12,14,15}, then there exist constants a, b and ¢, such that
every point of S is contained in a grid-quads, b W(2)-quads and ¢ Q(5,2)-quads.

Proof. By the connectedness of S, it suffices to prove that a, = a,, b = b, and
¢z = ¢y for every two collinear points = and y. Let z denote the third point on
the line zy. By Lemma 7.25, I(z) = {z}. So, there exists a Q(5, 2)-quad through
z not containing xy. The reflection about @ is an automorphism of S mapping x
to y. The lemma now follows immediately. O

Lemma 7.27. If t + 1 € {14, 15}, then the following holds for every point x of S.
(i) The number b is a multiple of 5.

(ii) Bvery point of L, is contained in at most three lines of size 5.
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(iii) If there exists a point in L, which is contained in precisely three lines of size
5, thent+1 =15 and ¢ = 4.

(iv) If every point of L, is contained in at most two lines of size 5, then ¢ = 4 if
t+1=14 and c € {5,6} if t +1 = 15.

Proof. (i) The total number of W(2)-quads is equal to ¥ = %5_7)1’. The

statement now follows from the fact that this number must be integral.

(ii) If there were more than three lines of size 5 through a point of £,, then we
would have t +1 > 17.

(iii) Let Ly, Lo and L3 denote three lines of size 5 through the same point of
L. If t+1 = 14, then there exists a unique point u in £, not contained in
Ly U Ly U Ls. By Lemma 7.23, the point u is contained in a line of size 5
which has at most one point in common with each of the lines Lq, Lo and
Ls. This is impossible. If ¢ +1 = 15, then there exist two points u; and wus
in £, not contained in L1 U Ly U L3. The point u; is contained in a line of
size 5 which has at most one point in common with each of the lines L, Lo
and L3. Hence, this line coincides with ujus. It now immediately follows that
c=4.

(iv) Let Ly, Lo and L3 denote three lines of size 5 in L. If t + 1 = 14, let ug
and us denote the two points of £, not contained in L U Lo U L3. The point
uy is contained in a line of size 5 which intersects each of the lines Ly, Lo
and L3 in at most one point and hence coincides with wyus. So, ¢ = 4. If
t+1 =15, let uy, us and uz denote the three points of £, not contained in
L1ULsU Lg. Every line of size 5 different from L1, Lo and L3 has two points
outside L1 U Ly U Ls and hence is equal to either uius, ujus or usus. Hence,
¢ < 6. Since, each of the points w1, us and wug is contained in a line of size 5,
we must also have that ¢ > 5. O

Lemma 7.28. The casest+1 =14 and t + 1 = 15 cannot occur.

Proof. Suppose t+1 = 14. From (t—4)(t—5) = 2b+12(c—1) and Lemma 7.27 (i),
it follows that ¢ is a 5-fold+2, contradicting properties (iii) and (iv) of the same
lemma. If £+ 1 = 15, then from (¢t — 4)(t — 5) = 2b+ 12(c — 1), it follows that c is
a 5-fold+1. Hence, ¢ = 6 and b = 15. From 2a + 6b+ 20c = (¢t 4 1)t it now follows
that a = 0, a contradiction, since grid-quads do occur. O

Lemma 7.29. We have ny = 20t — 64.

Proof. Let x be a point of S which is contained in a Q(5,2)-quad. Then I'y(z) =
(T2(z)NQ)U (T2(x) NT1(Q)). A point y of T'1(Q) lies at distance 2 from « if and
only if the unique point of @ collinear with z is collinear with x. It follows that
ny =16+10-2 - (t — 4) = 20t — 64. 0

Lemma 7.30. Ift+ 1 = 10, then one of the following cases occurs for a point x of
S:
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(i) (ag,bs,cz) = (5,10,1);
(ii) (ag,bs,ca) = (13,4,2).

Ift+1 =11, then one of the following cases occurs:
(i) (ag,bs,cs) = (0,15,1);
(i) (ag,bs, cs) = (8,9,2).

Proof. Obviously, ¢, < 2. The lemma now follows from the fact that 2a, + 6b, +
20c; = (t + 1)t and 4a, + 8b, + 16¢, = ne = 20t — 64. O

Lemma 7.31. The case t +1 = 10 cannot occur.

Proof. By the proof of Lemma 7.22, no two W (2)-quads intersect in a unique
point. Let « be a point of type (i). Let L denote the unique line of size 5 in L,
and let a, b, ¢, d and e denote the five points of £, not contained in L. Let f
be the intersection points of the lines ab and L. The line cd intersects ab. Hence
f belongs to cd. In a similar way one shows that f belongs to ce. But this is
impossible. Hence, every point is of type (ii). But then the total number of W(2)-
quads is equal to li—'54 = 2974 " which is not an integer. So, the case t + 1 = 10
cannot occur. O

Lemma 7.32. The case t +1 = 11 cannot occur.

Proof. In this case S contains v = 351 points. If all points were of type (ii), then
S would contain % W(2)-quads, a contradiction. Hence, there exists a point
x of type (i). Since there exists no grid-quad through z, every W (2)-quad either
contains x or contains a unique point collinear with z (see the proof of Lemma
7.22).

Step 1: Every point of T's(x) has type (it).

Proof. Suppose the contrary. Let y be a point of type (i) in I's(z). The unique
Q(5,2)-quad through y contains a unique point of I'y (). Hence, at most 10 W (2)-
quads through y contain a point at distance 1 from z, a contradiction, since each
of the 15 W(2)-quads through y must contain such a point. O

Step 2: There are precisely 81 points of type (i) and 270 points of type (i1). There
are 23 Q(5,2)-quads.

Proof. Suppose that there are « points of type (ii) and 351 — a points of type (i).
The total number of Q(5,2)-quads is equal to %ﬁl*a) Hence « is a multiple
of 27. The total number of W(2)-quads is equal to %;))M. Hence « is a
multiple of 5. By Step 1, we know that a > ng = 192. The statement now readily

follows. u

Step 3: 12 points in T'1(x) have type (i) and 10 have type (ii).
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Proof. Suppose A’ points in I'1(z) are of type (i) and B’ points are of type (ii).
Counting pairs (w, @), where w is a point collinear with z and where Q is a Q(5, 2)-
quad through w gives A’ +2B’ =110+ 22-1 = 32. Together with A’ + B’ = 22,
this implies that A’ = 12 and B’ = 10. O

We will now derive a contradiction. Let 2’ be one of the 68 points of type (i)
at distance 2 from x. By Step 3, there exists a point z” of type (i) collinear with x
not contained in the quad through x and z’. But then d(z’,2") = 3, contradicting
Step 1. O

Lemma 7.33. Ift 4+ 1 =12, then S is isomorphic to Gs.

Proof. Every local space contains precisely three lines of size 5, nine lines of size
3 and nine lines of size 2 and hence is isomorphic to Lg,. The lemma now follows
from Theorem 7.34 which we will prove in the appendix of this chapter. O

7.8 Appendix

The aim of this appendix is to prove the following theorem.

Theorem 7.34. Let S = (P,L,I) be a slim dense near 2n-gon, n > 3, with
the property that every local space is isomorphic to Lg, . Call a line of S spe-
cial if it is not contained in a W(2)-quad and ordinary otherwise. Suppose that
C(Li,...,Ly) = Gy for every k € {1,...,n — 1}, for every point x and for every
k different special lines Ly, ..., Ly through x. Then S = G,,.

In Theorem 7.34, Lg, denotes a linear space such that £(G,,z) = Lg, for
every point x of G,. We prove the theorem in a sequence of lemmas. Let Vj,
ke {l,...,n—1}, denote the set of all convex sub-2k-gons generated by k special
lines through a given point of S. Every element of Vi, k € {1,...,n — 1}, is
isomorphic to Gy and hence contains my, := 3];(,3:!)!
the fact that every local space is isomorphic to Lg

of V,,_1 is big.

points. By Theorem 2.31 and
it follows that every element

n?

Lemma 7.35. Let My, My and Ms be three mutually disjoint lines in a subgrid G
of §. If My and Ms are special, then also M3 is special.

Proof. There exists an element F' € V,,_; through M5 not containing G. Since
Rr € Aut(S), M3 = Rp(M) is special. O

Lemma 7.36. Every Q(5,2)-quad Q of S can be partitioned into three grids, such
that a line of Q is special if and only if it is contained in one of these grids.

Proof. If € Q, then L(S,x) = Lg, and hence exactly two from the five lines
of Q@ = Q(5,2) through x are special. Since @ contains 27 points, it has exactly
% = 18 special lines. Consider a special line L C @ and let M;, Ms and Mj
denote the three special lines of ) intersecting L in a point. By Lemma 7.35,
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My, M5 and Mj are contained in a grid G;. Let G2 and G35 denote the subgrids
of @ as in Lemma 1.38. At most 10 from the 18 special lines meet G1; hence
G2 U G3 contains two intersecting special lines N1 and No. We may suppose that
Ny, N2 C Gs. For every line P of Ga, there exists a unique ¢ € {1,2,3} and a
unique j € {1,2} such that P, M; and N; are contained in a grid. Hence by
Lemma 7.35, every line of G5 is special. Since @ contains exactly 12 special lines
disjoint from G35, all lines of G; and G3 are special. This proves the lemma. O

Define the following relation R on the set V := V,,_;. For two elements
v1,v2 € V, we say that (vi,ve) € R if exactly one of the following holds:

(1) V1 = U2,
(i) v1 Nwg = () and every line meeting v; and vy is special.

Lemma 7.37. The relation R is an equivalence relation and every equivalence class
contains exactly three elements.

Proof. Let v € V be arbitrary. Every point a € v is contained in a unique special
line L, = {a,a1,a2} not contained in v, and we define Q, := {vq,,, Va, } Where v,
denotes the unique element of V' through a; not containing L,. It suffices to prove
that Q, = Q for all a,b € v.

Suppose first that d(a,b) = 1. Let ¢ denote the unique third point on the
line ab and let v’ denote an element of V' through ¢ not containing ab. Since
Ry € Aut(S), Ry (Ly) is a special line through b and hence equal to Ly. As a
consequence Ly is contained in the quad @ := C(b, L,). Since L, is special, @ is
not isomorphic to W(2). Suppose that @ is a grid. Since v,, is big, Q@ Nv,, is a line
that meets Ly. Since Ly Nvg, # 0, i € {1,2}, Qp = {vay, Vay } = Q. Suppose that
Q is a Q(5,2)-quad. Since Q € V2 and v,v4,,04, € V, Q N, Q@ Ny, and Q N g,
are special lines. By Lemma 7.36, the unique line through b intersecting ¢ Nwv,, is
special and hence equal to L. Since LyNug, # 0,1 € {1,2}, Qp = {vay, Vay } = Qa.

If @ and b are not collinear, consider then a path a = ¢y, ..., cx = b of length
k = d(a,b) between a and b. Then 0, = Q¢y =+ = Q. = W O

Lemma 7.38. Let vy, vy and vs be three different elements of V' for which (vy,v2) €
R. Then vi Nwg # 0 if and only if va Nz # (.

Proof. If a € viNvs, then vs necessarily contains the unique special line L, through
a not contained in v;. Since L, Nwy # (), the lemma follows. [l

Lemma 7.39. Let v1,v9,v3,v4 € V such that (vi,v;) € R for all i,j € {1,2,3,4}
with © # j. If v1 Nvg = 0 and v3 = Ry, (v1), then vy intersects at least one of vy,
vy and v3.

Proof. Since every point of S is contained in n elements of V, we have |V| =
Dol — 3p(2n — 1).

Mp—1
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(i) Let N7 denote the number of elements of V' intersecting v1, vo and vs. Every
line intersecting v1 and vy is ordinary and hence is contained in n—2 elements
of V. Each of these n — 2 elements intersects v1 in an element of V,,_». Hence

Ny = P22 3 9)(20 - 3).

Mn—2

(ii) Let Ny denote the number of elements of V' \ {v1} meeting v; and disjoint
from vy and vs. By (i), every point of v; is contained in n — 2 elements of V'
which intersect vy and vs. Hence every point of v; is contained in a unique
element of V'\ {v;} disjoint from vy and v3. This element intersects v; in an

element of V;,_». Hence Np = 72=% = 3(2n — 3).

(iii) There are N3 = 9 elements of V' belonging to one of the equivalence classes
determined by v, vo and vs.

The lemma now follows since N1 + 3N3 + N3 = |V|. O

Let T' be the graph whose vertices are the equivalence classes determined by
R with two classes ;1 and 7, adjacent if and only if v; Nwvy = () for every v; € 7

and every ve € 2. The graph I" has |L3‘ = (22") vertices.

Lemma 7.40. The graph T is regular with valency k(T') = 4(n — 1).

Proof. Let v be a fixed element of V. From the 3n(2n — 1) elements in V, three

are contained in the equivalence class of v, and m”;nli(l_l) =3(n—1)(2n —3)

intersect v in an element of V,_,. By Lemma 7.38 it then follows that kE(T) =
3n(2n—1)—3(n—1)(2n—3)—3 _ 4(7’L o 1) 0
3 .

Lemma 7.41. Fvery two adjacent vertices v1 and 2 of I' are contained in two
maximal cliques, one of size 3 and one of size 2n — 1.

Proof. Let v1 € 71, va € 79, let v3 denote the reflection of v about v; and let
v3 denote the equivalence class of v3. By Lemma 7.39, {y1,72,73} is a maximal
clique. Let C # {v1,72,73} denote another maximal clique through v; and ~,. If
Y4 € C\ {71,772}, then every vy € 74 intersects vs. By the proof of Lemma 7.39,
there are Ny = 3(2n — 3) mutually disjoint elements in V' \ {vs} which intersect
vz and are disjoint from vy Uvy. By Lemma 7.38, these elements of V' correspond

to % = 2n — 3 vertices of I'. The maximal clique C' necessarily consists of 71, v2
and these 2n — 3 vertices of I'. This proves our lemma. O

Lemma 7.42. There is a bijective correspondence between the mazximal cliques of
size 2n — 1 in T' and the elements of B = {&,...,8an—1}. There is a bijective
correspondence between the vertices of I' and the pairs of the set B.

Proof. The graph I has % = 2n maximal cliques of size 2n — 1, proving
the first part of the lemma. Since every vertex of I' is contained in 2%5—5)2 =2

maximal cliques, it corresponds with a subset of size 2 of B. By Lemma 7.41,
every pair of B corresponds to at most one vertex of I'. The second part of the
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lemma now follows since there are as many vertices in I'" as there are pairs in

B. ]

Lemma 7.43. Let vy, vo denote two nonequivalent disjoint elements of V', let v de-
note the reflection of va around vy, and let g, k € {1,2,3}, denote the equivalence
class determined by vy,. Then there exist f1, fa, f3 € B such that vis 7 €1{1,2,3},
corresponds to {fj, fj+1}, where indices are taken modulo 3.

Proof. Let v, correspond to {fi, fo} € B, 72 to {g1,52} € B and ~y3 to {hy, ha} C
B. Since 71, 72 and 3 are not contained in a maximal clique of size 2n — 1,
{f1, fo} N {G1, 32} N {h1,ha} = 0. Since there is a unique maximal clique of size
2n—1through 71 and 72, [{ f1, f2}N{g1, g2}| = 1. Similarly, [{ f1, fo}N{h1, ho}[ =1
and [{g1, g2} N {h1, ha}| = 1. The lemma now immediately follows. O

We define X as the set of all points of weight 2 in PG(2n — 1,4) with respect
to a given reference system.

Lemma 7.44. The point-line geometry A with point set V and line set
{{v1,v2, Ro, (v1) }H o1, v2 € V, w1 Nwg = 0}

is isomorphic to the point-line geometry A’ whose points are the elements of X
and whose lines are those lines L of PG(2n — 1,4) for which |LN X| = 3 (natural
incidence).

Proof. We first construct a bijection between V and X. For every i € {1,...,2n—
1}, the equivalence class corresponding to {&g,€;} contains three elements of V'
which can be labeled with the three elements of the set {(éy + ae;)|a € F;} C X.
For all 4,5 € {1,2,...,2n — 1} with ¢ < j and every a € F3, the reflection of
(€0 + ce;) (regarded as an element of V') around (€y + &;) is labeled with the
element (€; + a€;) of X. In this way, we have a bijection between V' and X.

For all i,5 € {1,2,...,2n — 1} with ¢ < j, we now define a binary operation
®i; on F} in the following way: (&; + (o ®;; £)€;) is the reflection of (&g + 3¢;)
about (€y + a€;). Clearly ®;; determines a latin square of order 3 on the set Fj.
Since 1 ®;; o = a for every a € GF(4)*, we necessarily have a ®;; = o - § for
some €;; € {+1,—1}.

Let 4,7,k € {1,...,2n — 1} such that i < j < k and let o, 3,7 € F;. Put
v = (€ + 7€), v1 = (€ + a€;), va = (€ + Peéx) and vs = (&; + (a* - §)é). Since
v3 = Ry, (v2) and R, € Aut(S), the reflection of R, (v2) around R,(v1) equals
Ry (vs). Hence, the reflection of (€; + (v - a)e;) around (&; + (y“* - §)éx) equals
(€j + (a* - B)é). In particular, the reflection of (&; + a€;) around (€; + [éx)
equals (€; + (a%* - §)éy). Hence (v - )9k - (vt - B) = (a9 - ) or €€, = —€i,.
Putting €11 = —1, we have that ej;e;, = —exg for all 5,k € {1,...,2n — 1} with
Jj<k.

For a point v € V with label (&; + «&;), ¢ < j, we put 6(v) := (&; + ae;).
Clearly 6 is a bijection between V and X. Now, choose i, j and k such that
0<i<j<k<2n-1,and let o,3 € Fj. Since v; := 07'({&; + ag;))
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and vy := 071 ({e; + Bex)) have respective labels (€; + ae;) and (e; + S éy),
the reflection vz of ve around vq has label (&; + (ai%* Gtk)éL). Hence 0(vs) =
(e; + (acuicirar gewcin)g ) = (g; + (a~tf3)ex). It is now easily seen that @ is an
isomorphism between A and A’. O

Recall that G,, = (Y,Y’,I), where Y, respectively Y”, is the set of all good
subspaces of H(2n — 1,4) with dimension n — 1, respectively n — 2. If 7 € Y, then
G, consists of n elements of X; if 7 € Y’/ is a special line of G,,, then G, consists
of n — 1 elements of X; if 7 € Y’ is an ordinary line of G,,, then G, consists of
n — 2 elements of X and one point of weight 4. We refer to Section 6.3.3 for more
details.

Every point z of S is contained in n elements v1, . .., v, of V.. Since v;Nv; # 0,
the supports of 8(v;) and 6(v;) are disjoint. We define ¢(x) := (8(v1),...,0(vn)).
Clearly ¢(z) €Y.

Lemma 7.45. The map ¢ : P — Y is bijective.

Proof. Let m € Y, then {v1,...,v,} = 071(X N) is a set of n elements of V and
v1N---Nwy, is a convex subpolygon. Since a line of S is contained in at most n— 1
elements of V, [vy N---No,| < 1. If 7 = ¢(x), then {a} = vy N--- N oy, proving
that ¢ is injective. Since |Y| = |P| = 35;5?73)!,

For a line L = {21, 29,23} of S, we put ¢/'(L) = ¢(x1) N d(x2) N P(x3).

Lemma 7.46. For every line L of S, ¢'(L) € Y'.

¢ necessarily is bijective. O

Proof. (A) Suppose that L is special. Let vy, ...,v,_1 denote the n — 1 elements
of V through L, and let w;, i € {1,2, 3}, denote the unique element of V' through
x; not containing L. Clearly ¢'(L) = (0(v1),...,0(v,—1)) € Y.

(B) Suppose that L is an ordinary line. Let vq,...,v,_2 denote those elements
of V through L, and let u; and w; denote the two elements of V' through z; not
containing L. We may suppose that uz = R, (u2). Then we = Ry, (u3) and ws =
R, (we). Putting (uy) = (€g+aér), 8(wy) = (é2+8e3) and 0(us) = (&1 +v&2), we
find O(us) = (eo+ayeéa), O(w2) = (eo+afyes) and O(ws) = (€1 +Fve3). One easily
calculates that ¢'(L) = (8(v1),...,0(vn—2), (€0 + &1 + ayéa + afyes)) € Y. O

Lemma 7.47. The map ¢’ : L — Y’ is bijective.

Proof. Let 7' € Y'. If n/ = ¢/ (L), then necessarily L = {¢~1(7) |7 € Y and 7’ C

= 7371’71(2")!(3”71), ¢’ is bijective. O

7}. Hence ¢ is injective. Since |£| = Y] S (1)1

Now, a point  and a line L of § are incident if and only if ¢(z) and ¢'(L)
are incident in G,,. This proves that S = G,,.



Chapter 8

Slim dense near polygons with a
nice chain of convex
subpolygons

8.1 Overview

We give an overview of the theorems which we will prove in this chapter. These
results are based on the papers [36], [40], [58], [59] and [62].

Theorem 8.1. Let S be a slim dense near 2n-gon, n > 3, containing a big convez
subpolygon F' isomorphic to DQ(2n — 2,2). Then S is isomorphic to one of the
following near polygons:

e DQ(2n,2);
e DQ(2n —2,2) x Ls;
o I,.

Theorem 8.2. Let S be a slim dense near 2n-gon, n > 4, containing a big convez
subpolygon F isomorphic to DH(2n — 3,4). Then S is isomorphic to one of the
following near polygons:

e DH(2n —1,4);
e DH(2n—3,4) ® Q(5,2);
e DH(2n —3,4) x Ls.

In the previous theorem, DH(2n — 3,4) ® Q(5,2) denotes the unique glued
near polygon of type DH (2n — 3,4) ® Q(5,2), see Section 6.9.3.
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Theorem 8.3. Let S be a slim dense near 2n-gon, n > 4, containing a big convex
subpolygon F isomorphic to H,,_1. Then S is isomorphic to either H,, or H,,_1 X
Ls.

Theorem 8.4. Let S be a slim dense near 2n-gon, n > 5, containing a big conver

subpolygon F isomorphic to I,,_1. Then S is isomorphic to I,,_1 X 3.

Remark. Since I3 = Hjs, the case n = 4 of Theorem 8.4 has already been treated
in Theorem 8.3.

Theorem 8.5. Let S be a slim dense near 2n-gon, n > 4, containing a big convez
subpolygon F' isomorphic to G,—1. Then S is isomorphic to either G,,, G,_1 x Ls,
or Gp—1 ® Q(5,2).

In the previous theorem, G,,—1 ® Q(5,2) denotes the unique glued near poly-
gon of type G,_1 ® Q(5,2), see Section 6.9.3.

Theorem 8.6. Let S be a slim dense near octagon containing a hex H isomorphic
to E3, then S &£ E3 x Lg.

Theorem 8.7. Let S be a slim dense near polygon containing a big convexr subpoly-
gon F isomorphic to the direct product Sy X S of two near polygons &1 and Sy of
diameter at least 1. Then there exists an i € {1,2} and a dense near polygon S!
such that the following holds:

e S! has a big convex subpolygon isomorphic to S;;
e S Szl X 83,1'.

Define now the following classes of near polygons:

D, = {G, DH(>2n—1,4)} U U Di®@Dnpii| foreveryn >3;
2<i<n—1
D = DyyUD3U---.

Remark that D consists of those near polygons of the class C (see Section 6.8)
which do not contain E; as a hex.

Theorem 8.8. Let S be a slim dense near 2n-gon, n > 4, containing a big conver
subpolygon F which is isomorphic to an element of D. Then one of the following
possibilities occurs:

e S®¥Fx Lg,’
e S is isomorphic to an element of D.

Consider a chain Fy C Fy C --- C F,, of convex subpolygons of a dense near
2n-gon S. Such a chain is called nice if it satisfies the following properties:
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e diam(F;) =i for every i € {0,...,n};
(] Fi, i€ {0,...,77,7 1}, is blg in Fi+1.
Clearly F,, = S.

Define now the following set:
N = {0,L3,E3} U D U {DQ(2n,2)|n >2} U {H,|n >3} U {I,|n>4}.

Let N denote the set of all near polygons obtained by taking the direct
product of at least one element of N.

Theorem 8.9. A slim dense near 2n-gon S has a nice chain of subpolygons if and
only if it is isomorphic to an element of N'*.

8.2 Proof of Theorem 8.1

We will use induction on n. By Theorem 7.1 the theorem holds if n is equal to
3. Suppose therefore that n > 4 and that the theorem holds for any near 2n’-gon
with n’ € {3,...,n— 1}. Every convex sub-26-gon, § € {3,...,n — 1}, intersecting
F, intersects F in a DQ(26 — 2,2) and hence is isomorphic to either DQ(24,2),
DQ(26 — 2,2) x L3 or Is by Theorem 1.7 and the induction hypothesis. As a
consequence no (5, 2)-quad meets F. If a line of F' is contained in two grid-quads
@1 and Q2, then the hex C(Q1, @Q2) intersects F' in a W (2)-quad and hence has a
line which is incident with at least two grid-quads and at least one big W (2)-quad,
contradicting Theorem 7.1. As a consequence there are at most tp + 1 grid-quads
through every point of F. For every line K intersecting F' in a point z, let ax
denote the number of grid-quads through K. Since every quad through K meets
F in a line, the number of W (2)-quads through K equals tp + 1 — ax. Counting
the number of lines through x, we have ts = ax + 2(tr + 1 — k). Hence ak
is independent from the line K and equal to a := 2ty + 2 — ts. Since there are
ts —trp = trp + 2 — « lines through = not contained in F', there are precisely
a(tp + 2 — a) grid-quads through x. Since this number is at most ¢ + 1, we
necessarily have o € {0,1,¢tp + 1}.

Ifa=tp+1,thents =tp+1and S = DQ(2n—2,2) x L3 by Theorem 4.1.

If & = 0, then every quad meeting F is isomorphic to W(2). Hence, every
convex sub-2d-gon, § € {2,...,n — 1}, intersecting F' is isomorphic to DQ(26,2).
Now, consider an arbitrary point-quad pair (y, Q) and let F’ denote an arbitrary
convex sub-2(n — 1)-gon through @ intersecting F. Since F’ = DQ(2n—2,2), F’ is
big in S and hence d(y, z) = d(y, 7r (y)) +d(7r (y), 2) for every point z € Q. Since
(rr (y), Q) is classical, also (y, Q) is classical. Hence, every point-quad relation is
classical, and so S itself is classical. Since S has only W (2)-quads, it is necessarily
isomorphic to DQ(2n, 2).

We still need to consider the case @ = 1. Let Q(S, F) be the incidence
structure whose points are the lines of § intersecting F' in a point, whose lines
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are the (not necessarily convex) subgrids of S intersecting F' in a line and whose
incidence relation is the natural one. For every line L of S intersecting F' in a point
x, let L' denote the unique line of F' through x for which C(L, L’) is a grid. Since
tr+1=a(tr +2 — «), every line of F is also contained in a unique grid-quad
and hence there is a bijective correspondence between the points L of Q(S, F') and
the flags (z, L’) of F. The lines of (S, F') then correspond with certain triples of
flags. We will prove that such a triple is either of the form {(z, K), (y, K), (z, K)}
with K = {z,y, 2z} aline of F, or of the form {(LNK,L),(MNK,M),(NNK,N)}
with K, L, M, and N four distinct lines of F satisfying:

e K=(LNK)UMNK)U(NNK),
e C(L,M,N) = W(2);
e L, M and N are not contained in a subgrid of C(L, M, N).

Let G be a subgrid of S intersecting F' in a line K, and let A, B and C be the
three points of Q(S, F') incident with G. If G is a quad, then A’ = B’ =(C' = K
and we obtain a triple of the first kind. If G is not a quad, then the hex H :=
C(K,A, A") contains a grid-quad C(A, A’) and two big W (2)-quads C(A, K) and
C(A’, K) through the line K and hence is isomorphic to I5. As a consequence the
unique grid-quads through B and C are contained in H. This implies that the
three lines A’, B’ and C” are contained in the W (2)-quad C(A’, K). Let B” denote
the unique line of C(A’, K) through B N B’ different from K and B’. C(B,B")
is a W(2)-quad. The reflection (in H) of the grid-quad C(A, A’) about C(B, B’)
is a grid-quad through C which necessarily coincides with C(C,C"). So, A’, B”
and C’ are contained in a grid. Hence, A’, B’ and C’ are not contained in a grid.
Now, one counts that there are as many lines in Q(S, F) as there are triples of
the first or second type. So, we have found a description of Q(S, F') only in terms
of objects of F'. By Theorem 2.40, the structure of a slim dense near polygon S’
with a big convex subpolygon F’ is completely determined by the structure of
QO(S’, F'). Therefore S necessarily is isomorphic to I,,.

8.3 Proof of Theorem 8.2

Lemma 8.10. The slim near polygon S does not contain quads isomorphic to W (2).

Proof. Suppose the contrary, then by Theorem 7.2, there exists a W (2)-quad @
through a point = of F. By Theorem 1.7, this quad @ intersects F' in a line K.
Let L be a line of @ through z different from K and let H = DH(5,4) be a hex
of F' through K. Let X denote the set of points of L(H,z) (i.e. the set of lines of
H through ) which are contained in a W (2)-quad together with L. We will now
show that |[U N X| € {0, 3} for every line U of L(H, ). Suppose that [UNX| > 1
and let Qu denote the Q(5,2)-quad corresponding with U. Since |U N X| > 1,
there exists a W(2)-quad R through L which intersects @ in a line. By Theorem
7.1, C(Qu, R) is isomorphic to either Gz or Ez. In any case, exactly three lines
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of Qu through x are contained in a W (2)-quad together with L, or equivalently,
|[U N X| = 3. Since H contains exactly five Q(5,2)-quads through K, we have
|X|=1+4+5-2=11. Hence X is a set of 11 points in L(H,x) = PG(2,4) such
that every line meets the set in either 0 or three points. Such a set does not exist,
otherwise, every point of £L(H, x) outside X would be contained in 13—1 lines meeting
X, which is clearly impossible. O

For every line L intersecting F' in a point z, let Ap be the set of lines of
F through x such that C(L, M) = Q(5,2). By Theorem 1.7 and Lemma 8.10,
C(L,L") = Q(5,2) for every line L’ # L intersecting F' in x. Hence ts — tp =
3|Ar| + 1. As a consequence, |Ay| is independent from the choice of L and equal
to a = 7755_?_1.

Lemma 8.11. Ay, is a subspace of L(F,x).

Proof. Let K1 and K5 be two different lines of A7, and let K3 be an arbitrary line
through x contained in C(K, K32). Since the hex C(L, K1, K2) has three Q(5,2)-
quads through the same point z and no W(2)-quads, it must be isomorphic to
DH(5,4). Hence, C(L, K3) 2 Q(5,2) and K5 € Af. O

Lemma 8.12. a € {0,1,tp + 1}.

Proof. We suppose that 2 < a < tr and derive a contradiction.

(a) Suppose first that n = 4, so F = DH(5,4). Let x be an arbitrary point
of F and let L be an arbitrary line through x not contained in F. Since Ay, is a
subspace and 2 < |Ay| < tp = 20, there exists a Q(5,2)-quad Q. through = such
that Ay is the set of five lines of @), through z. Also, « =5, ts =tp+3a+1= 36
and the hex H, := C(L, Q) is isomorphic to DH(5,4). If L’ is a line through =
different from L and not contained in F', then C(L, L’) is isomorphic to Q(5,2)
and hence intersects F' in a line of Q. It follows that every line through = not
contained in F is contained in H,. Since H, = DH(5,4), we then have that
H, =C(Ti(z)\ F). So, Hy and Q, = H, N F only depend on z and not on the
line L. If y € Qg, then Hy = H, and @y = Q. Hence, the quads @, z € F,
partition the point set of F, and the hexes H,, x € F, partition the point set of
S. Since F = DH(5,4) is big in S, every hex isomorphic to DH(5,4) is big. In
particular, each of the hexes H, is big. The total number of quads Q,, = € F,

equals % = 33. Let X denote the set of 33 points of H(5,4) corresponding

to the quads Q., x € F. If u is a point of X, then we denote the Q(5,2)-quad of F'
corresponding with it as u® and the unique hex of S intersecting F' in u® by H (u).
We will now show that X is a subspace of the linear space £ defined in Lemma
6.9. Consider two different points w; and us in X. Since uqf and uf are disjoint,
uyuy N H(5,4) is a Baer subline {u1, us, us}. Since every quad intersecting u{ and
u§ also intersects ug, ug is the reflection of u‘f about u$ (in F). The reflection
of H(uy) about H(usz) (in S) is a hex which meets F' in the quad u? and hence
coincides with H (ug). As a consequence us € X. This proves that X is a subspace
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of the linear space L. Hence, there exists a subspace 7 such that X = 7N H(5,
Since no two points of X are collinear on H(5,4), we have |X| < |H(2,4)| =
contradicting | X| = 33.

4).
9,

(b) Suppose now that n > 5. Let « denote an arbitrary point of F' and let
L denote an arbitrary line through x not contained in F. Since 2 < «a < tp,
there exist lines K7, K5 and K3 through x such that K1, Ky € Ay, K1 # K5 and
K5 ¢ Ar. Now, the near octagon C(L, K1, Ko, K3) contradicts (a). O

Lemma 8.13. e [fa=0, then S =2 DH(2n — 3,4) x Ls.
e Ifa=1,then S=® DH(2n —3,4) ® Q(5,2).
o Ifa=tp+1, then S= DH(2n — 1,4).

Proof. If « = 0, then ts—tr = 1 and hence S & DH (2n—3,4)x L3 by Theorem 4.1.
If « = tp+1, then no grid-quad intersects F' and hence all quads are isomorphic to
Q(5,2) by Theorem 7.2 and Lemma 8.10. Since the generalized quadrangle Q(5, 2)
has no ovoids, all point-quad relations must be classical and S is a classical near
polygon. Now, DH (2n — 1,4) is the only classical near 2n-gon in which all quads
are isomorphic to Q(5,2).

Suppose now that @ = 1, then tg = tg + 4. If x is an arbitrary point of F'
and if L and M denote two lines through x not contained in F, then C(K,L) is a
Q(5,2)-quad. Hence, every point = € F' is contained in a unique Q(5,2)-quad @,
which intersects F' in a line L,. The lines L,, x € F', determine a spread of F' and
the set T1 := {Q.|z € F} determines a partition of S in quads.

Now, consider a point x of S not contained in F', let y be the unique point
of F collinear with z, and let A := zy, B, C, D and E be the lines of @ := @y
through 2. Let L be a line intersecting @ in z and consider the hex H := C(L, Q).
The hex H contains a grid-quad C(L, A), no W (2)-quads, and at least two Q(5, 2)-
quads through the line L, = QN F, namely @ and HNF. It follows from Theorem
7.1 that H = Q(5,2) ® Q(5,2). Hence, exactly one line of @ through z, say B, is
contained in a Q(5,2)-quad with L.

Now, consider a convex sub-2(n — 1)-gon F’ of S containing Q' := C(B, L)
and intersecting @) in B. We will show that every quad of F’ is isomorphic to
Q(5,2). Let L; and Lo be two lines of F’ through z. If Ly # B # Lo, then
the hex H' := C(A, L1, L2) contains grid-quads C(A, L1) and C(A4, Ls), a Q(5,2)-
quad C(A, L1, Le) N F, and no W(2)-quads. Hence H’' must be isomorphic to
either Q(5,2) x L3 or Q(5,2) ® Q(5,2), see Theorem 7.1. In any case C(Lq, La) is
isomorphic to Q(5,2). If L; = B and if Lo is not contained in @Q’, then C(Lo, M) =
Q(5,2) for every line M # B through z contained in @’. This is only possible if
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C(L2, Q") is isomorphic to DH(5,4), see Theorem 7.1. But then also C(L;, L2) =
C(B, L) is isomorphic to Q(5,2). It now follows that every quad of F’ through
x is isomorphic to Q(5,2). By Theorem 7.2 it then follows that every quad of
F’ is isomorphic to Q(5,2). As before, we then know that F’ is classical and
isomorphic to DH (2n—3,4). Obviously, F” is the only convex subpolygon through
2 isomorphic to DH (2n — 3,4).

Repeating the above construction for every point x outside F', we obtain a
partition T» of S in convex subpolygons isomorphic to DH(2n — 3,4). We can
now apply Theorem 4.28 and conclude that S is a glued near polygon of type
DH(2n — 3,4) ® Q(5,2). In Theorem 6.107, we have shown that there exists a
unique glued near polygon of such type. O

8.4 Proof of Theorem 8.3

Let G,, denote the rank n — 1 geometry whose i-objects, i € {1,...,n—1}, are the
partitions of {1,...,n41} in n+1—1 subsets (natural incidence). Then every local
geometry of H,, is isomorphic to G, by Corollary 6.17. Let M,, denote the partial
linear space with points, respectively lines, the subsets of size 2, respectively the

subsets of size 3, of {1,...,n+ 1}, with containment as incidence relation. Let £,
denote the linear space obtained from M,, by adding lines of size 2. Every 1-object
of G, is a partition of {1,...,n+ 1} in n — 1 singletons and one subset of size 2.

If we identify the 1-object with the subset of size 2 corresponding with it, we see
that every local space of H,, is isomorphic to £,,, see also Theorem 6.18.

Lemma 8.14. FEvery proper subspace of Ly, n > 3, corresponds to an object of G, .

Proof. Suppose that A is a proper subspace of L,,, then the following graph A 4
can be defined. The vertices of A4 are the elements of {1,...,n + 1}, and two
different vertices x1 and zo are adjacent if and only if {z1,z2} is a point of A. If
1, T2 and x3 are three different vertices of A 4 satisfying x1 ~ x2 and 1 ~ x3,
then the line {1, 22, x5} of L, is incident with the points {z1, 22} and {x1, 23} of
A. Hence also the third point {z2, 23} of {x1, z2, 23} belongs to A, or equivalently,
ro ~ x3. As a consequence, A 4 is a disjoint union of cliques. Hence the subspace
A determines a partition of {1,...,n + 1}, or equivalently, an object O4 of G,.
The 1-objects incident with O4 are in bijective correspondence with the points of
A. O

Lemma 8.15. The partial linear space M, is connected.

Proof. Take two arbitrary points {x1,22} and {zs,xz4} of M,. If |[{z1,z2} N

{z3,24}| = 1, then the two points are contained in the line {x1,z2} U {x3, 24}
of My, If {zq, 22} N {3, 24} = 0, then {z1, 22}, {x2, 23}, {23, 24} is a path in M,
connecting the points {x1, 22} and {z3, x4} O

We will now prove Theorem 8.3. Let ¢ 4+ 1 denote the constant number of
lines through a point of S. If t = tp 4+ 1, then S = H,,_; x L3 by Theorem 4.1.
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In the sequel, we will suppose that t > tr 4+ 2. Then there exist two lines K and
L not contained in F' meeting each other in a point belonging to F'. By Theorem
1.7, the quad C(K, L) meets F' in a line.

Lemma 8.16. The following properties hold:
_ n(n+l) .
(a) t + 1= —5

(2n+2)!

(b) the total number v of points in S is equal to T (D)1

(¢) G(S,x) = G, for every point x € F.

Proof. Let Q denote an arbitrary quad intersecting F' in a line. Since F = H,,_1,
there exists a W(2)-quad Q" through @ N F. The hex C(Q, Q’) contains the big
W(2)-quad Q" and can therefore not contain a Q(5,2)-quad, see Theorem 7.1. In
particular, @) is not isomorphic to Q(5,2). If @ is a Q(5, 2)-quad disjoint from F',
then 7 (Q) would be a Q(5,2)-quad of F, which is impossible. Hence S has no
quads isomorphic to Q(5,2).

We will now show that from the six slim dense near hexagons without a
Q(5,2)-quad, see Theorem 7.1, only L3 x L3 x L3, L3 x W(2) and Hs can occur as
hex. Suppose the contrary and let H denote a hex of S isomorphic to DQ(6,2),
E; or Eo. We clearly have |H| > 135. If H is disjoint from F', then np(H) is a
subhexagon of F' isomorphic to H and C(wp(H)) is a hex, which is, by Theorem
6.15, isomorphic to either Lg x L3 x Lg, L3 x W(2) or Hs. Hence 135 < |H| =
|7r(H)| < |C(mp(H))| < 105, a contradiction. As a consequence H must meet
F. Since F is big in S, @Q := FFN H is a big quad of H. Since E; and Es have
no big quads, H = DQ(6,2) and Q = W (2). Since F = H,,_;, F has a hex
H = Hj3 through Q. Since H is big in the suboctagon G := C(H, H), |G| =
|H|-(142(tg —tg)) = 210-tg —945. On the other hand, the total number of points
of G at distance at most 1 from H is equal to |H|-(14+2(t¢—tm)) = 270-tc—1485.
Since this number is at most |G|, t¢ < 9. Since tg >ty +tgz —tg = 9, we must
have equality. Let R and R denote W (2)-quads through x contained in H and H,
respectively, such that RN Q = RN Q is a line. Every line of C(R, R) through x is
contained in HUH. Since C(R, R)NH = R and C(R, R)NH = R, the hex C(R, R)
has order (2,4), a contradiction.

Now, let @ denote an arbitrary W (2)-quad intersecting F' in a line K. If
L denotes an arbitrary line through x not contained in @Q U F', then the hex
C(Q, L) necessarily is isomorphic to Hs and intersects F' in a W(2)-quad through
K. Conversely, if R is one of the n — 2 W (2)-quads of F' through K, then the
hex C(K, R) is isomorphic to Hj and contains one line through 2 not contained
in @ U F. Hence, there are exactly (tp +1)+2+ (n —2) = @ lines through
xz, n of which are not contained in F. Since F' is big in §, S has exactly v =
|F|+2-|F|-(t—tr) = Tb(fl"(i% points. If A and B are two lines through x
not contained in F', then C(A, B) intersects F' in a line and hence is isomorphic
to W (2). As a consequence the line A is contained in exactly n — 1 W(2)-quads.



8.4. Proof of Theorem 8.3 195

Let V4 denote the set of all lines of F' through x which are contained in one of
these W (2)-quads. Since L(F,x) 2 L,,_1, every line C of F through x corresponds
with a subset We of size 2 of {1,2,...,n}. If C1,C2 € Vy, then C(C,Cs) is a
W (2)-quad, since C(A, Cy,Cy) = Hs; hence W¢, and We, have a unique point in
common. As a consequence {We |C € Va} consists of the n — 1 pairs through a
fixed element i4 of {1,...,n}. We will now prove that for every i € {1,...,n} there
exists a unique line A through z not contained in F' such that ¢ = i4. Suppose
the contrary, then there are two different lines A and B satisfying i = ip. If
C € Va\{C(A,B) N F}, then the quads C(C, A), C(C, B) and C(C,C(A,B)N F)
are isomorphic to W (2) (notice that C,C(A, B)NF € V4 = V). As a consequence
the hex H :=C(A, B, () has at least three W(2)-quads through C, implying that
tg > 6, a contradiction. With every line D of S through x, there now corresponds
a subset Wp of size 2 of {1,...,n+ 1}: if D C F, then we put Wp := Wp; if
D ¢ F, then we put Wp = {zD, n+1}. If Dy, Dy and D3 are three lines through
x which are contained in a W (2)-quad, then the set Wp, UWp, UWp, has size
3. Hence L(S,x) = L,,. An object of G(S, x) corresponds to a subspace of L(S, )
and hence corresponds to an object of G,, see Lemma 8.14. Since maximal flags
of G(S,z) correspond to flags of G, i-objects of G(S,z) correspond to i-objects
of G,,. Conversely, every i-object O of G,, corresponds to an i-object of G(S, x).
[Since L(S,z) = L,, this holds if ¢ € {1,2}; suppose therefore that ¢ > 3. The
i-object O of G, is generated by an (i — 1)-object O1 and a 1-object Oy of G,,. By
the induction hypothesis, O; and Oz correspond to an i — 1 object O; and a 1-
object O, respectively, of G(S,z). Let O denote the i-object of G(S, x) generated
by O1 and O,. The i-object corresponding to O contains O; and O, and hence
coincides with O.] The bijective correspondence between the objects of G(S,x)
and G, clearly preserves the incidence relation. O

Lemma 8.17. G(S,z) = G,, for every point x in S.

Proof. By the previous lemma, we may suppose that « € F. Since G(S, 7(z)) = G,,
there exists a chain G ¢ G € --- ¢ G™ of convex subpolygons through 7(z)
such that the following properties are satisfied:
(a) G, i€ {l,...,n}, is a convex sub-2i-gon;
(b) GM = z7(x),
(c) G@ is a W(2)-quad,
(d) G(GY, w(x)) = G; for every i € {3,4,...,n},
)

(e) every quad of G through 7(z) either is contained in GG—Y or intersects
GO~ in a line (i € {2,3,...,n}).

By the proof of Lemma 8.16, G is isomorphic to either g x Lz x Lz, W (2) x L3
or Hs. Since G(G®),7m(z)) = Gs, we necessarily have G = Hjs. Suppose now
that G = H; for a certain i € {3,...,n — 2}. By Theorem 2.31 and property
(e), GY) is big in GUTY for every j € {1,...,n — 1}. We may suppose that
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GUHD >~ H,;  or GUHY) = H; x L3 (otherwise prove Theorem 8.3 by induction).
Since G(GUHY 7(x)) = Giyy, GOTY = H, ;. As a consequence, G"~1) is a big
convex sub-2(n — 1)-gon of S isomorphic to H,_;. Since z € G~V our lemma
follows from Lemma 8.16. (]

For every i > 0, let v; denote the total number of points of the near polygon
H;. Now, let W denote the set of all convex sub-2(n—1)-gons F' such that G(F, ) =
Gy —1 for a certain point x € F. With a similar reasoning as in the proof of Lemma
8.17, we have that F = H,,_; for every F' € W. Since G(S,x) = G, for every point
x of 8, x is contained in n+1 elements of W. Hence |W| = % = (2n+1)(n+1).
Consider now the graph I whose vertices are the elements of W, with two vertices
adjacent whenever they are disjoint regarded as subpolygons.

Lemma 8.18. The graph T is reqular with degree k(T') = 4n.

Proof. Let F be an element of W. Every point x outside F' is contained in a unique
line L, meeting F. Since G(S,z) = G,,, L, is contained in n — 1 elements of W.
Hence z is contained in [(n 4+ 1) — (n — 1)] = 2 elements of W disjoint from F. As

a consequence I' is regular with degree k(T") = W = 4n. O

Lemma 8.19. Every mazximal clique has size 3 or 2n+1. Moreover, there are 2n+2
mazimal cliques of size 2n + 1.

Proof. Let Fy and F» be two adjacent elements of ', then F3 := Rp, (F2) € W. Put
My := {F}, F», F3}. Every element of W which meets two elements of M; intersects
each of the three elements of M; in an H,,_5. Since every line is contained in n — 1
elements of W, there are 22=t("=1 — (2n —1)(n — 1) elements of W meeting Fi,

Vp—
F5 and F3. Every point of F3 is ?:ontained in a unique element of W different from
F3 and disjoint from F; and F5. In total, we get Z:—: = 2n — 1 such elements.
If u is contained in two of these elements, then u is collinear with two different
points of F3, a contradiction, since Fj3 is convex. The total number of elements
of W meeting at least one of the subpolygons Fj, F» and F3 is hence equal to
3+ (2n—1)(n—1)+3-(2n—1), which is exactly the total number of elements of
|[W|. So, M; is a maximal clique. Let Ms denote another maximal clique through
F} and F5. By the previous reasoning we know that M, consists of Fi, F» and the
2n — 1 elements of W disjoint from F; and F» and intersecting F3 in an H, _».
Since every two adjacent vertices of I are contained in a unique maximal clique
of size 2n + 1, there are % = 2n + 2 such maximal cliques. O

We are now ready to prove Theorem 8.3. If V' denotes the set of all (2n + 1)-
cliques in T', then |V| = 2n 4 2. Every element of W is contained in % = 2 such
cliques, so each element of W corresponds to a pair {vi,v2} € (‘2/) This corre-
spondence is injective, since there is at most one (2n+ 1)-clique through every two

adjacent vertices of I'. Since |W| = (2n+1)(n+1) = (‘gl), the correspondence is
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even bijective. Now choose a point z of §. The point z is contained in n + 1 ele-
ments of W. If F; € W and F, € W are two such elements, then the corresponding
pairs are disjoint, otherwise there would be a maximal clique containing F; and
F5. Hence, points correspond to partitions of V' in n+1 pairs. This correspondence
is injective since the n + 1 elements of W through a point have only that point in
common. Since there are as many partitions of V in n+ 1 pairs as there are points
in §, namely %,
S. The line L is contained in n — 1 elements of W, and the corresponding pairs are
mutually disjoint. Hence, every line of S corresponds to a partition of V in n —1
sets of size 2 and one set of size 4. This correspondence is injective since the n — 1
elements of W through a line have only that line in common. Since there are as
many lines as such partitions, the correspondence is bijective. Theorem 8.3 now
immediately follows. d

the correspondence is bijective. Now, choose a line L of

8.5 Proof of Theorem 8.4

Suppose that @ is a Q(5, 2)-quad intersecting F' in a line and let )’ denote a W (2)-
quad of F' through @ N F. The hex C(Q, Q') then contains a Q(5,2)-quad @ and
a big W(2)-quad @’, contradicting Theorem 7.1. Hence, no Q(5, 2)-quad meets F'.
Suppose now that R is a W(2)-quad intersecting F in a line L, let = denote an
arbitrary point of L and let L’ denote the unique line of F' through z for which
C(L,L') is a grid. The number of W (2)-quads of F through L equals 2”72 — 2. If
R’ is one of these quads, then by Theorem 7.1, the hex C(R, R’) has a line through
x not contained in R U R’. As a consequence ts — trp > 2" 2, Also by Theorem
7.1, C(R,L') =2 W(2) x L3 and hence C(R,L’) has two grids through L’ which
intersect F' in the line L’. As a consequence, the number of grid-quads intersecting
F in L’ is at least twice the number of W (2)-quads intersecting F' in L. Suppose
now that @1 and Q2 are two grid-quads through L different from C(L,L’). By
Theorem 7.1, the hex C(Q1,Q2) cannot intersect F' in a big W(2)-quad. Hence
C(Q1,Q2) NF = C(L, L") and Q2 C C(Q1,L'). As a consequence, there are at
most two grid-quads intersecting F' in the line L. By symmetry, there are also at
most two grid-quads intersecting F' in the line L’ and hence there is at most one
W (2)-quad intersecting F'in L. Since every line K through x not contained in F' is
contained in a quad together with L, we have 1 +1+2> ts —tp > 2" 2 or n < 4,
contradicting our assumption n > 5. As a consequence, every quad intersecting F
in a line is a grid. The theorem now immediately follows from Theorem 4.1. O

8.6 Proof of Theorem 8.5

We will suppose that the theorem holds for any dense near polygon of diameter
between 4 and n — 1 (= induction hypotheses). Let ¢t + 1 denote the constant
number of lines through a point of S. If ¢t = tp + 1, then § = G, -1 x L3 by
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Theorem 4.1. In the sequel, we will suppose that t > tp + 1.

Lemma 8.20. If a Q(5,2)-quad Q intersects F' in a line, then this line is a special
line of F =2 Gp_1.

Proof. Suppose that L := @Q N F is an ordinary line of F. Then L is contained
in a W(2)-quad R C F. By Theorem 1.7, the W(2)-quad R is big in the hex
H :=(C(Q, R). By Theorem 7.1, none of the near hexagons with a big W (2)-quad
contains a Q(5, 2)-quad. This contradicts the fact that @ C H. Hence L is a special
line of F'. O

Lemma 8.21. No hex H isomorphic to E1, Eo, E3 or DH(5,4) meets F.

Proof. Suppose the contrary. By Theorem 1.7, H N F is a big quad of H. By
Theorem 7.1, we then have: (i) H 2 Ez or H = DH(5,4), and (ii) Q := HNF =
Q(5,2). The Q(5,2)-quad @ contains an ordinary line K of F. By (i), H has a
Q(5,2)-quad through K different from Q. This quad contradicts Lemma 8.20. O

Lemma 8.22. Every point x of F is contained in a Q(5,2)-quad which intersects
F in a line. Hencet > tp + 4.

Proof. Since t > tp 4 1, there exist two lines K and L through x not contained in
F'. Since F is big in S, C(K, L) intersects F' in a line M; hence C(K, L) = W(2)
or C(K,L) = Q(5,2). Suppose that C(K, L) = W(2). There exists a Q(5,2)-quad
Q@ C F through M. The hex H := C(K, R) contains a Q(5,2)-quad and a W (2)-
quad. By Theorem 7.1 and Lemma 8.21, H is isomorphic to G and hence contains
a Q(5,2)-quad through z different from Q. This proves our lemma. O

First Case: t = tp +4

Let P, denote the set of all Q(5,2)-quads meeting F' in a line. By Lemma 8.22
and the fact that ¢t = tp + 4, it follows that every point x € F is contained in a
unique element of . If y is an arbitrary point outside F', then @, := Qr(,) is the
unique element of P> through y. Hence P is a partition of the point set of S in
Q(5,2)-quads. Clearly the set S; :={QNF | Q € P2} is a spread S; of F.

Lemma 8.23. The spread S is an admissible spread of F'.

Proof. Since F = G,,_1, we need to verify conditions (a) and (b) of Lemma 6.41.
Condition (a) is precisely Lemma 8.20. We now prove that also condition (b)
is satisfied. Let K be an arbitrary line of S, let @ denote the unique quad of
P, through K and let R be an arbitrary grid-quad of F' through K. The hex
H :=C(Q, R) has a Q(5,2)-quad and a big grid-quad and hence is isomorphic to
Q(5,2) x Lg by Theorem 7.1. As a consequence H contains three quads of P> and
the two lines of R disjoint from K also belong to Sj. O

Lemma 8.24. Every convex sub-2(n — 1)-gon isomorphic to Gy ® G,_2 meets F.
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Proof. Let F' be a convex sub-2(n — 1)-gon isomorphic to Go ® G,,_2 and disjoint

from F. The near hexagon S has vs = (1+2-(t —tp)) - |F| = % points.
The total number of points at distance at most 1 from F’ equals (1+2(t—tg))-|F”|.
Since this number is precisely vs, also F’ is big in S. By Theorem 1.10, F' = F’.
From S(n=1®—(n-1)=2 _ tp = tpr = w + 4, it then follows that
n = 3, but this contradicts our assumption n > 4. O

Lemma 8.25. Fvery point y of S is contained in a unique big convex subpolygon
F, satisfying:

(i) Fy=F;
(i) Fy=F or FyNF =0.

Proof. Suppose that y is contained in two such subpolygons F; and Fb. Since
Fs .= Fy N Fyis bigin F1, F3 2 G,,_9 by Theorem 6.35. Hence t > tp +tp, —tp,
or tp, —tp, < 4. Since tp, —tp, = 3n — 5, n < 3, a contradiction. So, it suffices
to show that y is contained in at least one big convex subpolygon satisfying (i)
and (ii). This trivially holds if y € F, so we suppose that y ¢ F. By Lemma
8.20, @, intersects F' in a special line K. If L1, ..., L,,_2 denote the other special
lines of F' through n(y), then Fy := C(L1,...,Ly_2) is isomorphic to G,—_2. Put
Fs .= C(L1,...,Lp—2,y7(y)). Since tp, = tp, + 1, F5 = F; x Ls. Hence y is
contained in a convex sub-2(n — 2)-gon F) isomorphic to G, 2. By Theorem 2.32
every convex sub-2(n — 1)-gon through F intersect @, in a line. Hence there
are exactly five convex sub-2(n — 1)-gons through F; One of them is F5. Let Fg
denote one of the four others. The projection of Fg on F' is distance-preserving
and since the projection C(Ly, ..., L,—2) of F} is big in F', also F} is big in Fg. If
n = 4, then F, = Q(5,2) and hence Fs = G3 or Fs = Ga x L3 by Theorem 7.1,
Lemma 8.21 and Lemma 8.24. If n > 5, then ij ~ (5,,_2 and hence Fz =2 G,,_1 or
Fs =2 G,,—2 x L3 by the induction hypothesis and Lemma 8.24. Suppose now that
all the five convex sub-2(n — 1)-gons through F are isomorphic to G-z x Ls.

Then t = tpé + 5 or tp = tgp 4+ 1, a contradiction since tgp — tpr = 3n — 5 and
n > 4. Hence there exists a convex sub-2(n — 1)-gon through F, isomorphic to
Gy —1. Our lemma now follows since y € Fz: O

The convex sub-2(n — 1)-gons F,, y € P, determine a partition P; of S in
subpolygons isomorphic to G,,_;. Every quad of P, intersects each subpolygon of
P; in a line. All conditions of Theorem 4.28 are now satisfied and it follows that S
is a glued near polygon of type G ® G,,. By Theorem 6.107 there exists a unique
glued near polygon of that type.

Second Case: t > tp +4
Put § ==t —tp.

Lemma 8.26. We have § < 3n — 2. If equality holds, then no hex isomorphic to
Go ® Go meets F.
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Proof. By Lemmas 8.20 and 8.22 there exists a Q(5, 2)-quad @ which intersects F
in a special line K. By Theorem 7.1 and Lemma 8.21, every hex H through @ is
isomorphic to either Go X L3, Go @ G2 or G3. In the first case HNF' is a grid. In the
two other cases HNF is a Q(5, 2)-quad. Let A1, respectively A2, denote the number
of hexes through ) which are isomorphic to Go®Gs, respectively Gs. By Theorems
6.33 and 6.34, F' has n — 2 (5, 2)-quads through K and hence A\ + Ay = n — 2.
Counting over all hexes H through @, we find that § = tq+> (tu —tg —tunr) =
443Xy <4+ 3(n—2) =3n— 2. The lemma now immediately follows. O

Lemma 8.27. If a W (2)-quad Q intersects F in a line, then this line is an ordinary
line of F =2 Gyp_1.

Proof. Suppose that @ N F' is a special line and let x € @ N F. If R is one of
the n — 2 Q(5,2)-quads of F through @ N F, then the hex C(Q, R) has W(2)-
quads and Q(5,2)-quads. By Theorem 7.1 and Lemma 8.21, it then follows that
C(Q, R) = G3. Hence the hex C(Q, R) contains exactly five lines through x which
are not contained in QU R. Summing over all possible R, we find that § > 245(n—
2) = 5n — 8. Together with § < 3n — 2, this implies that n < 3, a contradiction.
Hence Q N F is an ordinary line. O

Lemma 8.28. Every point x of F is contained in a W (2)-quad which intersects F
n a line.

Proof. By Lemma 8.22, there exists a Q(5,2)-quad @ through z intersecting F in
a line. Since t > tp + 4, there exists a line K through = not contained in Q U F'.
By Theorem 7.1 and Lemma 8.21, the hex H = C(Q, K), which intersects F' in a
big quad, is isomorphic to G3. The required W (2)-quad can now be chosen in the
hex H. [l

Lemma 8.29. We have § > 3n — 2. If equality holds, then no hex isomorphic to
DQ(6,2) meets F.

Proof. Let @ denote a W (2)-quad intersecting F' in an ordinary line K. By Theo-
rem 6.31, K is contained in a unique Q(5, 2)-quad and 3(n—3) W(2)-quads of F'. If
T is the unique Q(5, 2)-quad, then the hex H := C(Q, T') is isomorphic to Gs. If T' is
one of the 3(n—3) W (2)-quads of F through K, then H = C(Q,T) is isomorphic to
either Hs or DQ(6,2). Hence 6 = to+> (tw—tg—tunr) > 2+5+3(n—3) = 3n—2.
The lemma now immediately follows. (]

From Lemmas 8.26 and 8.29, we obtain:
Corollary 8.30. The following holds:
0 =3n—2t=23+1tp =302 1P| = (25 + 1) - |F| = 2C gpg

2n.n!
_|Pl(#+1) _ 3" H2n)!(3n—1) .
£] = PLt) 7 aniEn),

e no hex isomorphic to Go @ Gy meets F';

e 10 hex isomorphic to DQ(6,2) meets F.
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Lemma 8.31. (a) Fvery special line L of F = G,_1 is contained in a unique
Q(5,2)-quad which is not contained in F.

(b) Letx € F. All the Q(5,2)-quads through x which are not contained in F have
a line A, in common.

Proof. (a) Suppose that the line L is contained in two such Q(5,2)-quads @ and
R. The hex C(Q, R) intersects F in a big quad, which is necessarily isomorphic
to Q(5,2). The line L of C(Q, R) is then contained in at least three Q(5, 2)-
quads and hence C(Q, R) must be isomorphic to DH(5,4), contradicting
Lemma 8.21. Hence L is contained in at most one Q(5,2)-quad which is not
contained in F. We will now prove that L is contained in a unique such
Q(5,2)-quad. Let « € L and let T denote an arbitrary Q(5, 2)-quad through
x which intersects F' in a special line. We may suppose that L # T N F. The
hex C(T, L) has at least two Q(5,2) quads through the line TN F (namely
T and C(T'N F, L)) and hence is isomorphic to Gz by Theorem 7.1, Lemma
8.21 and Corollary 8.30. Let 7" denote the unique Q(5,2)-quad of C(T, L)
through z different from T and C(T'N F,L). Then L C T" since T’ N F is a
special line.

(b) Let Ty, T> and T3 denote three different Q(5,2)-quads through x which are
not contained in F. By the proof of (a), we know that T} and T3 are contained
in a Gs-hex Hs. Hence T7 and T5 intersect in a line M3. In a similar way one
can define hexes H; and Hs, and lines M7 and M. Now, Hy N Hy N Hy =
(H1 ﬂHg) N (Hl ﬂHg) = T3 ﬂTQ = Ml. Slmllarly MQ = M3 = H1 ﬁHQ ﬁHg,.
Hence, all Q(5,2)-quads through x not contained in F' have a common line
A, O

Corollary 8.32. Let x € F. The n — 1 Q(5,2)-quads through A, partition the set
of lines through x which are not contained in F'U A,.

Proof. The n — 1 Q(5,2)-quads through A, determine 1+ 3(n — 1) = 3n — 2
lines through = which are not contained in F. The result now follows since § =
3n —2. d

Lemma 8.33. For each i € {1,2}, let S; be a dense near polygon, let F; be a big
convex subpolygon of S; and let x; be a point of F;. Suppose that there exists an
isomorphism ¢ from Fy to Fo mapping x1 to xo and a bijection 0 from the set of
lines of S1 through z1 to the set of lines of So through xo such that the following
holds for all lines K, L and M through x1:

(a) if K is contained in Fy, then 0(K) = ¢(K);

(b) K, L and M are contained in a quad if and only if 0(K), (L) and (M) are
contained in a quad.

Then G(S1,x) =2 G(Sa, x2).
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Proof. Let A be a convex subpolygon of &; through z;. If A is contained in Fi,
then we define p(A) := ¢(A). If A is not contained in Fy, then we define pu(A4) =
C(O(K),p(A N Fy)) where K is any line of A through z; not contained in Fj.
This is a good definition. If K’ is another line with this property, then K, K’ and
C(K, K')NF} are contained in the same quad. By (a) and (b) also 0(K), (K’) and
¢(C(K, K') N Fy) are in the same quad and since ¢(C(K,K') N Fy) C ¢(AN Fy),
COK),p(ANFy)) =CO(K'),p(ANF1)). If Ais anear 2i-gon, i € {1,...,n—1},
then also u(A) is a near 2i-gon. Clearly, p is an incidence preserving bijection
between the set of objects of G(S1, ) and the set of objects of G(Sa, z2). O

Lemma 8.34. For every x € F, G(S, x) is isomorphic to G(Gy,).

Proof. Let F’ denote a convex sub-2(n — 1)-gon of G,, isomorphic to G,,_1, let
7/ € F’ and let A, denote the unique special line through 2’ not contained in
F’. Since Aut(G,,—1) acts transitively on the set of points of G,,_1, there exists an
isomorphism ¢ from F to F’ mapping x to z’. For every line K of F through z,
we define (K) = ¢(K). We will now extend 6 in such a way that it determines an
isomorphism between £(S, x) and £L(G,,z’). Our result then follows from Lemma
8.33.

Extension of §. We put 0(A,) = A,r. Let K and K’ denote two arbitrary special
lines of F' through x. Let K, A, L1, Lo and L3 denote the five lines of C(K, A,)
through . Similarly, let K', A,, L}, L} and L§ denote the five lines of C(K’, Ay)
through . Let 6(L1) be one of the three lines of C(A(K), A,+) through 2’ different
from 6(K) and A,.. Now, let M be an arbitrary line through = not contained in
FUC(K, A;). The quad C(Ly1, M) is a W(2)-quad and intersects F' in an ordinary
line N. The quad C(A,, M) is a Q(5,2)-quad and intersects F' in a special line
N'. The hex C(A;, Ly, M) is isomorphic to Gz and intersects F' in the Q(5,2)-
quad C(K, N'). Clearly N is contained in C(K, N'). The hex C(A,,0(K),0(N")) is
isomorphic to G and contains the lines §(L;) and §(N). The quad C(6(L1),0(N))
is isomorphic to W (2) and we put 6(M) equal to the unique line of C(6(L1),0(N))
through z’ different from 6(L;) and 0(M). Clearly (M) € C(A,,0(N’)). We
already defined 6(L) for all lines L through z different from Lo and Ls. For each
i € {2,3}, the quad C(L;, L}) is isomorphic to W(2) and intersects F' in a line
P. Again C(0(P),0(L})) is a W(2)-quad and we put 6(L;) equal to the unique
line of C(6(P),0(L})) through 2’ different from 0(P) and 6(L}). Clearly, 6(L;) €
C(Ay,0(K)). One easily sees that 0 is a bijection between the set of lines of S
through z and the set of lines of G,, through z’.

A linear space on a certain set of points is completely determined if all lines
of size at least 3 are known. The linear spaces £(S, z) and £(Gy,z’) each contain
w lines of size 5 and M lines of size 3. So, in order to prove that 6
determines an isomorphism, it suffices to verify that # maps lines of size r € {3,5}
in £(S, ) to lines of size r in L(G,,z’). By construction (see above), this holds
for the lines of size 5. So, let § = {M;, Ma, M3} denote a line of size 3 in L(S, x)
and let @5 denote the W (2)-quad corresponding with it. We will now prove that
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{0(My),0(Mz),0(Ms3)} is a line of size 3 in L(Gy,, 2"). This trivially holds if Qs C
F. Suppose therefore that M7, My are outside F' and that Mj is inside F'. We may
also suppose that M7 # L, # Ms. One of the following cases certainly occurs.

(I) The case My, My € {Ls, L3, L, L5, L5}.

Let LY, LY and LY denote the three lines of C(K, K’) through z different from
K and K'. The set {Li, Lo, L3, L}, L}, L5, LY, LY, LY} together with the subsets
{L1, Lo, La}, { LY, Ly, Ly}, { LY, Ly, L5}, {Li, L, C(Li, L) NF}, 4, 5 € {1,2,3}, de-
fine an affine plane A of order 3. In a similar way, an affine plane A’ can be defined
on the set {0(L1),...,0(L5)}. Theset {0(L1),...,0(LY)} also carries the structure
of an affine plane A’ if one considers all subsets of the form {8(Py),0(Pz),0(Ps)}
where { P}, P5, P3} is a line of A. Now, A" and A’ have the following eight lines in
common:

{0(L1),0(L2),0(Ls)}, {0(L}), 0(L3), 0(L3)}, {0(LY), 0(L7), 0(L5)},
{0(L1),0(L1),C(0(L1),0(LY)) N F'}{0(L1),0(L5),C(0(La), 0(L5)) N F'},
{0(L1),0(L5),C(0(L1),0(L5)) N F'},{0(L2), 0(L1),C(0(L2), 0(Ly)) N F'},

{0(Ls),0(L}),C(0(Ls),0(Ly)) N F'}.
So, A’ = A%, This is precisely what we needed to prove.

(II) The case {Ml, Mg} N {Ll, LQ,L3} = 0.

The quad C(Az, M;), i € {1,2}, intersects F in a special line P;. Clearly, P, # Ps.
The W (2)-quad C(Ly, M;), i € {1,2}, intersects F' in an ordinary line N; which is
contained in the Q(5, 2)-quad C(P;, K). Since N; is ordinary, C(FP;, K) is the unique
Q(5,2) quad through N;. Since C(P1, K) # C(Ps, K), C(N1, N2) is not a Q(5, 2)-
quad. The hex H = C(L1, My, M>) intersects F' in the quad C(N1, N2). The line M3
belongs to C(N1, N3) and is different from N7 and N,. Hence C(Ny, No) = W(2).
Since also C(0(Ny),0(Nz)) = W(2), the lines §(N1), O(N2) and §(Ms) are precisely
the three lines of C(6(N1), 0(N2)) through «’. Since C(0(L1),0(M;1))NF’ = 6(Ny),
C(0(L1),0(M2)) N F" = 0(N2) and C(0(L1),0(M1),0(M2)) N F = C(0(N1),0(N2)),
we necessarily have that C(0(My),6(Msz)) N F’' = 6(Ms). This is precisely what we
needed to prove.

(IIT) The case { My, Mo} N{LY, L, Ly} = 0.

By (I) and (II),  maps the lines { L}, M1,C(L}, M1) N F} and {L}, Ma, C(L}, M2)N
F} of L(S,x) to lines of L(G,,2"). With a similar reasoning as in (II), we then
derive that also {M7, Ma,C(My, M3) N F'} is mapped to a line of £L(G,,2"). O

Lemma 8.35. Fvery pointy of S is contained in a big convex subpolygon isomorphic
to G,—1. Hence G(S,y) 2 G(G,,).

Proof. We may suppose that y ¢ F', then y is collinear with a unique point 7 (y)
of F. Call a line L through w(y) special if it is not contained in a W(2)-quad
and ordinary otherwise. Since G(S,7(y)) = G(G,,), there are precisely n special
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lines Ly, ..., L, through 7(y). We may suppose that y7(y) C C(L1, L2). For every
i€{2,...,n},weput F; :=C(Lq,...,L;). Since G(S,7(y)) = G(G,,), we have the
following for every i € {2,...,n—1}:

(i) F; is a dense convex subpolygon of order (2, 312’723“2),
ii) every quad of Fjy; through 7(y) either is contained in F; or intersects F; in
+ g

a line.

By (i) and Theorem 7.1, F5 2 Q(5,2) and F5 = G3. Suppose now that F; & G;
for a certain i € {3,...,n — 2}. By (ii) and Theorem 2.31, F; is big in F;+1. By
the induction hypothesis, F; 1 is isomorphic to either G;y1, G; ® Go or G; x Lg.
By (i), we have F;11 & Gi41. Now, y € F,,_1 and F,,_1 = G,_; is big in S. By
Lemma 8.34 applied to F,_; instead of F, G(S,y) = G(Gy,,). O

Call a line L of S special if it is not contained in a W(2)-quad, and ordinary
otherwise. Since G(S,y) = G(G,,) for every point y of S, every point of S is incident
with n special lines and %n(n — 1) ordinary lines. Let Vi, k € {1,...,n}, denote
the set of all convex sub-2k-gons generated by k special lines through a fixed point.
IfFeVke{l,...,n— 1}, then a similar reasoning as in the proof of Lemma
8.35 gives that F' = Gy. From Theorem 7.34, it now follows that S = G,,. O

8.7 Proof of Theorem 8.6

Let @ denote an arbitrary quad intersecting H in a line L. Since H = E3, H has a
W(2)-quad Q1 and a Q(5,2)-quad Q2 through L. If @ is a Q(5, 2)-quad, then the
hex C(Q, Q1) contains a Q(5,2)-quad @ and a big W(2)-quad Q1, contradicting
Theorem 7.1. If @ is a W(2)-quad, then by Theorem 7.1, the hex C(Q,Q2) is
isomorphic to either Gz or Es. In any case, C(Q,Q2) contains a Q(5,2)-quad
which intersects H in a line, a contradiction. Hence @ is a grid. The theorem now
follows from Theorem 4.1. O

8.8 Proof of Theorem 8.7

Let x denote an arbitrary point of F. Since FF = S X 8o, there exist convex
subpolygons F; and F, through = such that

L] F1 gSl and FQ gSQ;
e FiNF={z}
e every line through x either is contained in Fj or in F5.

Ifts =tp+1,then S® F x L 2 & x (82 x L) by Theorem 4.1. Hence, we may
suppose that there exist two lines K and L through x which are not contained in
F'. Since F is bigin S, C(K, L) intersects F' in a line L’. By reasons of symmetry,
we may suppose that L’ C Fy. Put now F3 := C(F}, K). Then F} = F3NF is big in
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F5, diam(S) = diam(F3) + diam(F5) and F5 N Fy = {z}. We will show that every
line M through « not contained in F' is contained in F3. The theorem then follows
from Theorem 4.4. Since C(K, L) C F3, we may suppose that M is not contained
in C(K, L). The quad C(K, M) then intersects F' in a line M’ # L. If M’ belongs
to Fy, then the grid-quad C(L’, M") is big in the hex C(K, L, M). From Theorem
7.1 it then follows that C(K, L, M) is isomorphic to either Lg x Lg x L3, W (2) x L3
or Q(5,2) x L. This contradicts however the fact that none of the quads C(K, L)
and C(K, M) is a grid. Hence M/ C Fy and M C C(K,M') C F5. O

8.9 Proof of Theorem 8.8

Lemma 8.36. The class D does not contain product near polygons.

Proof. By Theorem 4.60, it suffices to show that no element of the set { DH (2n —
1,4) |n > 2}U{G,, |n > 3} is a product near polygon. This holds since all modified
local spaces of these near polygons are connected (see Theorem 6.31 for the near
polygon G,,). O

Definition. If A is an element of D, then we define Q(A) as the set of all pairs
{T1,T>} € A1(A) with the property that every element of 77 UT» belongs to D.

The near polygon S is a slim dense near 2n-gon, n > 4, containing a big
convex subpolygon F belonging to D. There are four possibilities. If F = DH (2n—
3,4) for some n > 3, then by Theorem 8.2, § is isomorphic to either DH (2n—1,4),
DH(2n—3,4) xLgor DH(2n—3,4) @ Q(5,2). If F = G,,_; for some n > 3, then
by Theorem 8.5, § is isomorphic to either G,, G,—1 X L or G,,—1 ® Q(5,2). In
view of what we need to prove, we may suppose that

e Fis glued, so Q:= Q(F) # 0
° S%FXLg;

e 10 proper convex subpolygon of S violates Theorem 8.8. (If this were not so,
then the reasoning described here would still be applicable to each minimal
violating convex subpolygon in S, yielding an obvious contradiction.)

Let V denote the set of all W (2)-quads and Q(5, 2)-quads which intersect F' in a
line.

Lemma 8.37. The set V is not empty.

Proof. Take an arbitrary point = in F'. Since § is not isomorphic to F' x Lg, there
exist two lines K and L through z which are not contained in F. By Theorem
1.7, the quad @ := C(K, L) intersects F in a line. Hence tg +1 > 3 and Q is
isomorphic to either W(2) or Q(5,2). O

Definition. If T is a partition of F' in isomorphic convex subpolygons, then d(T")
denotes the diameter of an arbitrary element of T'. If T} and T5 are two partitions
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of F in convex subpolygons, then we say that (T, Ts) € Q' if {T1,T>} € Q and if
exactly one of the following holds:

(a)
(b)

QNFeLyNLy forevery Q € V;
there exists a quad @ € V such that QN F € L3\ L.

Here £;, i € {1,2}, denotes the set of lines of F' which are contained in a subpoly-
gon of T;. If {T1, T} € €, then Q' contains at least one of the elements (77, 7%)
and (Ts,T1). Since Q # 0, also Q' # 0.

Lemma 8.38. Suppose that (Ty,Tz) € V.

(i)
(i)

(iii)

(iv)

If (Th, T>) is of type (a), then for every element A of Ts, there exists a quad
QAacV suchthat QANF CAand QuNEF € LiNLs.

If (Th, ) is of type (b), then for every element A of Ts, there exists a quad
Qa €V such that QANF CAand QaNF € Lo\ L.

For every element A of Ty, there exists a unique convex sub-2(d(Ts) + 1)-gon
A through A such that ANF = A. If A€ Ty and B € Ty, then AN B is a

line, and every line which intersects ANBina point either is contained in

A or B.
The set T := {A\A € Ty} is a partition of S in convex subpolygons.

Proof. (i) Let A denote an arbitrary element of T» and z an arbitrary point of

(i)

(iii)

A. Since § # F' x L3, there exist two lines K and L through = not contained
in F. Using Theorem 1.7, we see that the quad C(K, L) satisfies all required
properties.

We will prove that if this property holds for a certain A € Ty (with corre-
sponding quad @ _4), then it also holds for any B € T» at distance 1 from A.
Property (ii) then follows from the connectedness of F. Put L4 := Q4N F,
let a denote an arbitrary point of L4 and let b denote the unique point of B
collinear with a. Since L4 € L5\ L1, the quad C(L 4,b) is a grid and hence
contains a unique line L through b disjoint with L 4. Clearly, the line Lg be-
longs to L2\ £1 and is contained in B. We will now construct an element Qg
of V through Lg. By Theorem 1.7, the grid-quad C(L 4,b) is big in the hex
C(Qa,b). By Theorem 7.1, it then follows that C(Q.4,b) = Q4 x Ls. Hence
the hex C(Q4,b) contains a unique quad Qp = Q4 through Lp. Clearly
QRpeV.

Let A denote an arbitrary element of 75. Then there exists a quad Q € V
intersecting A in a line K with K € £y N Ly if (T1,T%) is of type (a) or
K € L3\ Ly if (T1,Ts) is of type (b). Let x denote an arbitrary point of
K. Clearly, C(A, Q) intersects F' in A. In order to prove that C(A, Q) is the
subpolygon which satisfies all required properties, it suffices to show that
C(A,L) = C(A,Q) for any line L through x not contained in F. If (T1,T5)
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is of type (a), consider then in @ a line L’ through « different from K and
L. The quad C(L, L) intersects F in the line K. Hence L C C(L',K) = Q
and C(A, L) = C(A, Q). Suppose now that (71,7%) is of type (b) and that L
is not contained in . By Theorem 1.7 the hex H := C(Q, L) intersects F
in a big quad Q' through K. In H there are at least three quads through K
(namely @, @’ and C(K, L)) and not all these quads are grids. So, H cannot
be isomorphic to Ls x L3 x L3, W(2) x Lg or Q(5,2) x L3. By Theorem
7.1, it then follows that H contains no big grid-quad. So, @’ is isomorphic
to either W(2) or Q(5,2). Since K € L2\ £1, @ must be contained in A.
Hence, C(A,L) =C(A, H) =C(A, Q).

(iv) It suffices to prove that every point x outside F' is contained in a unique
element of Tb. If 2’ denotes the unique point of F' nearest to x and A the
unique element of T through a/, then = € C(A,z'x) = A. If there were two
different elements A; and A, in T» such that z € A; N Az, then z would be
collinear with two different elements of F' (notice that A;, ¢ € {1,2}, is big
in A; by Theorem 1.7), contradicting the fact that F' is convex. O

Let (T1,T5) be an element of ' with d(T3) as small as possible. Let G denote
an arbitrary near 2 d(T1)-gon of Ty. If Q(G) # (), then by Theorem 4.61 and Lemma
8.36, there exists an element {T1, T} € Q(F) with d(T}) < d(T1) such that T
is a refinement of T,. This latter property implies that (71,T») € . But this
contradicts our assumption on the minimality of d(73). So, Q(G) = 0 and G is
isomorphic to an element of the set {DH(2m — 1,4)|m > 2} U {G,,|m > 3}. We
have shown earlier that there exists a unique partition Ty of S in convex sub-
2(d(T) 4 1)-gons, such that ANF € Ty for every A € Ty. We will now extend the
partition 73 of F' to a partition Ty of S.

Lemma 8.39. The partition Ty of F' can be extended to a partition Ty of S such
that every element of Ty intersects every element of Ty in a line.

Proof. For every point z of F, we define F} (z) as the unique element of T} through
. Suppose that z is a point outside F. Let Fy (z) denote the unique element of Ty
through x and let x’ denote the unique point of F' collinear with z. By Theorem
1.7, C(Fy(2), z) contains F(2’) as a big convex subpolygon. We distinguish the
following cases.

o If d(T}) = 2, then Fy(z') = Q(5,2) and C(Fy(z'), x) is isomorphic to either
Q(5,2) x L3, Q(5,2) ® Q(5,2), Gz, E3 or DH(5,4) by Theorem 7.1. By
property (iii) of Lemma 8.38, every line ofC(Fl( '), z) through 2’ is contained
in one of the quads Fy(z') or C(Fy(2),z) N Fy(z). So, C(Fi(x'), z) must be
isomorphic to either Q(5,2) x Ls or Q(5,2) ® Q(5,2).

o If d(Ty) > 3, then C(Fy ('), z) is isomorphic to either G x Ls or G ® Q(5,2)
by Theorems 8.2 and 8.5.

In any case, there exists a unique convex subpolygon Py (z) in C(Fl (2'), z) satis-
fying: (i) € Fi(x), (ii) Fi(z) is isomorphic to G and (iii) Fj(x) is disjoint with
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Py (z). Clearly, the set Ty of all subpolygons 13'1(:1:), x € §, is a partition of S in
subpolygons isomorphic to G. It is also clear that every element of T3 intersects
every element of T5 in a line. O

Lemma 8.40. If A € Ty UTh, then either A belongs to D or A=~ Es.

Proof. Every element of T} is isomorphic to G and hence belongs to D. Suppose
therefore that A € T. We know that A := AN F is big in A, that ti>ta+2
and that A belongs to D. If d(T) > 3, then A belongs to D since we assumed
that no proper convex subpolygon violates Theorem 8.8. If d(T5) = 2, then A =
Q(5,2) and by Theorem 7.1 and the fact that ¢ ; > ta + 2, A is isomorphic to
Q(5,2) ® Q(5,2), Gz, E3 or DH(5,4). Again the lemma holds. O

Lemma 8.41. S is not a product near polygon.

Proof. All modified local spaces of E3 are connected. By the proof of Lemma
8.36, also all modified local spaces of an arbitrary element of D are connected.
By Lemmas 8.39 and 8.40, it then follows that every modified local space of S is
connected. So, S is not a product near polygon. O

The following lemma finishes the proof of Theorem 8.8.
Lemma 8.42. (i) IfG; € Ty and Gy € Tg, then S is of type G ® Go.

(ii) The near polygons Gi and Go belong to D. As a consequence also S belongs
to D.

Proof. (i) This follows from Theorem 4.28 and Lemmas 8.39 and 8.41.

(ii) By Theorem 4.46, each element of Ty U Ty must have a spread of symmetry.
By Theorem 6.99, E3 has no spread of symmetry. So, each element of T3 UT5
must belong to D by Lemma 8.40. The lemma now readily follows. (|

8.10 Proof of Theorem 8.9

We will first prove that every element of A% has a nice chain of convex subpoly-
gons.

Lemma 8.43. If S is an element of D\ Da, then every line of S is contained in a
big convex subpolygon which is isomorphic to an element of D.

Proof. We will use induction on the diameter of S. Obviously, the lemma holds
if S DH(2n—1,4) or § & G, for some n > 3. So, suppose that S is of the
form A; ® Az with A; and As two elements of D. There exist partitions 77 and
T of S in convex subpolygons isomorphic to Ay, respectively As, such that every
element of T intersects every element of T5 in a line. Now, let L be an arbitrary
line of S, then L is contained in an element of T U T5. By reasons of symmetry,
we may suppose that L is contained in the element F; of T;. If A5 is a generalized
quadrangle, then Fj is big in & and we are done. Suppose therefore that Ay is
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not a generalized quadrangle. Let F5 denote an arbitrary element of 75. By the
induction hypothesis we know that the line Fy N F of F5 is contained in a big
convex subpolygon F” of F» which is isomorphic to an element of D. By Theorem
4.36, C(F', Fy) is a glued near polygon of type Fy ® F'. Since Fy, F’' € D, also
C(F1,F') € D. Clearly C(Fy, F’) is big in S and contains the line L. O

Lemma 8.44. Fvery near polygon S of N*\{Q} has a big convex subpolygon which
is isomorphic to an element of N'*.

Proof. Clearly the lemma holds if S is isomorphic to an element of {L3,Es} U
{DQ(2n,2)|n > 2} U{H,|n > 3} U {I,|n > 4}. Now by Lemma 8.43 the result
holds for every S € N. Now, if §; and S» are two dense near polygons and if Fj
is a big convex subpolygon of Si, then the set of all pairs (z,y) with  a point of
Fy and y a point of Ss determines a big convex subpolygon of S; X Sy isomorphic
to F1 x S». Hence the lemma also holds for every S € N'™*. O

Corollary 8.45. If S € N'%, then S has a nice chain of convex subpolygons.
We still need to prove Theorem 8.9 in the other direction.

Theorem 8.46. FEvery slim dense near 2n-gon, n > 1, containing a nice chain
FhyC Fy C--- CF,_1 CF, of convex subpolygons is isomorphic to an element of

N*

Proof. By Theorem 7.1, the theorem holds if n < 3. Hence the theorem will hold
if we can prove that every slim dense near 2n-gon, n > 4, containing a big convex
sub-2(n — 1)-gon F' which is isomorphic to an element of A%, is itself isomorphic
to an element of N'*X. By Theorem 8.7, this is true for every F' € A/* as soon as
it is true for every F' € N. By Theorems 8.1, 8.3, 8.4 and 8.6, it follows that we
only need to consider the case F' € D. This case is settled by Theorem 8.8. (|

Theorem 8.9 follows from Corollary 8.45 and Theorem 8.46.
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Slim dense near octagons

In this chapter we will classify all slim dense near octagons. It will turn out that
there are precisely 24 such near octagons. Recall that by Theorem 2.35, every slim
dense near octagon is finite. This chapter is based on the papers [63] and [64].

9.1 Some properties of slim dense near octagons

Lemma 9.1. For every slim dense near octagon S with vs points, there exist con-
stants as, bs and cs such that every point of S is contained in as grid-quads, bs
W (2)-quads and c¢s Q(5,2)-quads. Furthermore, (i) ts(ts+1) = 2as+ 6bs + 20cs
and (i) |To(z)| = 1, [T1(z)| = 2(ts + 1), [T2(z)| = 4as + 8bs + 16¢s, |T's(x)| =
U?‘S —1—6ts + 4as + 8bs + 16¢s, |F4(CL')| = 2(1’?‘5 — 1+ 2ts — 4as — 8bs — 1603)
for every point x of S.

Proof. The first part of the lemma is precisely Theorem 7.2.

Let « be an arbitrary point of S. Then |T'o(z)| =1, |I'1(x)| = 2(ts + 1) and
D2 (2)| = das + 8bs + 16¢s. Since 31, [Ti(x)| = vs and S5 (—2)/Ti(z)] = 0
(see Theorem 1.2), we are able to calculate |T's(x)| and |T4(z)| in terms of vs, ts,
as, bs and cs. We find the equations mentioned above. O

Lemma 9.2. Let (z, H) be a point-hex pair of a dense near octagon S and consider
the function fr, : H — N, y — d(z,y) — d(x, H). If d(x,H) < 1, then f, is a
classical valuation of H. If d(x, H) = 3, then f, is an ovoidal valuation of H. If
d(x, H) = 2, then f, is a valuation of H which is not classical nor ovoidal.

Proof. By Theorem 5.5, f, is a valuation of H.

If d(z, H) < 1, then there exists a unique point 2’ in H nearest to z and
d(z,y) = d(z,2") + d(2',y) for every point y of H. Hence, f,(y) = d(«’,y) for
every point y of H. This proves that f, is classical.
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If d(z, H) = 3, then f,(y) € {0,1} for every point y of H. Moreover, every
line of H contains a unique point with value 0. This proves that Oy, is an ovoid
and that f, is ovoidal.

Suppose d(z, H) = 2. If f, is classical, then there exists a point y € H
with f,(y) = 3. We would then have that d(z,y) = 5, a contradiction. Suppose
that f, is ovoidal. Then all points of H are at distance 2 or 3 from z and the
points at distance 2 from z form an ovoid O of H. Let y be a point of H not
contained in O. Every line of H through y contains a point at distance 2 from x.
So, (T1(y) N H) C C(x,y). This implies H C C(x,y). This is impossible, since H
and C(z,y) are two different hexes. O

Lemma 9.3 (See Chapter 6). The nonclassical valuations of the 11 slim dense
near hexagons are listed in the following table. For each extended valuation f,
we mention the type of the quad containing Of. In the last column we list the
possibilities for G¢, where f is the considered valuation.

| near hexagon | ovoid. | semi-cl. | extended | other |
L3 X L3 X Lg YES YES Lg X Lg —
W(2) x Ls - YES | L3 xLs, W(2) -
Q(57 2) X L3 — — Lg X Lg —
Hs - - W(2) Ls, PG(2,2)
DQ(6,2) ~ - W(2) -
Q5,2)®Q(5,2) | - - - AG(2,3)
Gs - - - W(2)
E, YES - - -
E, YES - - -
Es - - - PG(2,4)
DH(5,4) - - - -

9.2 Existence of big hexes

We label the 11 slim dense near hexagons in the following way: N7 = L3 x L3 x L3,
No = W(2) x L3, N3 = Q(5,2) x L3, Ny = Q(5,2) ® Q(5,2), N5 = Hs, N =
DQ(G, 2), N7 = Eg, Ng = Gg, Ng = El, NlO = EQ and Nn = DH(5,4).

Theorem 9.4. Let S = (P, L,1) be a dense near octagon of order (2,t) and let i be
the biggest integer such that S contains a hex isomorphic to N;. Then every hex
of S isomorphic to N; is big in S. As a corollary, every slim dense near octagon
contains a big hex.

Suppose the contrary. Let H = (P, £',T') be a hex isomorphic to N; which
is not big in § and let z denote a point of S at distance 2 from H. Put f, : P/ —
N,y — d(z,y) —d(z, H), then f = f, is a valuation of H. A quad @ of H is called
special if it is special with respect to the valuation f of H,i.e. if QN Oy is an ovoid
of Q). Remark that f is not classical nor ovoidal by Lemma 9.2.
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Lemma 9.5. If Q is a special quad, then C(x,Q) is a hex.

Proof. Let y be an arbitrary point of @\ Oy. Then d(z,y) = 3; so, C(x,y) is a hex.
Every line of @ through y contains a point of Oy at distance 2 from x and hence
is contained in C(x,y). Hence, @ C C(z,y) and C(z, Q) = C(x,y). This proves the
lemma. (|

We will derive a contradiction for each of the possible values of i.
Lemma 9.6. The case i € {9,10,11} cannot occur.

Proof. By Lemma 9.3 and the fact that f is not classical nor ovoidal, it follows
that ¢ ¢ {9,10,11}. O

Lemma 9.7. The case i = 8 cannot occur.

Proof. Since f is not classical, Gy = W (2) by Lemma 9.3.
Property. 3|t + 1.

Proof. Since G = W (2), there exists a special W(2)-quad T'. The hex C(x,T)
contains a W (2)-quad which is not big. So, C(z,T) is isomorphic to either Gs or
Es by Theorem 7.1. Hence, there exists a W(2)-quad @ through z intersecting
T in a point z of Of. The hexes through () determine a partition of the lines
through = which are not contained in ). By Theorem 2.32, every hex through @
intersects H in at least a line. (Notice that there exists a Q(5,2)-quad through
z contained in H.) Now, there are five special quads Ry,..., Rs through z and
these five quads partition the set of lines of H through z. It follows that the quads
C(z,R;), i € {1,...,5}, are all the quads through Q. If R; is a grid, then C(z, R;)
is isomorphic to Gs. If R; & W (2), then C(x, R;) is isomorphic to either G3 or Es.
It follows that
t+1=3+a(tg, +1—3)+ Bte, +1—3),

for certain «, 8 € {0,...,5} with a+ 3 = 5. Hence, 3 |t + 1. O

The previous property leads together with the following property to a con-
tradiction.

Property. 3|t.

Proof. By the proof of the first property, we know that there exists a hex H'
through z isomorphic to G3 intersecting H in a grid-quad T”. By the proof of
Theorem 6.45, there exists a unique valuation f’ in H' such that {z} U (T'2(z) N
T'") C Oy. Since Gy = W (2), there exists a grid-quad @’ through = intersecting
T’ in a point z’. Let R}, R}, ..., RS denote the five special quads of H through z’.
As before we know that the quads C(x, R}), ¢ € {1,...,5}, partition the set of lines
through x not contained in @’. If R} is a grid, then by Theorem 7.1, C(x, R}) is
isomorphic to either Gs, Hj or Q(5,2)®Q(5,2). If R, = W(2), then C(z, R;) = Gs.
Hence,

41 = 24alte, +1—-2)+B(tn, +1-2) +71(tgs 28062 +1—2) = 2+ 10a+45+T77,
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with «, 8,7 € {0,...,5} such that a + 5 + v = 5. The property now immediately
follows. 0

Lemma 9.8. The case ¢ = 7 cannot occur.
Proof. By Lemma 9.3, Gy = PG(2,4) and by Lemmas 9.2 and 9.3, T's(H) = 0.

Property. Fvery line through x is contained in a unique quad intersecting H in a
point.

Proof. Suppose the contrary and let L be a line through z such that also the
remaining points y and z of L have distance 2 from H. Consider a point 2’ of Oy, .
Every Q(5, 2)-quad @ of H through 2’ is classical in S and we define Ly := 7o (L).
Suppose Lo # Lg for two different Q(5,2)-quads @ and @’ of H through z’. Put
Q" :=C(Lg,L¢g). Since [T'2(y) N Q"] > 2 and |T'2(2) N Q"| > 2, (i) Q" = W(2)
and (ii) (y,Q"”) and (z,Q") are ovoidal point-quad pairs. Since any two ovoids of
W (2) intersect in a point, there exists a point v in Q" at distance 2 from y and
z. From d(y,u) = d(z,u) = 2, it follows that d(z,u) = 1, a contradiction. So, the
line Lg must be contained in the intersection of all Q(5,2)-quads of H through
2, a contradiction. O

Property. Every quad Q through x intersecting H is isomorphic to W(2).

Proof. Put @ N H = {2’} and let Q' denote a special quad through 2’. The hex
C(z,Q’) contains a W (2)-quad which is not big and hence is isomorphic to Es by
Theorem 7.1. It then follows that @ is isomorphic to W (2). O

Corollary. t +1 = 63.

Proof. There are 21 quads through x intersecting H in a point. These quads are
isomorphic to W(2) and partition the set of lines through x. O

Property. There are no grid-quads. As a consequence, only hexes isomorphic to
DQ(6,2) or Eg can occur.

Proof. Suppose the contrary. By Lemma 9.1, there exists a grid-quad G through
x. Let Q1 and Q2 denote the two W (2)-quads through  which intersect H in a
point and G in a line. Then G C C(Q1, Q2). By the proof of the previous property,
we know that C(Q1,Q2) = Es, a contradiction, since E3 does not contain grid-
quads. O

We are now ready to derive a contradiction. Consider a Q(5,2)-quad @ in S and
a point 2’ € Q. The « hexes through @ determine a partition of the lines through
2’ not contained in @. From the previous property, all these hexes are isomorphic
to Es. It follows that t + 1 =5 + «(15 — 5), contradicting ¢t + 1 = 63. O

Lemma 9.9. The case i = 6 cannot occur.
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Proof. By Lemma 9.3, Oy is an ovoid in a W (2)-quad @ of H. But then C(z, Q) is
a hex containing a W (2)-quad which is not big, contradicting ¢ = 6 and Theorem
7.1. d

Lemma 9.10. The case i = 5 cannot occur.

Proof. Property. There are no Q(5,2)-quads. As a consequence, every hex is iso-
morphic to either Ly x Lg x L, W(2) x Ls or Hs.

Proof. Suppose the contrary, then by Lemma 9.1, there exists a Q(5,2)-quad @
through a point of H. By Theorem 2.32, @) intersects H in a line L. Every hex
through @ and a W (2)-quad of H through L is isomorphic to Gs or E3 by Theorem
7.1, contradicting the fact that i = 5. O

Property. Every special quad is a grid. As a consequence, G¢ is isomorphic to
either Lg or PG(2,2).

Proof. If Q is a special W (2)-quad, then C(z, @) is a hex containing a W (2)-quad
which is not big, contradicting Theorem 7.1 and ¢ = 5. U

Property. Every quad Q) intersecting H in a point is a grid.

Proof. Without loss of generality, we may suppose that z € Q. If Q’ is a special
quad through the point @ N H, then @ is not big in the hex C(z,Q’). It follows
that C(z, Q") 2 Hs and @ = L3 x Ls. O

Consider a line L of S intersecting H in a point y and let z € L\ {y}. Let
G1, G2 and G be the grid-quads of H through y and let H; := C(L, G;).

Property. Every line L' through z is contained in at least one of the hexes Hy, Hs,
Hs.

Proof. We may suppose that L’ # L. If L’ contains a point 2’ at distance 2 from
H, then Gy, is isomorphic to either L3 or PG(2,2). Hence, at least one of the
grid-quads G1, G2 and Gj is special with respect to the valuation f./. So, L’ is
contained in at least one of the hexes H;, i = 1,2,3. If L’ is contained in 'y (H),
then L’ is contained in exactly one of the hexes H;, i = 1,2, 3. O

Property. Hy N H; = {L} for all i,j € {1,2,3} with i # j. As a consequence,
Gy =Ls.

Proof. Suppose the contrary. Let @ be a quad through L intersecting H in y and
suppose that @ is contained in H; and Hy, for certain j,k € {1,2,3} with j # k.
Then Q is a grid-quad. Let ¢’ be a point of @ at distance 2 from y. Since the
grid-quads G; and G, contain three points of Ofy,, Gy, = PG(2,2) and it follows
that also the third grid-quad G; (I € {1,2,3}\ {j,ki) contains three points of
Oy,,. So, H; = Hj for every i € {1,2,3}. Hence t +1 = 2+ 3(tm, — 1) = 14 by
the previous property. Now, C(y’,v) is a grid-quad for every v € Oy,, and any
two of these grid-quads are contained in a unique hex isomorphic to Hs. As a
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corollary, (as,bs,cs) = (7,28,0). Suppose that ¢ is contained in « hexes of type
L3 x Lg x L, 3 hexes of type W(2) x L3 and 7 hexes of type Hs. Counting pairs
(G, L) where G is a grid-quad through y’ and L a line through y’ not contained
in G yields that 7(t+ 1 —2) = 3a + 68+ 12y or

o+ 23+ 4y = 28.

Counting pairs (W, L) where W is a W (2)-quad through 3’ and L a line through
y’ not contained in W yields that 28(t + 1 — 3) = 3+ 12y or

B+ 12+ = 308.

Both equalities cannot hold simultaneously. U

We are now ready to derive a contradiction. Since every hex is isomorphic to
L3 x L3 x Lg, W(2) x L3 or Hs and since every line through z is contained in at
least one of the hexes Hy, Ho, H3, 7 <t+1 < 14 or t + 1 = 16. Consider again
a point 3’ at distance 2 from H such that y € Ofy,. By the previous property,
G fo = Ls. Let @ denote the unique grid-quad of H containing all points of O o
and let Q" be a W(2)-quad of H disjoint from (. The point y’ is ovoidal with
respect to Q. Let U and V be two hexes through 3 intersecting Q' in, say, v and
v. Suppose that M is a line through 3’ contained in U and V. Clearly, M contains a
point m at distance 2 from u. But then m is classical with respect to @', implying
that d(m,v) = 4, a contradiction. So, the five hexes through 3’ intersecting Q’
determine at least 15 lines through y’. As a consequence, t +1 = 16 and H; = Hj
for every i € {1,2,3}. It follows that every quad through L intersecting H in a
line is a W (2)-quad. If Q" is a W(2)-quad of H through y, then C(L, Q") contains
at least three W(2)-quads through the line L, contradicting Theorem 7.1. t

Lemma 9.11. The case i = 4 cannot occur.

Proof. Since f is not classical, Gy = AG(2, 3) by Lemma 9.3. Let y be an arbitrary
point of Oy, let @ be the quad through x and y and let G, G2, G3 and G4 denote
the four special grid-quads of H through y. Each of the hexes C(z,G;), 1 <
j <4, contains a grid-quad which is not big. By Theorem 7.1, all these hexes are
isomorphic to Q(5,2)®Q(5,2). Let M be a line of Q through y and let M7, M, M3,
respectively My, be the lines of G1, G4, G3, respectively G4, which are contained
in a Q(5,2)-quad together with M. Since at least two of these lines are contained
in the same Q(5,2)-quad of H, the hex through M and these lines has three
Q(5,2)-quads through a point, contradicting i = 4. O

Lemma 9.12. The case i = 3 cannot occur.

Proof. Since f is not classical, Oy is an ovoid in a grid-quad () by Lemma 9.3. Now,
C(z,Q) is a hex containing a grid-quad which is not big, contradicting ¢ = 3. O

Lemma 9.13. The case i = 2 cannot occur.
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Proof. Property. f is a semiclassical valuation.

Proof. Suppose the contrary, then by Lemma 9.3, O is an ovoid in a quad ) of H.
Now, C(x, Q) is a hex containing a quad which is not big, contradicting i = 2. O

Let as, respectively bs, denote the constant number of grid-quads, respec-
tively W(2)-quads, through a given point of S.

Property. 15 <t+1<20 andbs >t+1—-15=1t — 14.

Proof. Let Q be a W(2)-quad of H not containing the unique point of Oy. Then
d(z,Q) = 3 and T'3(x) N Q is an ovoid {x1,...,z5} of Q. If there exists a line
{z, 2, 2"} through = contained in I'3(Q), then by Theorem 1.23, the ovoids I's(z)N
Q, I's(2')NQ and T's(2”) N Q of @ are mutually disjoint. This is impossible since
any two ovoids of W (2) have nonempty intersection. As a consequence, every line
through z is contained in one of the hexes H; := C(z,z;), ¢ € {1,2,3,4,5}. Tt
follows that ¢ + 1 < 20. Suppose now that H; N H; # {x} for certain i,j €
{1,2,3,4,5} with ¢ # j and d(x;,Of) # 1. Let L be a line through = which is
contained in H; N H; and let y be the unique point of L at distance 2 from z;.
Since C(y,z;) N H = {x;}, d(y, H) # 1. So, d(y, H) = 2 and f, is a semi-classical
valuation of H. It follows that d(y,z;) = d(z,z;) + d(x;, z;) = 4, contradicting
the fact that y and x; belong to the same hex H,. So, H; N H; = {z} for all
i,7 €{1,...,5} with i # j. The property now follows from the fact that every hex
is isomorphic to either Ls x Lg x Lg or W(2) x Ls. O

Property. |Us(y)| = % — 1 — 6t + 4as +8bs = 344 — 216t + 64as + 128bs for
every point y of S.

Proof. Let o’ be an arbitrary point of H. For every i € {0, 1,2, 3}, let X; be the
set of all points y of S such that d(y, H) = d(y,«’) = i. Since H has no ovoids,
X3 = (). Obviously,

o | Xo|=1;
o | Xi|=2(t—ty) =2t — 6;
o | X5 = Ta(z))| — Ta(z") N H| = 2(tm + 1)| X1

Here |T'2(2’)| = 4as + 8bs and |T'a2(2’) N H| = 20. Hence, |X;|, ¢ € {0,1,2}, is
independent from the point 2. Since |I';(y) N H| = 1 for every i € {0,1,2} and
every y € I';(H), the total number of points of S is equal to

vs = ’UH/<|X0| + |X1| + |X2|) = 45(23 — 14t + 4&5 + 8b5)

The property now immediately follows from Lemma 9.1. O

We are now ready to derive a contradiction. Consider a point 2’ of S and let
A, respectively B, be the number of hexes isomorphic to ILg x L3 x IL3, respectively
W(2) x Lg, through 2’ Consider the as grid-quads Gi,...,G4s through 2’ and
suppose that G; is contained in u; hexes isomorphic to Lg x L3 x Lg and v; hexes
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isomorphic to W(2) x Ls. Since each line through 2’ outside G; is contained in a
unique hex together with G;, u; +2v; =t —1 for every i € {1,...,as}. Since each
hex through z’ contains three grid-quads through z’, it easily follows that

1 & 1 & 1
A+2.-B= 3;(uz+2vl) = 3;(15 1) = gas(t—1).
Since each hex through &’ isomorphic to Lg x Lg x Lg (respectively W (2) x Ls)
contains eight (respectively 16) points at distance 3 from 2/, |I's(2")| = 84A+16B =
Sas(t —1). Together with the value of [I'3(z’)| we have calculated earlier, we find
that as(t — 1) = 129 — 81t + 24as + 48bs. From Lemma 9.1, 2as + 6bs = t(t +1).
We can now calculate bs in terms of t:

3 — 24t% 4+ 137t — 258
6(t —9) '

bs =

Since no two W (2)-quads intersect in a line, 3bs <t + 1 < 20. Hence 0 < bs < 6.
Since bs € Nand 15 < t+1 < 20,¢t =17 and bs = 1, contradicting bs > t—14. O

Theorem 9.4 holds if we can show that also the last case cannot occur.
Lemma 9.14. The case i = 1 cannot occur.

Proof. In this case, every quad is a grid and every hex is isomorphic to Lg x L3 xLLs.
If 2’ € Oy,, then the grid C(x, 2’) intersects H in the point 2. So, t > 4. The near
octagon S is a regular near octagon. Let A be the collinearity matrix of S. For
each possible value of ¢ different from 3, there always exists a multiplicity which
is not integral (see Example 2 in Section 3.3 and the remark following this proof).
So, also this case cannot occur. O

Remark. Consider again the case i = 1. The matrix A has five eigenvalues A;,
te{l,....5} with —(t +1) = A\ < A2 < --- < A5 = 2(¢t + 1). The eigenvalues
A2, A3 and A4 are the zeros of the polynomial 2® — 622 + (21 — 6t)x + (10t — 20).

The multiplicity of the eigenvalue 2(t + 1) is equal to 1 and the multiplicity of the

eigenvalue —(t+ 1) is equal to f(t) := 96+4285_E§6t1-€§g 123,2 8° The other multiplicities

can also be expressed as functions of ¢, but these functions are not so nice as f. By
Corollary 2.37 and Theorem 2.38, t < 53. For 4 < ¢ < 53, f(t) is only integral if
t € {4,10}. To exclude the two remaining possibilities for ¢, one needs to consider
the other eigenvalues or one could use the following argument using valuations.

If there exists a special quad @ in H, then C(z, @) is a hex containing a quad
which is not big, a contradiction. So, f, is a semi-classical valuation. There exists
a unique point y in H at distance 2 from z and four points x1, x2, z3 and x4 of
Ts(y) N H lie at distance 3 from x. Put now H; := C(x, x;) for every i € {1,2,3,4}.
Then H; N H = {z;}. Suppose that a line L through z is contained in H; and
H; (1 <i<j<4)andlet y be the unique point of L at distance 2 from z;. As
in the case ¢ = 2 we have that d(y, H) = 2. So, f, is a semi-classical valuation
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and since d(z;,z;) = 2, we have d(y, z;) = d(y, ;) + d(x;, z;) = 4, contradicting
the fact that y and x; belong to the same hex H;. Hence, H; N H; = {z} for all
i,7€{1,2,3,4} with i # j. It follows that t + 1 > 12.

9.3 Classification of the near octagons

Theorem 9.15. Let S be a dense near octagon containing a big hex H isomorphic
to Eq, then S is isomorphic to either E; x Ls or E; ® Q(5,2).

Proof. If ts = tg, + 1, then § must be isomorphic to E; x Lz by Theorem 4.1.
Suppose therefore that ts > tg, + 2. Let = denote an arbitrary point of H and
let Ly and Lo denote two different lines through z. By Theorem 1.7, the quad
Q := C(Ly, Lo) intersects H in a line. So, @Q is not a grid. Every hex through @
intersects H in a big grid-quad and hence is isomorphic to either W (2) x Ls or
Q(5,2) x Ls, see Theorem 7.1. Since the lines through = not contained in @ are
partitioned by the hexes through @, ts +1 = tg + 12. From Lemma 9.1, every
point y of S is contained in exactly one quad isomorphic to ) and all other quads
through y are grid-quads.

Suppose first that @ = W (2). Then ts + 1 = 14, bs = 1 and ¢s = 0. From
Lemma 9.1, as = 88. It follows from Theorem 7.1 that only hexes isomorphic to
L3 xLsxLs, W(2)xLs or E; can occur. Consider a point z of S and let m1, mo and
ms denote the number of hexes isomorphic to Lz x L3 x L3, W(2) x L3, respectively
[E1, through z. Because bs = 1, my = 11. Counting in two ways the number of line
- grid-quad pairs intersecting each other in z yields that 3mj + 6mo 4+ 660ms =
88 - 12 = 1056. Since H is big in S, S has vg, (1 + 2(ts — tg,)) = 3645 points.
By Lemma 9.1, the number of points at distance 3 from a given point in § is
equal to 1496. Counting the number of points at distance 3 from z yields that
8m1 + 16mo 4+ 440m3 = 1496. Together with 3my 4+ 6mo + 660ms = 1056 and
me = 12, this implies that ms = 1. Hence every point of S is contained in a
unique hex isomorphic to E;. It is now easy to see that the set of W (2)-quads of S
and the set of E;-hexes of § determine two partitions of S satisfying the conditions
of Theorem 4.28. So, S must be a glued near polygon of type Eq ® W (2). This
implies that W (2) has a spread of symmetry, contradicting Theorem 4.42.

Suppose now that @ = Q(5,2). Then ts + 1 = 16, bs = 0 and ¢s = 1. From
Lemma 9.1, as = 110. It follows from Theorem 7.1 that only hexes isomorphic to
Ls x Ls x L3, Q(5,2) x L3 or E; can occur. With a similar argument as before,
one can show that every point of S is contained in a unique hex isomorphic to E;.
It follows again that S is a glued near polygon, this time of type E; ® Q(5,2). By
Theorem 6.107, there exists a unique glued near hexagon of type E; ® Q(5,2). O

Lemma 9.16. If Q and Q' are two disjoint W (2)-quads of Ea, then T'1(Q) N Q'
consists of a point of Q' together with all its neighbours in Q’.
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Proof. Let @1 be a given W (2)-quad of Eo. If Q2 is a W(2)-quad disjoint from
Q1, then by Lemma 7.3, there are three possibilities for T'1 (Q1) N Qa:

(a) T'1(Q1) N Q2 is the union of three nonconcurrent lines;
(b) T1(Q1) N Q2 is a subgrid of Qo;
() T1(Q1) N Q2 = Q2.

Let N,, Ny, respectively N., denote the number of W (2)-quads Q2 for which (a),
(b), respectively (c), holds. Since there are 1440 W (2)-quads disjoint from Q1,

N, + Ny + N, = 1440.

Counting in two different ways the number of pairs (z, Q2) with z € T'2(Q1) and
Q2 a W(2)-quad through z disjoint from @2, gives

8N, + 6N, = 384 - 30.

It follows that 2N, + 8 N. = 0 or Ny = N, = 0. This proves the lemma. O

Lemma 9.17. Let S be a dense near polygon, let F be a big convexr subpolygon
of § and let x and y be two points outside F. If C(x,y) is disjoint from F, then

d(xay) - d(ﬂ-F(x)vﬂ-F(y))

Proof. If y & C(wp(y), z), then there exists a shortest path from y to « containing
a point of F, a contradiction. So, y € C(nr(y),x) and d(x,y) is equal to either
d(z,7r(y)) or d(z,7p(y)) — 1. If d(z,y) = d(z, 7r(y)), then there exists a shortest
path between y and z containing a point of the line y7p(y). This would imply
that the line y mp(y) is contained in C(z,y). In particular, 7z (y) € C(z,y). This
is impossible. Hence, d(z,y) = d(z, 7p(y)) — 1 = d(7p(z), 77 (y)). O

Theorem 9.18. Let S be a dense near octagon containing a big convex subhexagon
H isomorphic to Es, then S is isomorphic to Eo x L.

Proof. (a) Let H' be a hex disjoint with H. The hex H is big; so, we can de-
fine a projection 7wy from H' on H. By Lemma 9.17, this projection is distance-
preserving. So, lines are mapped to lines and quads are mapped to subquadrangles
of quads. Suppose that H’ is not isomorphic to Ey. By Theorem 9.15 and Section
9.2, we know that H' is not isomorphic to E;. So, H contains two disjoint big quads
Q1 and Q2 by Theorem 7.1. Let Q}, i € {1, 2}, denote the unique W (2)-quad con-
taining mp (Q;). Every point of mx(Q1) has distance 1 from 7 (Q2). Hence, Q)
and @} are disjoint. Now, |[{z € Q}|d(x, Q%) = 1}| > 9, while by Lemma 9.16,
H{z € Q)|d(z, Q) = 1}| = 7. So, our assumption was wrong and every hex disjoint
with H is isomorphic to Es.

(b) Let = denote a point not contained in H and let H' denote a hex through
x disjoint with H. Then H' = E,. Let L denote the line through x intersecting H.
Suppose that there exists a line L’ # L through = not contained in H'. Then L’
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is contained in a hex H" not containing L. Since H” does not contain L, H" is
disjoint from H and hence is isomorphic to Es. By Theorem 1.7, the two hexes H'
and H" intersect in a big quad, but that is impossible, since Es has no big quads.
So, L is the unique line through z not contained in H'. Hence, ts = tg, + 1 and
S E2 X Lg. O

Theorem 9.19. If S is a slim dense near octagon, then S is isomorphic to one of
the 24 examples given in Table 9.1.

Proof. Let H be a big hex of S. If H 2 Eq, then S ¥ E; x L3 or S E; ® Q(5,2)
by Theorem 9.15. If H =2 E,, then S is isomorphic to Eg x L3 by Theorem 9.18.
If H is not isomorphic to [E; or E,, then H has a big quad. So, S has a nice chain
of convex subpolygons. The theorem now readily follows from Theorem 8.9. [

For each of the possible near octagons S, we have listed all big hexes in
Table 9.1. In Table 9.2, we list all the remaining hexes. The number oy in each
table denotes the number of hexes isomorphic to H through a given point of S.
In (Q(5,2) ® Q(5,2)) @ Q(5,2), there are two types of points. There are 1458
points which are incident with two hexes isomorphic to Q(5,2) ® Q(5, 2), 48 hexes
isomorphic to L3 x Lg x L3, eight hexes isomorphic to Q(5,2) x L3, and there are
729 points which are incident with three hexes isomorphic to Q(5,2) ® Q(5,2), 64
hexes isomorphic to Lg x Lg X Ls, 0 hexes isomorphic to Q(5,2) x Ls. Using the
fact that ag is constant for all the remaining near octagons, one can show the
following results.

Theorem 9.20. Let S be a slim dense near polygon. Then, for every slim dense
near hexagon H not isomorphic to g x Lg x Lg, Q(5,2) ®Ls or Q(5,2) @ Q(5,2),
there exists a constant cyr such that every point of S is contained in precisely oy
hezxes isomorphic to H.

Proof. Suppose S is a near 2d-gon. Obviously, the property holds if d < 3. By
Tables 9.1 and 9.2, the property also holds if d = 4. We will denote by ay(O) the
constant number of H-hexes through a point of a slim dense near octagon O. Now,
consider two different collinear points = and y of S. Let ug denote the number of
H-hexes of S through the line zy. For every convex suboctagon O through zy, let
A (O) denote the number of H-hexes of O through zy. Then the total number of
H-hexes through z is equal to pg + > (ag(0) — Ag(0)), where the summation
ranges over all convex suboctagons O through the line zy. By symmetry, the
number of H-hexes through y is also equal to pg + > (am(O) — Ag(O)). Hence,
every two collinear points of S are contained in the same number of H-hexes.
By connectedness of S, it follows that every point of S is contained in the same
number of H-hexes. O
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near octagon S | vs | ts | big hexes H | ag |

LgXLgXLgXLg 81 3 LgXLgXLg 4
W(Q) X ]Lg X ]Lg 135 4 ]Lg X ]Lg X ]Lg 3
W(2) X Lg 2

Q(5, 2) X L5 X L5 243 6 L5 X L5 X L5 5
Q(5, 2) x L 2

Hg X ]Lg 315 6 W(Q) X Lg 4

I3 1

DQ(6,2) x Ly | 405 | 7 W(2) x Ls 7
DQ(6,2) 1

Q6,2)©Q(5,2) | 1

G3 1

El X ]Lg 2187 12 El 1

EQ X L5 2277 15 EQ 1

Es x Lz | 1701 |15 | Q(5,2) x L3 6

Es 1

DH(5,4) x Ls | 2673 | 21| Q(5,2) x Ls 21
DH(5,4) 1

W) xW(2) | 225 | 5 W (2) x Ls 6
06,2 xW(2) | 405 | 7| W) xLs 5
Q(5,2) x Ls 3

Q5,2 xQ(5,2) | 729 | 9 Q(5,2) x L3 10
(Q5.2)® Q(5,2) ©. Q(5,2) | 2187 | 12| Q5,2 © Q(5,2) | 3

Q5,200 Q6,2) 2, Q5,2) | 2157 | 12| Q5,22 Q05,2) |23
G:2Q(5,2) | 3645 | 15| Q(5,2)®Q(5,2) | 2

G3 1

E,©Q(5,2) | 6561 |15 E, 1
DH(5,4)®Q(5,2) | 8019 | 24| Q(,2)®Q(5,2) | 5
DH(5,4) 1

G4 | 8505 |21 Gs 4

H, 945 9 Hs )

I, | 2025 | 13 DQ(6,2) 3

DQ(8,2) | 2295 | 14 DQ(6,2) 15

DH(7,4) | 114939 | 84 DH(5,4) 85

Table 9.1: Slim dense near octagons and their big hexes
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near octagon

other hexes H | Qg

Ls xLg x L3 x L3 — —
W(Q) X Lg X Lg — —
Q(5,2) x Ly x Lg - -
HgXLg ]L3><]L3><]L3 3
DQ(6,2) x Ls . -
(Q(5, 2) ® Q(5, 2)) X L3 Lg X Lg X Lg 16
GgXLg ]L3><]L3><]L3 9

W(2) x Ls 9

E; x Ls L3y x L3 x LLs 66

EQ X L3 W(Q) X Lg 35

Eg X Lg W(Q) X L3 15
DH(5,4) x L - -
W(2) x W(2) - -
Q(6,2) x W(2) - -
Q(.2) x Q5.2) - -
(Q(5,2) ®Q(5,2)) ®a Q(5,2) | Lz xLgxLg | 64

Q(5,2)®Q(5 ,2))®bQ( ,2) | Lz xLgxLs | 48-64

Q(5,2) xLs | 80

Gg ® Q(5, 2) L3 xLg x L3 24
W(2) x Ls 36

Q(5, 2) X ]Lg 7
El ® Q(5, 2) Lg X Lg X Lg 220
Q(5,2) x Ls 11

DH(5,4) ® Q(5,2) Q(5,2) x Ls 64
Q(5,2) x Lg 18

H; 27

H4 W(Q) X L3 10

Iy Hi3 7

DQ(8,2) - -
DH(7,4) - -

Table 9.2: Other hexes of the slim dense near octagons
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In a completely similar way, one can show the following.

Theorem 9.21. Let S be a slim dense near polygon not containing a convexr suboc-
tagon isomorphic to (Q(5,2) ® Q(5,2)) ®y Q(5,2) and let H be one of the 11 slim
dense near hexagons. Then there exists a constant ag such that every point of S
s contained in precisely oy hexes isomorphic to H.



Chapter 10

Nondense slim near hexagons

In this chapter, we discuss slim near hexagons which are not necessarily dense.
This chapter is based on the articles [42] and [43].

10.1 A few lemmas

Let S be a slim near hexagon. For every point = of S, let ¢, + 1 denote the total
number of lines through z. If K and L are two distinct intersecting lines of S
such that C(K,L) = K U L, then C(K, L) is called a degenerate quad. If @Q is a
degenerate quad, then we define tg := 0. In this section, a quad can be either
degenerate or nondegenerate. A nondegenerate quad is isomorphic to either the
(3 x 3)-grid, W(2) or Q(5,2). Recall that a (possibly degenerate) quad is called
big if every point has distance at most 1 from it.

Lemma 10.1. If S is a slim near polygon and if x and y are two points of S at
distance 2 from each other, then |T'y(z) NT1(y)| € {1,2,3,5}.

Proof. If |T'1(z) NT1(y)| > 2, then x and y are contained in a nondegenerate quad
by Theorem 1.20. This quad is isomorphic to either Lz x Lz, W(2) or Q(5,2). The
lemma now immediately follows. O

Lemma 10.2. Let Q be a big quad, let x be an arbitrary point outside @, let =’
denote the unique point of Q collinear with x, let K1, ..., Ky denote all the lines
of Q through ' and let Q; = C(ax’,K;) for every i € {1,...,k}. Then t, =
Zle tg,. As a consequence, t; < max{tg,|1 <i <k} k.

Proof. Every line L through x different from zz’ is contained in a unique quad of
the form C(z2’, K;). [If L C C(za’, K;), then K, necessarily is the projection of L
on @.] Hence t, = Zle tQ;- O
Lemma 10.3. Let Q and R be two different intersecting quads and suppose that @
is big.
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e If R is nondegenerate, then Q@ N R is a line.

e If R is degenerate, i.e. the join of two lines zx and zy, then Q N R is either
equal to {z}, zx or zy.

Proof. Let u denote a common point of () and R. Suppose that there exists a
point v in R at distance 2 from u. Let v' denote the projection of v on Q. Then
2 =d(v,u) =d(v,v")+d(v,u) = 1+d(v',u), so u and v" are collinear. Since v’ is
on a shortest path between v and u, v € R. Hence Q N R is the line uv’. If there
exists no point v in R at distance 2 from u, then R is degenerate (i.e. R = zzUzy)
and u = z. Obviously, @ N R is equal to either {z}, zz or zy. O

Lemma 10.4. Let x and y denote two points at distance 3 from each other. Put
Ii(z) NTa(y) = {ut,ue, ..., us, 41} and Ti(y) NTa(x) = {vi,ve,...,vs,41}. For
every i € {1,...,t; + 1}, let Q; = C(uy,y) and for every j € {1,...,t, + 1}, let
R; = C(v;,x). If A denotes the number of paths of length 3 connecting x and y,

then A = fol_l(tQi +1) = Z;y:tl(t[{j +1). As a consequence, t, +1 < A <

max{tg, + 1|1 <i <t +1}-(tz +1) and t, +1 < A < max{tg, +1]1 < j <
ty + 1} (ty +1).

Proof. Count in two different ways the pairs (u,v) with 2 ~ u ~ v ~ y. O

10.2 Slim near hexagons with special points

10.2.1 Special points

Definition. A point = of a slim near hexagon is called special if it has distance at
most 2 from any other point.

Suppose that S is a slim near hexagon. Let X denote the set of all special
points of S.

Theorem 10.5. If x is a special point, then every nondegenerate quad contains x.

Proof. Let L, and Lo denote two disjoint lines of a nondegenerate quad @. Since
2 has distance at most 2 from any point of L;, ¢ € {1,2}, z has distance at most
1 from L;. It then immediately follows that z € @ since @ is convex. O

Theorem 10.6. If X # (), then one of the following possibilities occurs:
(I) X consists of one point;
(I1) X s a line L;

(III) X = Q \ T'y(x) for some nondegenerate quad Q and some point x € Q. In
this case S consists of the quad Q and some additional lines through x.

Proof. Suppose that | X| > 2.
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e Suppose that there are two special points x; and x2 at distance 2 from each
other. Put @ := C(x1,22). If z € T'2(Q), then d(z,z1) = 2; so z and
have a common neighbour u. Now, d(u,22) = d(u,z1) + d(z1,22) = 3, a
contradiction. Hence I'2(Q) = 0. If z € I'1(Q), then z is collinear with a
unique point z’ € @Q. Since d(z,z1) = 1+ d(#',z1) < 2 and d(z,22) =
1+ d(2,z9) < 2, 2’ is a common neighbour of x; and x5. If L is a line
through z different from zz’, then L C T'1(Q) and hence L projects to a line
L’ which is completely contained in I'y(z1) N T (z2), a contradiction. Hence,
every point z € I'1(Q) is contained in a unique line. If there exist two points
z1 and z9 outside @ such that z{ # 2z}, then d(z1,22) would be equal to
4, a contradiction. So, there exists a unique point = € ) which is collinear
with every point outside Q. Clearly, @ must be nondegenerate. So, case (III)
occurs.

e Suppose now that every two special points are collinear, so X is part of a
line L. Let z1,29 € X with 1 # x5 and let x3 denote the other point of L.
Every point z of § has distance at most 2 from z; and z2, and hence has
distance at most 2 from 3. This proves that X is the whole line L. So, case
(II) occurs. O

10.2.2 Slim near hexagons of type (III)

To every slim near hexagon S of type (III), we can associate two parameters A
and \':

e \ = tg, where () denotes the unique nondegenerate quad of S,

e )\ is the number of lines not contained in Q.

For each value of A\ € {1,2,4} and for each value of X' > 0, there exists, up to
isomorphism, a unique near hexagon of type (III) with parameters A and .

10.2.3 Slim near hexagons of type (II)

If S is of type (II), then there is a unique line L = {x1,z2,23} of special points.
By Theorem 10.5, every nondegenerate quad contains L. Now, let x denote an
arbitrary point not incident with L. Since x has distance at most 2 from each
point of L, it has distance 1 from L. Hence, x is contained in a unique line L,
meeting L. Any other line M through z is contained in the quad C(L,, L) which
is necessarily nondegenerate. So, every line of S disjoint with L is contained in a
unique nondegenerate quad.

We can now associate six parameters (a1, oo, aq, 01, 02, 03) to S:
e «a;, i € {1,2,4}, denotes the number of quads of order (2,) through L.

e 3,1 € {1,2,3}, denotes the number of lines K through x; for which C(K, L) =
KUL.
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If o, i, o, B1, B2, B3 are natural numbers such that aq +ag+as+61+ 05+ 05 > 2
(put B} equal to 0 if 3; = 0 and equal to 1 otherwise), then there exists, up to
isomorphism, a unique near hexagon H(ai,as,ay, 51, P2, 33) of type (II) with
parameters (i, aa, ay, B1, B2, 03). For every permutation o of {1,2,3}, we have
H(o, g, o, B, Ba, B3) = H(a, aa, aa, Bo(1)s Bo(2)s Bo(3))-

10.2.4 Slim near hexagons of type (I)
The following theorem can be used to construct many near hexagons of type (I).

Theorem 10.7 (Section 2 of [53]). Let L denote a connected partial linear space
with the property that every two different lines meet in a point and that no point is
incident with all lines. Put A = {T| L has a line of size T 4+ 1}. Then there exists
a near hexagon A of type (I) such that:

(i) L(A,z*) = L with * the unique special point of A;
(ii) every line of A is incident with s+ 1 points (s € N\ {0}),
if and only if there exists a generalized quadrangle of order (s,T) for every T € A.

10.3 Slim near hexagons without special points

10.3.1 Examples

Let S be a finite slim near hexagon without special points. If every two points
at distance 2 from each other have at least two common neighbours, then S is
dense and hence isomorphic to either L3 x L3 x Lz, W(2) x L3, Q(5,2) x Ls,
Hs, DQ(6,2), Q(5,2) ® Q(5,2), Gs, E1, Eo, E3 or DH(5,4). If every two points
at distance 2 have a unique common neighbour, then S is a generalized hexagon
of order (2,t). As we have already mentioned in Section 3.5, there are four such
generalized hexagons: one of order (2,1), one of order (2, 8) and two nonisomorphic
ones of order 2. Besides the dense near hexagons and the generalized hexagons,
there are many other examples (of mixed type) as we will show now.

(1) Suppose that H is a slim dense near hexagon with a big quad @’ which is
not isomorphic to Q(5,2). Embed Q' properly as a subquadrangle in a generalized
quadrangle @ (i.e. the (3 x 3)-grid in W(2) or Q(5,2), W(2) in Q(5,2)). Then the
resulting incidence structure is a slim near hexagon. The following possibilities for
(H,Q', Q) give rise to such a near hexagon: (Lg xLgx L, Lg x L3, W(2)), (L3 xLg x
Lg, Lg XH_Q,, Q(5, 2)), (Lg XW(Q), Lg XLg, W(2)), (Lg XW(2), Lg XH_Q,, Q(5, 2)), (Lg X
W(2)7 W(Q)v Q(57 2))7 (LE’) X Q(57 2)7 LE’) X Lg, W(2)), (H-‘B X Q(57 2)7 H43 X LB» Q(57 2))7
(H37 W<2)’ Q(B’ 2)) and (DQ(G, 2)’ W(2)7 Q<5’ 2))

(2) Let A be one of the dual polar spaces DW (5,2) or DH (5,4). Let 1, Q2 and

Q3 be disjoint quads of A such that Q3 = Rg,(Q1) and let A be a set of quads
intersecting @1 and @2 in a line. Put V:i= Q1 UQ2U Q3 U (Ugea Q). IV is a
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subspace, then the points and lines of A which are contained in V' determine a
slim subhexagon Sy . Let X denote the set of lines of ()1 which are contained in a
quad of A. In [56], all slim near hexagons Sy of the above type were classified. If
A = DW (5,2), then we have the following possibilities for X:

(a) X is a (possibly empty) set of lines through a given point of Q1;
(b) X is a regulus of Q1;

(c

)
)

) X consists of a regulus of ()1 together with one line of its opposite regulus;
(d) X consists of the six lines which are contained in a (3 x 3)-grid of Q;
)

)

e) X consists of the lines of (); which meet a given line of Qy;

(
(f) X consists of the lines of Q1 which intersect a given line of 7 in a unique
point;

(g) X counsists of the whole set of lines of Q1;

(h) X is the complement of a spread of Q1.
If A=~ DH(5,4), then we have the following possibilities for X:

(a) X is a (possibly empty) set of lines through a given point of Q1;

(b) X is a regulus of Q1;

¢) X consists of a regulus of Q1 together with one line of its opposite regulus;

e) X is a regular spread of Qq;

)
(c)
(d) X consists of the lines contained in a (3 x 3)-grid of Q1;
)
f)

(
(f) X consists of the lines of @; having nonempty intersection with a given line
of Q1;
(g) X consists of the lines of @; which intersect a given line of 7 in a unique
point;

(h) there exists a subquadrangle R = Q(4,2) in ; and X' consists of all lines
of R having nonempty intersection with a given line of R;

(i) there exists a subquadrangle R 2 Q(4,2) in @1 and X consists of all lines of
R intersecting a given line of R in a unique point;

(j) X consists of all lines contained in a subquadrangle R = Q(4,2) of Q1;
(k) X is the whole set of lines of Q1;

(1) X consists of all 18 lines which are contained in three mutually disjoint grids

of Q1;

(m) there exists a subquadrangle R = Q(4,2) in @; and a spread S in R such
that X consists of all lines of R which are not contained in S.
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10.3.2 Upper bounds for the number of lines through a point

Theorem 10.8 (Section 10.4). Let S be a (possibly infinite) slim near hexagon
without special points. Suppose S contains at least one Q(5,2)-quad. Let t + 1
denote the mazimal number of lines through a given point of S.

o If there exist at least two Q(5,2)-quads, then t +1 < 21.

o [f there exists a unique Q(5,2)-quad Q, then t +1 < 25 and every point
outside @ is incident with at most 21 lines.

Theorem 10.9 (Section 10.5). Let S be a (possibly infinite) slim near hexagon
without special points. Suppose S contains at least one W (2)-quad, but no Q(5,2)-
quad. For every point x of S, let t, +1 denote the total number of lines through x
and let t + 1 denote the maximal value attained by t, + 1. We hawve:

o t4+1<45;

e if S contains a big W(2)-quad, then t +1 < 15;

e if the point x is contained in a W(2)-quad, then t, +1 < 33;

e if the point x has distance 2 from a W (2)-quad, then t, +1 < 15;

e if the point x has distance 1 from a big W(2)-quad, then t, +1 <7.

Theorem 10.10 (Section 10.6). Let S be a finite slim near hexagon without special
points, W(2)-quads and Q(5,2)-quads. Then the number of lines through a given
point is at most equal to 76. If S has an order, then the number of lines through
a given point is at most equal to 33.

From Theorems 10.8, 10.9 and 10.10, we immediately obtain:

Corollary 10.11. There are finitely many finite slim near hexagons without special
points.

10.4 Proof of Theorem 10.8

In this section, we suppose that S is a slim near hexagon having at least one
Q(5,2)-quad, but no special points. Since Q(5,2) contains no ovoid, every Q(5, 2)-
quad is big.

Lemma 10.12. Every line K of S is contained in a nondegenerate quad.
Proof. Let @ denote an arbitrary Q(5,2)-quad of S.
(i) If K is contained in @, then we are done.

(ii) Suppose that K is disjoint with Q. Let = and y be arbitrary points of K
and let 2’ and 3’ be their respective projections on Q. Since x and 3’ have
at least two common neighbours (namely a’ and y), the quad C(z,y’) is
nondegenerate. Clearly, K C C(z,v').
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(iii) Suppose that K intersects @} in a point u. If ¢, = 0 for every point x of
K\ {u}, then d(z,y) = 1+ d(u, y) for every point x of K \ {u} and for every
point y not incident with K. If we take for y an arbitrary point at distance
3 from u, then we obtain a contradiction. Hence, there exists a line L which
intersects K in a point different from u. By (ii), K and L are contained in a
nondegenerate quad. O

Let I be the intersection of all Q(5,2)-quads. By Lemma 10.2, ¢, + 1 < 21
for every point z outside I.

Lemma 10.13. If there exists a line K which is contained in at least four Q(5,2)-
quads, then I = ).

Proof. Suppose that there exists a point = in I, then x lies on K. Let y denote
an arbitrary point at distance 3 from x and let z denote the unique point of K at
distance 2 from y. Now, by Lemma 10.3, C(y, z) has a line in common with each
Q(5,2)-quad through K. Since there are at least 4 such quads, C(y, z) must be a
Q(5,2)-quad. But C(y, z) does not contain z, a contradiction. Hence, I # 0. O

Lemma 10.14. Let K be a line of S which is incident with three Q(5,2)-quads
Q1, Q2 and Qs, let x be an arbitrary point of K and suppose that there exists a
Q(5,2)-quad Q4 through x not containing K. Then t, +1 < 21.

Proof. If © ¢ I, then we are done. So, we may suppose that « € I. So, I = {x} by
Lemma 10.13. Every nondegenerate quad through K intersects @4 in a line. So,
there are at most five nondegenerate quads through K.

e First case: There are precisely five nondegenerate quads through K.

Let A denote the set of lines through = which are contained in one of the
five nondegenerate quads through K. Since I # (), there are at most three
Q(5,2)-quads through K; hence, |A|] < 17. Suppose that there exists a line
U through x not belonging to A. By Lemma 10.12, U is contained in a
nondegenerate quad Qp. Since Qp intersects each of the quads @1, Q2 and
Qs in a line different from K, tg, > 3. So, Qu = Q(5,2). But then Qu
intersects each of the five nondegenerate quads through K in a line and
tg, > 5, a contradiction. As a consequence every line through x is contained
in A, implying that ¢, + 1 = |A| < 17.

e Second case: There are precisely four nondegenerate quads through K.

Let R denote the fourth quad through K. By Lemma 10.13, R is either a grid-
quad or a W(2)-quad. If U is a line through = which is not contained in one
of the four nondegenerate quads through K, then as before, U is contained
in a Q(5,2)-quad Qu. The quad Qu uniquely determines the line U since U
is the unique line of Qy through x which is not contained in @1, Q2, @3 and
R. Hence, t, + 1 < 15+ N, where N is the total number of Q(5,2)-quads
through zx different from @)1, @2 and Q3. By Lemma 10.13, there are at most
3-tr < 6 Q(5,2)-quads meeting R in a line through z different from K.
Hence, N <6 and t, + 1 < 21.
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e Third case: There are precisely three nondegenerate quads through K.
If N denotes the total number of Q(5,2)-quads through z different from Q1,
Q2 and @3, then with a similar reasoning as in the second case, we have that
t: +1 <13+ 2N.If N <4, then we are done. Suppose therefore that N > 5.
There then exists a line K’ in @1 through the point z which is contained in
at least three Q(5, 2)-quads. By Lemma 10.13 it follows that K’ is contained
in precisely three Q(5,2)-quads. Let Q1, R and R denote these quads. By
Lemma 10.13, each of the lines R N Q1, Ry N Q2 and Ry N (3 is contained
in at most three Q(5,2)-quads. Hence, the number of Q(5,2)-quads on x
which intersect R; in a line outside Q1 U Q2 U Q3 is at least N — 4. A similar
conclusion holds for Ry. We can now improve the bound ¢, +1 < 134+ 2N
toty +1 <13+2N — (N —4)— (N —4)=21. O

Lemma 10.15. If there exist Q(5,2)-quads Q1, Q2 and Q3 through x such that
Q1N Q2NQ3 = {x}, then t, +1 < 21.

Proof. Define K; := Q; N Qy if {i,7,k} = {1,2,3}. We distinguish two cases.

e There exists a fourth Q(5,2)-quad R through z.
Suppose that R intersects @;, ¢ € {1,2,3}, in a line L;. If there exists a
line through = which is contained in at least three Q(5,2)-quads, then we
are done by Lemma 10.14. So, suppose that there exist no line through =z
which is contained in at least three @Q(5,2)-quads. If there are precisely @

. a(i—1
Q(5,2)-quads through z, then all these quads cover 5i — ( 5 )

x. Clearly, 5i— @ < 15. Now, let U denote an arbitrary line through x not
contained in @1 UQ2UQ3U R, then U is contained in a nondegenerate quad
Qu. Since Qy meets each of the quads @1, @2, @3 and R in a line, it must be
a Q(5,2)-quad or coincide with one of the quads C(K;, L;), ¢ € {1,2,3}. Since
none of the quads C(K;, L;) is a Q(5,2)-quad, we have t, +1 < 154+ 3 = 18.

e (01, Q2 and Q3 are the only Q(5,2)-quads through x.
Every line U through x not contained in @1, Q2 and @3 is contained in
a nondegenerate quad Qu. The quad Qu is not isomorphic to Q(5,2) and
intersects each of the quads @1, @2 and @3 in a line. Hence, there exists an
i € {1,2,3} such that Qu contains K; and intersects Q; in a line. So, the
number of possibilities for Qy is at most 9 = 3 x 3. Hence, at most 9 lines
through z are not contained in @1, @2 or @3 and t, +1<124+9=21. O

lines through

Corollary 10.16. If I is the empty set or a point, then t, +1 < 21 for every point
z of S.

Lemma 10.17. If [ is a line K, then t, +1 <19 for every point x of K.

Proof. Let x denote an arbitrary point of K, let y be a point at distance 3 from
z and let z denote the unique point of K at distance 2 from y. Let ¢ denote the
number of Q(5,2)-quads through K. By Lemma 10.13, i € {2,3}. Let A be the
set of lines through = which are contained in one of the Q(5, 2)-quads through K,
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then |A| = 1+ 44. Since y is not contained in a Q(5,2)-quad, we have t, < 10 by
Lemma 10.2. Put T'y(y) NTa(x) := {u1,ua, ..., us,+1}. Take an arbitrary point u;
in I'1(y) NT'2(z), then one of the following possibilities occurs.

e The point u; is contained in a Q(5,2)-quad through K. There are precisely
¢ such points, one for each Q(5,2)-quad through K. All these points are
contained in the quad C(z,y).

e The point u; is not contained in the quad C(z,y). There are precisely ¢, — ¢
such points (& := t¢(y,»)). For each such point u;, the quad C(z,u;) is not
isomorphic to Q(5,2). Since the quad C(x,u;) intersects each Q(5,2)-quad,
it contains at most 3 — ¢ lines through = which are not contained in A.

e The point u; is contained in the quad C(z,y) and C(x,u;) is not isomorphic
to Q(5,2). The number of such points is equal to € := §+ 1 — ¢ which is equal
to 1if 6 =i = 2 and 0 otherwise. For each such point u;, C(z,u;) contains
K and hence there are at most two lines through « in C(x,w;) which are not
contained in A.

Since each line through z is contained in one of the sets C(z,u;), we have
ty +1 < (1444)+ (t, — 9)(3 — 1) + 2¢. Taking into account the above-mentioned
restrictions on 4, ¢y, ¢ and €, we find that ¢, +1 < 19. O

Lemma 10.18. If I is a quad Q, then t, +1 < 25 for every point x of Q.

Proof. Let y be a point at distance 3 from x and let y’ denote the unique point
of @ collinear with y. Since y ¢ @ and since @ is the only Q(5,2)-quad, we have
t, < 10 by Lemma 10.2. Now, count pairs (u,v) with v,v ¢ Q and z ~ u ~ v ~ y.
We have the following.

e On each of the ¢, —4 lines through = not contained in @, there exists a unique
point u at distance 2 from y and for each such point u there exists a point v

in (I (u) NT1(y)) \ Q.

e On each of the t, lines through y different from yy’, there exists a unique
point v at distance 2 from x and for each such point v there are at most
two points u € (T'1(x) NT1(v)) \ Q. [Notice that the projection of v on @ is
collinear with .

Hence t, — 4 < 2t, < 20. So, t, +1 < 25. [l

10.5 Proof of Theorem 10.9
In this section, we suppose that S is a slim near hexagon having at least one
W (2)-quad, but no Q(5,2)-quads and no special points.

Lemma 10.19. If Q is a big W(2)-quad of S, then t, + 1 < 7 for every point
xe€T1(Q) and t, +1 < 15 for every point x € Q.
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Proof. If x € T1(Q), then t, + 1 < 7 by Lemma 10.2. Suppose now that x € Q.
Let y denote a point at distance 3 from z, then y € T'1(Q). Let 3’ denote the
unique point of @ collinear with y. Now, count pairs (u,v) with u,v ¢ @ and
x ~u~v~y. We have the following.

e On each of the ¢, —2 lines through = not contained in @, there exists a unique
point u at distance 2 from y and for each such point u there exists a point v

in (1 (u)NT1(y) \ Q.

e On each of the t, lines through y different from yy’, there exists a unique
point v at distance 2 from x and for each such point v there are at most
two points u € (T';1(x) NT1(v)) \ Q. [Notice that the projection of v on @ is
collinear with .

Hence t, — 2 < 2t, <12. So, t, +1 < 15. O

From now on we assume that no W(2)-quad is big in S. Let @) denote an
arbitrary W (2)-quad of S.

Lemma 10.20. For every ovoid O of Q, there exists a point y € T'2(Q) such that
Da(y)N@=0.

Proof. Let x denote an arbitrary point of I';(Q) and consider the ovoid O’ :=
Ta(z) N Q. If O' = O, then we are done. Suppose therefore that O’ # O. Then O
and O’ intersect in a point u. Let v denote a common neighbour of 4 and x and
let y denote the unique point on va different from v and x. Clearly, T'2(y) N Q
coincides with O. (|

Lemma 10.21. If x € T'2(Q), then t, +1 < 15.

Proof. Since @ has no partition in ovoids, every line through « must meet I'1(Q).
Now, consider the ovoid I'y(z) N Q = {x1, 22, x3, x4, x5 }. Then every line through
x is contained in one of the quads C(z,z;), i € {1,...,5}. Hence ¢, +1 < 3.5 =
15. O

Lemma 10.22. If z € Q, then ty; +1 < 33.

Proof. Consider an ovoid O in @ not containing x and let y be a point of I'3(Q)
such that T'a(y) N Q = O. Let z1, 22, x5 denote the three points of O collinear
with z and let x4 and x5 denote the two other points of O. Put «; := t¢(y 2,) + 1.
Every line through y contains a unique point of I';(Q) and hence is contained
in at least one of the quads C(y,x;), i € {1,2,3,4,5}. If a line K through y were
contained in two such quads, then the unique point of K NI'1(Q) would be collinear
with two points of @, contradicting the fact that @ is geodetically closed. As a
consequence, t, +1 = a1 + as + a3 + a4 + 5. If as = 3 or a5 = 3, then by
Lemma 10.21, t, +1 < 15. Suppose therefore that that a4 # 3 # a5. Counting
pairs (u, v) such that x ~ u ~ v ~ y yields 3(a1 + e +as+as+as5) = 3(t, +1) >
(tg —2) + (1 + a2 +ag) or t; + 1 < 2(a; + a2 + ag) + 3(ou + a5) + 3. Now,
ay,a,a3 < 3 and ag, a5 < 2 and so t, +1 < 33. O
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Lemma 10.23. For every point x € T'1(Q), there exists a point y € T's(x) such that
ty, +1<15. As a consequence, t; +1 < 45 for every point x € I'1(Q).

Proof. Let 2’ denote the unique point of Q collinear with z, let O be an ovoid of @
through z’ and let z be a point of I'y(Q) for which I'2(2)NQ = O. If = & C(z,2'),
then we define y := z. Clearly, d(z,y) = 3 and ¢, + 1 < 15. If = € C(z,2'), then
we distinguish the following two cases.

e There exists a point u € C(z,2") N Ta(z’) N Ta(z). Notice that u € T'y(Q).
Let y be any point in I'2(Q) collinear with v and not contained in C(z,2’) =
C(u,z"). Clearly, y € I's(z) and t, +1 < 15.

e C(z,2/)NT(z')NT2(x) = 0. Then = ~ 2z and C(z,z’) is the degenerate quad
zz' Uzz. If t, + 1 > 6, then because every line through z is contained in a
quad C(z,y’) for some y’' € O, there exists a nondegenerate quad through z
intersecting @ and the required point y can be taken in this quad. If t,+1 = 5,
then by Lemma 10.4, any point y of Q@ NT'3(z) NTs(z) = (Q NTa(a’)) \ O
satisfies the required properties (¢, +1 < A < 3(t, + 1) = 15).

Ify € I's(x) and t,+1 < 15, then again by Lemma 10.4, t,+1 < 3(t,+1) = 45. O

10.6 Proof of Theorem 10.10

In this section, we suppose that S = (P, L,1) is a finite slim near hexagon which
satisfies the following properties.

e Every two points at distance 2 have 1 or 2 common neighbours. So, there are
no W(2)-quads and no Q(5,2)-quads.

e S has no special points.

For every point x of S, ¢, + 1 denotes the total number of lines through z. Put
t+ 1 := max{t, + 1|z € P} and let «* denote a point of S for which ¢« = t.
Since S has no special points, I's(z*) # 0.

10.6.1 Upper bound for |I'5(z*)|
Lemma 10.24. Let n denote the total number of grid-quads through x*.
(i) We have |T3(x*)| < 8t% — tl% In particular, |Ts(x*)| < 8t2.

(ii) If S has an order (2,t), then n and |Us(x*)| are independent of the chosen
point x*, and |Tz(z*)| = 8t2 — 8.

(iii) If x € T3(x*), then t, +1 > L.

Proof. (i) Put n; := |I';(z*)|, i € {0,1,2,3}. Then ng = 1 and n; = 2(t +1). We
now derive some inequalities.
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(a) There are 4n points z in I's(2*) for which |I';(x) NT'y(z*)| = 2 and ny — 4
points in I'y(z*) for which [I'y(x) NT1(z*)| = 1. Counting pairs (z1,x2) of
points satisfying x1 € T'y(2*), 22 € T'a(x*) and a1 ~ 22, gives (n2 —4n) -1+
(4n)-2<2(t+1) -2t or ng < 4t(t+ 1) — 4n.

(b) Counting pairs (y, z) of points satisfying y € T'a2(z*), € T'3(z*) and = ~ y,
gives 3 ey (ta +1) < (n2 —4n) - 2t +4n - 2(t — 1) = 2tny — 8.

(¢) For every point z € T's(z*), let o, denote the number of grid-quads @ through
z* containing a point at distance 1 from x. Obviously, «a, < t, + 1. Counting
pairs (x, Q) with z a point of T's(z*) and @ a grid-quad through z* such that
d(z,Q) =1, gives Y cp (poy ¥a < - 4-2(t— 1) =8n(t —1).

(d) Let = be a fixed point of I's(z*). Counting pairs (y, z) of points satisfying
¥ ~y~z~xgives (B +1l—ag) 1+az-2>t+1ort,+1>t+1— ay.

Combining the above inequalities, we find that (t+ 1)ng —8n(t —1) < (t+ 1)ng —
S <3 (te+1) < 2tng—8n < 8t2(t+1)—8nt—8n. So, (t+1)ng < 8t2(t+1)—167
or nz < 8t — :—ﬁl.

(ii) If S has an order (2,t), then we have equality in (a) and (b). So, we have
ng = 4t(t+1)—4n, ng(t+1) = 2tng —8n and ny+n3 = v—1—2(¢t+ 1), with v the
total number of points of S. Property (ii) now follows from an easy calculation.

(iii) If © € T's(z*), then by (d), 2(t, + 1) > t, + 1+ a5 > t + 1, proving
property (iii). O

10.6.2 Some classes of paths in I';(z*)
Definitions.

(a) For every path v = (zo,...,zx) in T's(z*), we define s(v) = xo, e(y) =
T, U(y) = k, €(y) == (=1)% and Q) = Uye;cp_1 S(@*, 2 © 7i41). Since
d(a*, z;) = d(gc* Tit1) = 3, d(z*, 2, 0 wir1) = 2, |S(z*, 25 0 wi11)] < 2 and
Q)] <2-1(y).

(b) Let y* be a fixed point of I's(z*). Let V denote the set of all paths v =
(2o, ..., xx) in s(z*) which satisfy the following properties:

° 5(7) = To = y*7
o the k sets S(z*,z;0x;41), 1 € {0,...,k — 1}, are mutually disjoint,
* Q)< 5

For every path v € V, we have I(y) < |Q(v)] <2-1(y). If S is a generalized
hexagon of order (2,¢), then |Q(y)| = (7).

(c) For every path v = (y*,21,29,...,2;) € V with k = I(y) > 2, we define
A= (x2,...,xk). Weput W:={5|v €V and l(y) > 2}.
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Lemma 10.25. Let L be a line through x*. For every x1,x2 € L\ {z*}, we define
er(z1,22) == +1 if ©1 = x2 and ep(x1,22) := =1 if ©1 # x.

(a) If y1 and yo are two different collinear points of T's(x*), then L is contained
in S(x,y1 0y2) if and only if er(pr(y1), pr(y2)) = 1.
(b) Ifvis a path of V, then L € Q) if and only if e (pr(y*), pr(e(7))) = —€(7).
Proof. (a) The point y; ¢ y2 is the unique point of y1y, at distance 2 from x*.
Now, L C S(z*,y10y2) © Ju € L : d(u,y10y2) =1 Ju e L:d(u,y1) =
d(u,y2) =2 Ju e L:u=pr(y1) =pr(y2) < eLlpr(yr),pr(y2)) = 1.
(b) Ify = (o, ..., k), then eL(pr(y*), pr(e())) = g er(pr(x:), pr(@iy)). If
L & Q(y), then e, (pr(x;), pr(xiy1)) = —1 for alli € {0, ...,k —1} and hence

er(pL(y*),pe(e(v))) = (=1)F = ¢(v). If L € Q(v), then er(pr(x:), pL(@is1))
= —1 for all but one value of i and hence ez (pr(y*), pr(e(v))) = (1)1 =

—e(7). 5

Lemma 10.26. If v1 and 2 are two paths in V with e(y1) = e(y2), then Q(y1) =
Q(72) and €(m1) = €(72).

Proof. By (b) of Lemma 10.25, it follows that:

o if €(71) = €(72), then Q(v1) = Q(y2);

o if (1) # €(72), then Q(y1) = Q(72) (i.e. the complement of Q(~2) in the set
of lines through z*).

Now, [Q(y1)[, [2(v2)| < £ and so the situation Q(y1) = Q(72) cannot occur. O

Definitions. Put E := {e(y)|y € V}. For every point x of E, we define Q(x) := Q(v)
and e(z) := €(vy) where v is any path of V with e(y) = «. For all a,! € N, we define
E(a,l) as the set of all points € F for which there exists a path v € V satisfying
e(y) =z, I(y) =l and |2(y)| = a. For every nonempty subset A of N and every
I € N, we define E(A,1) := ,c4 Ala,l) and E; := E(N,1).

Lemma 10.27. Let [,l',a,a’ € N.

(a) E(a,l) T 0 if a > % orif a & {l,l+1,...,2l}. Hence, E; := E({l,l +
1,....20},10).

(b) If E(a, )N E(a',l") # 0, thena=a" and ! —1 is even.
(c) If EyNEy £ 0, thenl! —1 is even, I’ <2l and 1 < 21'.

Proof.  (a) This follows from the fact that [Q(v)| < 5 and I(y) < |[Q(v)] < 2-1(v)
for every v € V.

(b) If z € E(a,l) N E(d’,l'), then a = |Q(z)| = a’ and (=1)! = e(z) = (—1)"".
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(c) If EyNEy # 0, then E(a,l) N E(a’,l') # 0 for a certain a € {l,...,2(} and
a certain o/ € {l’',...,2U'}. But then [ — I’ is even, I’ < o/ = a < 2] and
[<a=ada <2U. O

Lemma 10.28. Let x1 and xo be two different collinear points of E.

() If e(x1) = —e(x2), then Q(z2) = Q(z1) AS(z*, 21 0 x2) (i.e. Q(z2) is the
symmetric difference of Q(x1) and S(z*,x1 ¢ x2))

(i) If e(z1) = e(z2), then Qx2) = Q1) A S(z*, 21 ¢ x2). Moreover, |Q(z1)]
= Q)| =nift =2n+1 and |Q(z1)],|Q(z2)] € {n —1,n} if t = 2n.

Proof. Let L be an arbitrary line through x*.
(i) If e(x1) = —€(x2), then by Lemma 10.25, we have

LeQz2) & er(pr(y’),pr(z2)) = —e(2)
< (er(pL(y”),pr(z2)) = —€(22) and pr(22) = pr(21))
(pL(y"),pr(z2)) = —€(22) and pr(z2) # pr(z1))
< (en(pr(y), pL(iﬂl)) e(z1) and pr(z2) = pr(z1))
or (er(pL(y"), pr(z1)) = —€(21) and pr(z2) # pr(z1))
& (Lg{Q(xl) and L € S(z*, 21 0 x2))
or (L€ Qxy)and L & S(z*,21 0 x2))
& LeQx)AS(x",z10x).

Hence, Q(z2) = Q(z1) AS(x*, 21 0 z2).
(ii) If €(z1) = €(z2), then we have

LeQ(x) < erlpe(y’) prlrz)) = —e(x2)
& (er(pr(y),pr(22)) = —€(22) and pr(22) = pr(z1))

(P (y"), pr(22)) = —€(x2) and pr(z2) # pr(z1))
< (er(pr(y”),pr(z1)) = —€(z1) and pr(z2) = pr(21))
or (er(pr(y™),pr(21)) = €(21) and pr(22) # pr(z1))

& (L € Qz1) and L € S(z*, 21 0 x2))

or (L ¢ Q(x1)and L ¢ S(z*,x1 012))
& LeQx)AS(x*,x10x2).

Hence, Q(z2) = Q(z1) A S(z*, 21 0 x2). Now, |Q(z1)] < §, [Q(a2)| < 5, [S(z*, 210
x2)| < 2and so |Q(z1)] = |Qz2)| =nift =2n+1 and |Q(w1)| [Q(z2) E {n—1,n}
if t =2n. (]

Definitions. For every a,! € N, we define N(a,l) := |E(a,l)] and N; := |E|.
Obviously, N(0,0) = 1 and N(1,1) + N(2,1) = t,- + 1 if t > 4. In the following
section we will derive inequalities involving the values N(a,l) and N;.

—Mleﬁ
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10.6.3 Some inequalities involving the values N(a,[) and NV,

Definitions.

(a) Suppose that x is a point of E. Let a = |Q(x)|, let Ky, ..., K, denote the a
elements of Q(z) and let u;, i € {1,...,a}, denote the unique point of K; at
distance 2 from x. Then we define V,, as the set of lines through x which are
not contained in [ J{_, S(z, u;).

(b) For every | € N and every a € {I,1 4+ 1,...,2l}, we will now define a num-
ber g(t,l,a). If S is a generalized hexagon of order (2,t), then we define
g(t,l,a) :=t+1—1.If S has order (2,t) but is not a generalized hexagon,
then we define g(¢,l,a) :=t+2—2a if a =20 # 0 and g(¢,l,a) ==t +1—2a
otherwise. If § has no order, then we define g(t,1,a) := @ ifa=20#0
and g(t,l,a) := # otherwise.

Lemma 10.29. If x € E(a,l), then |V;| > g(t,1,a).

Proof. Let uq,...,u, be as above. Suppose that |T'1 (u;) NT'1 ()| = 1 for precisely
ay values of i € {1,...,a}. Then

|Vz| th+1fa172(afa1).

If @ = 2] # 0, then we can improve this lower bound. Then there exists a path
(y*,...,2",x) € ¥V with 2’ € E(a — 2,1 — 1). Without loss of generality, we may
suppose that Q(x)\ Q(z") = {ug—1,uq}- Since zz’ € S(x,uqa)NS(x, ug—1), we then
have that |V | > t, + 2 — a1 — 2(a — a1).

If S is a generalized hexagon of order (2,t), then a = | = a; and hence
[Vi| > t+1—-1=g(t,1,a). If S has order (2,t), then t,+1—a;—2(a—a1) > t+1—2a.
In the general case, we count pairs (y,z) with 2* ~ y ~ z ~ 2 and we obtain
ar-1+(a—ay) 24+ (t+1—a)-1<(tz+1)-2. Hence, t, +1—a1 —2(a—a1) >
% — %a + 95 > @ The lemma now immediately follows. O

Lemma 10.30. Let z € E(a,l) with a < % — 2 if § is not a generalized hexagon
and a = | = % — 1 4f S is a generalized hexagon of order (2,t). Let K € V,
and let x i denote the unique point of K \ {z} at distance 3 from x*. Then x €
E(a+1,l1+1)UE(a+2,141) if S is not a generalized hezagon and vx € E(I+1,1+1)
if S is a generalized hexagon. Moreover, S(x*,x o xk) is disjoint with Q(z) and

Qzg) =Qz)US(z*, zoxK).

Proof. Suppose that L is a common line of S(z*,2 ¢ xx) and Q(x). The unique
point of L collinear with x ¢ xx has distance 2 from x and so it coincides with
one of the points wu;, i € {1,...,a}, which we defined above. But then the line K
would be contained in S(z, u;), a contradiction. So, S(z*, zozx)NQ(z) = (. Let v
denote a path of V with () =1 and e(y) = z. If we add xx to this path, then we
obtain a path 4" with I(7') =1+ 1 and e(y') = zk. Since S(z*,z0xx)NQ(z) =0
and [Q(7)] = Q)| + [S(z*, z o xk)| = a + |S(z*,z 0 xK)| < £, 7/ belongs to V.
So, Vzk) = Q) =QUr)US(x*,xz0xK), xx € E(I+1,14+1) if S is a generalized
hexagon and zx € E(a+ 1,1+ 1)U E(a + 2,1 + 1) otherwise. O
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Definitions.

(a) For every | € N, put g(t,1) := min{g(¢,l,a) |l < a < 2l} = g(¢,1,20). So,
g(t,1) =t+1—1if S is a generalized hexagon of order (2,t), g(t,1) =t+2—4i
if S has order (2,t) but is not a generalized hexagon, and g(¢,1) = 75'*'?’2—_& if
S has no order.

(b) If S is a generalized hexagon, then we define [* := [%]. If S has an order
(2,t), but is not a generalized hexagon, then we define I* := [ £]. If S has no

order, then we define [* := min{[ %], [Z£28|}.

Lemma 10.31. (i) For everyl € {0,...,1*}, E; # 0.

(ii) Suppose that I* > 2. Then for every point x in Ey and every l € {2,...,1*},
there are at least Hi;; g(t, i) paths v € W such that s(y) = x and e(vy) € Ej.

Proof. Let v denote a path of V with I(y) <1* — 1. Put x = e(y) and a = |Q(x)|.
If S is a generalized hexagon of order (2,t), thena =1(7) <I*-1<:-1.IfSis
not a generalized hexagon, then a < 2-1(y) < 21* —2 < £ — 2. Since g(t,1(v),a) >
g(t, (7)) > g(t,1*—1) > 0, there exists a line K € V,, by Lemma 10.29. By Lemma
10.30, the unique point zx in K \ {x} at distance 3 from x* extends ~ to a path
~" € V whose length is equal to {(v) + 1. Since g(t,1(v),a) > g(t, (7)), we can
extend ~y in at least g(¢,1(vy)) ways. The lemma now easily follows. O

Definitions. For every point x of E(a,1),1 > 2, let §1(x), respectively d2(x), denote
the number of points of F(a — 1,1 — 1), respectively E(a — 2,1 — 2), collinear with
x.

Lemma 10.32.

(i) Suppose that S is a generalized hexagon. If x € E(l,1), 1 > 2,
then 01(x) <1

and d2(z) = 0. If x € E(2,2), then 6;(x) = 1.

(ii) Suppose that S is not a generalized hexagon. If x € E(a,l), | > 2, then
01(x) + 202(x) < 2a. As a consequence, §1(x) < 2a and d2(x) < a. If x €
E(a,2), then 61(z) <2 and 62(x) < 2.

Proof. Put Q(z) = {Ky,...,K,} (with a = [ in the case of generalized hexagons)
and let u;, i € {1,...,a}, denote the unique point of K; at distance 2 from z.

Suppose that =’ is a point of E(a — 1,1 — 1) U E(a — 2,1 — 1) collinear with
2. Then e(x) = —e(z’) and so Q(z) = Q(z') U S(z*,z o 2’) by Lemma 10.28.
Since Q(x) > Q(z') and |S(z*,z ¢ 2')| < 2, we have Q(z') N S(z*,zox') = 0 and
S(x*,xoa’) C{Ky,...,K.}. If K; € S(x*,x o 2'), then the line xz’ is contained
in S(z,u;).

Now, counting pairs (K, u) satisfying (i) u € {u1,...,uq}, (ii) K is a line
through x containing a point of E(a—1,l—1)UE(a—2,l—1) and (iii) K C S(x, u)
gives 2a > 01 (x)+202(x). If S is a generalized hexagon, then we have that a > 1 (z)
and d2(x) = 0.

If | = 2, then any point of E(a—1,1)UE(a—2,1) collinear with z is a common
neighbour of  and y*. Since there are at most two such common neighbours, we
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have d1(xz) < 2 and d2(x) < 2. In the case of generalized hexagons, we have
(51 (.T) =1. O

Lemma 10.33. Ift > 2(a + 2), then
N(a,1)-g(t,1,a) <2(N(a+1,2) + N(a +2,2)),
N(a,l)-g(t,l,a) < N(a+1,141)-(2a+2)+ N(a+2,l+1)-(a+2) for every
> 2.

If S is a generalized hexagon of order (2,t), then

o N(1,1)-g(t,1) < N(2,2) if t > 4,

o N(I,D) - g(¢,)) < NI+ 1,14+1)-(I+1)ifl>2 and t > 21+ 2.
Proof. This follows from Lemmas 10.29, 10.30 and 10.32. O
Definitions.

(a) Let a,l € N with [ > 2. If E(a,l) # 0, then we put M(a,l) equal to
MaX,e g(a,) Az, Where A, denotes the number of paths v € W with e(y) = z.
If E(a,l) = 0, then we put M(a,l) equal to 0. If S is a generalized hexagon
of order (2,t), then M(a,l) =0if a # L.

(b) If S is a generalized hexagon of order (2,t), then we define A; := l—2' for every
I > 3. If § is not a generalized hexagon, then we define

L (20,1)(2&171) e (2&3) ags = {2, 3, 4} and
A= maX{ 9lar—az)—(I-2) a; —a;_q € {1,2}if3< i<l }

for every | > 3. If S is not a generalized hexagon, then one calculates that
Az =10, Ay =120, As = 1680, Ag = 26880, A; = 483840, Ag := 10644480,
etc.

(c) We define
° fo(t) =1
e fi(t):=t+1if S has order (2,t) and fi(t) := 5L otherwise;

o fot) := (t+ 1)t if S is a generalized hexagon of order (2,t), fa(t) :

W if § is a near hexagon of order (2,¢) and fa(t) := (Hl)(t 3) if

S has no order;

o for every i > 3, we define f;(¢) := w

Lemma 10.34. (i) If E(a,2) = 0, then M(a,2) = 0. If E(a,2) # 0, then M(a,2)
=1.Ifl >3 and a > 2, then M(a,l) < (2a) max{w, M(a—1,1-1)}.

(ii) Let S be a generalized hexagon of order (2,t). If I* > 2, then M(2,2) =1
and M(1,1) <1-M({—1,1—1) for everyl > 3.
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(i) M(a,l) < Ay for everyl > 3.

Proof. (i) We still need to prove that M(a,l) < (2a) max{M,M( -
1,1—1)} for every [ > 3 and every a > 2. Obviously, this holds if E(a,l) = 0.
Suppose therefore that E(a,l) # 0. For every point x € E(a,l),

Az <di(x) M(a—1,1—1)+d2(z) - M(a—2,1—-1)
= §1(x) - M(a— 1,1 — 1) + 205(x) - Mle=220)
< (01(z) 4 262(x)) -max{M,M(a -1,1-1)}
< (2a) max{ M2 g — 1,1 - 1)),
(The latter inequality follows from Lemma 10.32.) So, M (a,l) = max{\; |z €
E(a,1)} < (2a) max{Me=220 hr(a —1,1 - 1))
(i) If x € E(I,1) with | > 3, then A, < §1(z) - M(I—-1,1-1)<I-M({I—-1,1-1).
(iii) This follows from (i), (ii) and the definition of A,. O
Lemma 10.35. For every l € {0,...,1*}, we have N; > fi(t).

Proof. Clearly, Nog = fo(t) = 1. If I* > 1, then N; = t,- + 1 which is at least
equal to f(t) by Lemma 10.24. If I* > 2, then Np > Y90D 'yhere s = 1if S is
a generalized hexagon of order (2,¢) and xk = 2 otherwise. So, Ny > M =
fa(t). I 1* > 3, then N; > fi(t) for every | € {3,...,1*} by Lemmas 10.31, 10.34
and the definition of f;(t). O

10.6.4 The proof of Theorem 10.10

We will use the following lemma to derive an upper bound for ¢.

Lemma 10.36. If the sets Ey,...,E, (k>1,0<1l <ly < -+ <l <I* and
I > 3) are mutually disjoint, then t < |R|, where R is the greatest real root of
the polynomial f(X) := fi,(X) + fi,(X) + -+ + f1,(X) — 8X? € Q[X].

Proof. By Lemmas 10.24 and 10.35, fi, () + fi,(t) + -+ fi,(®) < |Ey |+ -+
|Ei| = |E;, U---UE,| < |Ts(z*)] < 8t% or f(t) < 0. Now, deg(f) =l > 3 and
the coefficient of X' in f(X) is strictly positive. So, lim7_ o f(T) = +oo and
t <R. O

(A) The case of generalized hexagons

Suppose that ¢ > 8. Then I* = |[£] > 4 and fo(t) = 1, f1(t) = t + 1, fo(t) =

(t+ 1), f3(t) = w, fa(t) = W Since E; = E(1,1) for every
1€{0,...,4}, the sets Ey, E1, Es, E3, E4 are mutually disjoint by Lemma 10.27.
So, we can apply Lemma 10.36 and we find that ¢t < |R| = |8.10---] = 8.

As a consequence, any finite generalized hexagon of order (2, t) satisfies ¢ < 8.
This is precisely the bound predicted by the Haemers-Roos inequality, see Theorem
1.28.
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(B) The case of near hexagons with an order

We will prove that ¢ < 33. Suppose that ¢ > 30. Then [* = [{] > 7. By
Lemma 10.27, the sets Fy, F1, Es, E3, Fg and E7 are disjoint. One calculates
that fo(t) = 1, fi(t) =t + 1, fot) = Wl)ft*?’f@) w,f():
t+1t2t6t10t14t18 t+1)(t—2) (t—6) (t—10)(t—14) (t—18) (t—22
t+D(E=2)( )( )(t—14)(t—18) () = (t+1)(t=2)( )(9676)8(0 )(¢—-18)(¢-22) By
Lemma 10. 36 t < |R] = L33.77 -+ | =33.

The maximal known value for ¢ is 11, attained for the near hexagon E;.

(C) The case of near hexagons without an order

We will prove that ¢ < 76. Suppose that ¢ > 50. Then [* = min{ﬁj, L%j} > 0.
By Lemma 10.27, the sets Ey, F1, Fo, E3, F7 and Eg are disjoint. One calculates
that f0< ) =1, fl() — t;l’ 2(t) — W, f () — W, f7(t) —
(t+1)(t—3)(t— 9)(t 15)(t 21)(t 27)(t—33) fg( ) _ 5449973760 (t + 1)(t i 3)(t . 9)(t o
15)(t —21)(t — 27)(t —33)(t — 39). By Lemma 10.36, t < |R] = [76.80--- | = 76.

We have considered other possibilities for the sets Ej,, ..., Ej, , but we have
not found better upper bounds than the ones given above.

10.7 Slim near hexagons with an order

In this section S = (P, L, 1) denotes a near hexagon of order (2,t). Since S has two
intersecting lines, we necessarily have t + 1 > 2. Let v denote the total number of
points of S. Define ng :=1, nq :=2(t+1), ng := %v—i—Qt— 1 and n3 := %U—4t— 2.
By Theorem 1.2, we have

Lemma 10.37. For every i € {0,1,2,3}, |T';(z)| = n,.
Lemma 10.38. No point of S is special.

Proof. Suppose that S has a special point . Let y be a point at distance 2 from «
and put @ := C(z,y). Every line through y contains a unique point nearest to and
hence collinear with z. So, tg +1=1t,+1=t+1 > 2 and @ is a nondegenerate
quad. Now, since t = tg, no point u of @) is collinear with a point outside @), which
is impossible. O

Lemma 10.39. S is dense if and only if every local space is linear.

Proof. Suppose that the local space at a point x is not linear. Then there exist
two lines K7 and K> incident with x such that C(K, L) is a degenerate quad. If x;,
i € {1,2}, is a point of K; \ K5_;, then K; N K3 is the unique common neighbour
of x1 and z5. So, S is not dense.

Conversely, suppose that S is not dense. Then there exist two points x; and
xo at distance 2 from each other which have exactly 1 common neighbour z. Since
C(zx1, zx2) is a degenerate quad, the local space at z is not linear. U
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Theorem 10.40. If S contains a Q(5,2)-quad, then it is dense and hence isomorphic
to either Q(5,2) x Ls, Q(5,2) ® Q(5,2), Gs, E3 or DH(5,4).

Proof. Since every Q(5,2)-quad is big, we have
v = 27[1 + 2(t — 4)] = 54t — 189. (10.1)
By Lemma 10.37, we then have

ng = 20t— 64, (10.2)
ng = 32t— 128 (10.3)

Let = denote an arbitrary point of S. Let « be contained in «, grid-quads, 8, W(2)-
quads and 7, Q(5,2)-quads. The number of points y € T'y(z) for which C(z,y) is a
grid-quad, a W (2)-quad, a Q(5, 2)-quad or a degenerate quad is respectively equal
to 4oy, 80z, 167, or ng—4a, —803, —16,.. Counting pairs (z,y) with y € T's(z) and
x ~z~yyields 4t(t+1) = (no—4a, — 80, — 167, ) + (4o ) -2+ (8:) - 3+ (167, ) - 5.
Together with (10.2) this implies that:

Qp + 4B, + 16y, = 2 — 4t + 16. (10.4)
Counting pairs {K, L} of lines through x, we obtain:

tt+1
0+ 88, + 107, < L1 (10.5)

with equality if and only if the local space at x is linear.

(a) First, suppose that v, = 0. From (10.4) and (10.5), it then follows that (¢ —
7)2 < 1. So, t € {6,7,8}. If t € {6,8}, then we must have equality in (10.5) which
implies that S, is linear. If t = 7, then o, = 1 and 8, = 9 by (10.4) and (10.5).
Again we have equality in (10.5) and so S, is linear.

(b) Next, suppose that v, > 1. From equations (10.4) and (10.5), we obtain

2 — 9t + 32

D
e 2 2

— 67, (10.6)

We now derive an upper bound for .. Let @ denote an arbitrary Q(5,2)-quad
through z. By Lemma 10.3, every W (2)-quad or Q(5,2)-quad through z different
from @ intersects @ in a line. Now, counting pairs (K, L) of lines through z not
contained in @, we find that 23, +12(y, — 1) < (t — 4)(t — 5), or that

t2 — 9t + 32
2

From inequalities (10.6) and (10.7), we see that we must have equality in (10.5).
So, S; is linear.

Be < — 675 (10.7)

Since every local space is linear, S is dense. The theorem now follows from
Theorem 7.1. (|
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Theorem 10.41. If S contains a big W (2)-quad, then it is dense and hence iso-
morphic to either W(2) x Lz, DQ(6,2) or Hs.

Proof. Since none of the near hexagons Q(5,2) x L3, Q(5,2) ® Q(5,2), Gs, Es,
DH (5,4) contains a big W (2)-quad, S cannot contain a Q(5,2)-quad by Theorem
10.40. Since there is a big W (2)-quad, we have

v = 15[1 4 2(t — 2)] = 30t — 45. (10.8)
By Lemma 10.37, we then have

ny = 12t— 16, (10.9)
ns = 16t— 32. (10.10)

Let = denote an arbitrary point of S. Let the point x be contained in «, grid-
quads and 3, W (2)-quads. The number of points y € I's(x) for which C(x,y) is
a grid-quad, a W(2)-quad or a degenerate quad is respectively equal to 4oy, 80,
or ng — 4a,; — 80,. Counting pairs (z,y) with y € T's(x) and = ~ z ~ y yields
Ad(t+1) = (ny — 4oy —80,) + (day) - 2+ (80,) - 3. Together with (10.9) this implies
that:

p + 4B, = t* — 2t + 4. (10.11)

Counting pairs { K, L} of lines through z, we obtain

t(t+1
o + 36, < ( ; ), (10.12)

From (10.11) and (10.12), it then follows that

2 —5t+8

>
B2

(10.13)
So, B, # 0 and there exists a W (2)-quad @ through z. Since [To(Q)| + |T1(Q)| =
15[1 4 2(t — 2)] = v, Q is big. By Lemma 10.3, every other W (2)-quad through «
intersects @ in a line. Now, counting pairs (K, L) of lines through x not contained
in @, we find that 2(8, — 1) < (¢t — 2)(t — 3), i.e.

2 —5t+8

<
B <

(10.14)

From inequalities (10.13) and (10.14), we see that we must have equality in (10.12).
So, S, is linear. Since every local space is linear, S is dense. The theorem now
follows from Theorem 7.1. (|

Theorem 10.42. If S contains a big grid-quad, then S is isomorphic to either
]L3 X L3 X Lg, W(Q) X L3 or Q(5,2) X L3.
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Proof. Let @ be a big grid-quad of S. We have
v=9[14+2(t—1)]=18t—9.

Suppose R is a W(2)-quad of S. If R is disjoint from @, then mg(R) is a
subquadrangle of @ isomorphic to W (2), a contradiction. Hence, R intersects Q
in a line and t + 1 > 4. Since

18t — 9 = v > |R| + |T1(R)| = 30t — 45,

t+1<4. Hence, t+1 =4 and R is big. By Theorem 10.41, S = W (2) x Ls.

Suppose R is a Q(5,2)-quad of S. If R is disjoint from @, then mg(R) is a
subquadrangle of @ isomorphic to Q(5,2), a contradiction. Hence, R intersects Q
in a line and t + 1 > 6. Since

18t — 9 = v > |R| + |1 (R)| = 54t — 189,

t+ 1 <6. Hence, t + 1 = 6 and R is big. By Theorem 10.40, S = Q(5,2) x Ls.
Suppose now that S does not contain W(2)-quads nor Q(5,2)-quads. Then
t+ 1 < 3 by Lemma 10.2. Hence, t +1 = 3 and v = 27. By Lemma 10.37,
ny = 12. Now, let x denote an arbitrary point of S. Suppose x is contained in «
grid-quads. Counting pairs of points (z,y) with y € I'y(z) and z ~ z ~ y yields
4t(t+ 1) = (n2 — 4ay) + 4ay - 2. Hence a, = 3. So, the local space at z is a linear
space. By Lemma 10.39, S is dense. By Theorem 7.1, S = L3 x Ls. O



Appendix A

Dense near polygons of order
(3,1)

In this appendix, we will briefly discuss the known results regarding the classifica-
tion of dense near 2d-gons of order (3,¢). In the following sections, we will discuss
the generalized quadrangles, the near hexagons, the near octagons and the near
2d-gons with a nice chain of convex subpolygons. We refer to [31], [47], [50], [51],
[52] and [82] for more details.

A.1 Generalized quadrangles of order (3,t)

Definition. Let ¢ denote a symplectic polarity of PG(3, ¢). The totally isotropic
points and lines of PG(3, ¢) define a generalized quadrangle W (q). For every point
z of PG(3,q), we can define the incidence structure P(W(q),z) with points the
points of PG(3,¢) \ ¢ and with lines the lines of PG(3,¢) not contained in x¢
which either contain x or are totally isotropic (natural incidence). P(W(q), ) is
a generalized quadrangle of order (¢ — 1,¢ + 1), see [80] or [82]. If ¢ is odd, then
P(W(q), z) is the so-called Ahrens-Szekeres generalized quadrangle AS(q) ([1]).

Theorem A.1 ([67], [10], [82, 6.2]). Fvery (possibly infinite) generalized quadrangle
of order (3,t) is isomorphic to either the (4x4)-grid Ly xLg, W(3), Q(4,3), Q(5,3)
or P(W(4),x).

We will now discuss the ovoids of the five generalized quadrangles of order
(3,2).
e L4 x Ly has 24 ovoids. Fans and rosettes of ovoids do exist.

e By [94] (see also [82, 1.8.4]), W (q), ¢ odd, has no ovoid. In particular, W (3)
does not have ovoids.
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e If 7 is a hyperplane of PG(4, ¢) intersecting (4, ¢) in a nonsingular elliptic
quadric, then 71NQ(4, ¢) is an ovoid of Q(4, q). If ¢ is prime, then every ovoid
of Q(4, q) is obtained in this way, see [3]. In particular, every ovoid of Q(4, 3)
is an elliptic quadric. It follows that Q(4,3) has rosettes of ovoids, but no
fans of ovoids.

e Let II, be a PG(2,4) which is embedded as a hyperplane in a projective
space II and let H be a hyperoval of IIo,. The points of IT \ II,, and the
lines L of II for which |[L NIls| =1 and L NI, C H define a generalized
quadrangle T35 (H) isomorphic to P(W(4),x), see [82]. If v is a plane of II
intersecting I, in a line disjoint with H, then the affine points in « form an
ovoid of Ty (H). By [81], every ovoid of Ty (H) is obtained in this way. As a
consequence, T5(H) has fans of ovoids, but no rosettes of ovoids.

e By [88] or [94] (see also [82, 1.8.3]), no generalized quadrangle of order (s, s?),
s > 2, has ovoids. In particular, Q(5, 3) has no ovoid.

A.2 Dense near hexagons of order (3,t)

For the finite dense near hexagons of order (3,t), we have an “almost complete”
classification.

Theorem A.2 (Main Theorem of [31]). Let S be a finite dense near hexagon of
order (3,t). If S is classical or glued, then it is isomorphic to either Ly x Ly X Ly,
W(3)x Ly, Q(4,3) x Ly, T5 (H) x Ly, Q(5,3) x Ly, DW(5,3), DQ(6,3), DH(5,9),
the unique glued near hexagon of type Ty (H) ® Ty (H) or the unique glued near
hezagon of type Q(5,3) ® Q(5,3). If S is not classical nor glued, then only quads
isomorphic to the (4 x 4)-grid or to Q(4,3) occur. Moreover, there exist constants
a and b such that every point of S is contained in a grids and b Q(4,3)-quads.
If v denotes the total number of points of S, then (v,t,a,b) is equal to either
(5848, 19,160, 5), (6736,21,171,10), (8320,27,120,43) or (20608, 34,595, 0).

For an alternative description of the glued near hexagon T5(H) ® T4 (H), we
refer to [54].

Definition. A non-classical and non-glued near hexagon of order (3,t) is called
exceptional of type (1), (I1), (III), respectively (IV), if (v, ¢, a, b) is equal to (5848,19,
160,5), (6736,21,171,10), (8320,27,120,43), respectively (20608,34,595,0).

Conjecture. Every dense near hexagon of order (3, t) is classical or glued and hence
is isomorphic to one of the 10 examples mentioned in Theorem A.2.

The valuations of the 10 known dense near hexagons of order (3,t) have
been classified in [51]. They are either classical, semi-classical, ovoidal, extended
or semi-diagonal. In the following table we list for each of the near hexagons the
number of nonisomorphic valuations.



A.3. Dense near octagons of order (3,t) 249

| NEAR HEXAGON | SEMI-CL. | OvOID. | EXT. | SEMI-DIAG. |
L4 X L4 X L4 1 1 1 -

W(?)) X L4 - -
Q<4 3) X L4 1 -
TQ* (H) X L4 - 1

== N | =
|

Q(5,3) 2 Q(5,3) . - - 1
T35 (H) - 1 1 1

In the following table, we list the number of nonisomorphic spreads of symmetry
for each classical and glued near hexagon of order (3,t) ([50]).

| NEAR HEXAGON | SPR. OF SYM. |

L4 X L4 X L4 1
W(3) x Ls 1
Q(4,3) x Ly 1

( ) X L4 2
(5,3) x Ly 2
DW (5, 3) -
DQ(673) —
DH(5,9) 1

Q(5,3) ® Q(5,3) 2
Ts (H) @ T3 (H) 2

Regarding the existence of spreads of symmetry in the exceptional near hexagons
of order (3,t), one can say the following.

Theorem A.3 ([50]). An exceptional near hexagon of order (3,t) has no spreads of
symmetry.

A.3 Dense near octagons of order (3,1)

Theorem A.4 ([52]). Let S be a finite dense near octagon of order (3,t) with the
property that every hex is classical or glued, then S is isomorphic to one of the
following 28 near octagons: Ly x Ly x Ly x Ly, Ly x Ly x W(3), Ly x Ly x Q(4, 3),
L4 X L4 X T;(H), L4 X L4 X Q<5, 3), L4 X DW(E),S), L4 X DQ<6, 3), L4 X DH(5,9),
Ly x (T3 (H) @ T3 (H)), La x (Q(5,3) ® Q(5,3)), W(3) x W(3), W(3) x Q(4,3),
WB)xT5(H), W(3)xQ(5,3), Q(4,3)xQ(4,3), Q(4,3)xT5 (H), Q(4,3)xQ(5,3),
T3 (H) x T3 (H), T5(H) x Q(5,3), Q(5,3) x Q(5,3), DH(5,9) ®Q(5,3), (Q(5,3)®
Q(5,3)) ®a Q(5,3), (Q(5,3) ® Q(5,3)) @ Q(5,3), (T5(H) ® T5(H)) ®a T5(H),
(Ts(H) @ Ty (H)) @ Ty (H), DW(7,3), DQ(8,3), DH(7 9).
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Theorem A.5 ([50]). Let S be a finite dense near octagon of order (3,t) having
a big hex which is classical or glued, then S is isomorphic to one of the 28 near
octagons mentioned in Theorem A.J.

Corollary A.6. Let S be a finite dense near octagon of order (3,t) with a nice
chain of convexr subpolygons, then S is isomorphic to one of the 28 near octagons
mentioned in Theorem A.J

Theorem A.7 ([50]). Let S be a finite dense near octagon of order (3,t) having a
big hex H which not classical nor glued, then S = H x LLy4.

Theorem A.8 ([52]). Let S be a finite dense near octagon of order (3,t) without
big hexes. Then all quads are isomorphic to Ly x Ly and all hexes are isomorphic
to Ly x Ly x Ly or to an exceptional near hexagon of type (IV).

A.4 Some properties of dense near 2d-gons of order
(3,1)

Theorem A.9 ([52]). Let S be a finite dense near polygon of order (3,t) and let
Q be one of the five generalized quadrangles of order (3,t). Then there exists a
constant o such that every point of S is contained in o quads isomorphic to Q.

Theorem A.10 ([52]). Let S be a finite dense near polygon of order (3,t) and
let H be a dense near hexagon of order (3,t) isomorphic to either W (3) x Ly,
Q4,3) x Ly, T3 (H) x Ly, DW(5,3), DQ(6,3), DH(5,9), T5(H) @ T3 (H) or an
exceptional near hexagon of type (I), (II) or (I1I). Then there exists a constant
a such that every point of S is contained in o hexes isomorphic to H.

Theorem A.11 ([52]). Let S be a finite dense near polygon of order (3,t). If S does
not contain convezr suboctagons of type (Q(5,3) ® Q(5,3)) ® Q(5,3), then every
point of S is contained in the same number of Ly X Ly X ILy-hexes, the same number
of Q(5,3) x Ly-hexes and the same number of Q(5,3) ® Q(5, 3)-hezes.

Theorem A.12 ([52]). Let S be a finite dense near polygon of order (3,t). Then
there exists a constant o such that every point of S is contained in o exceptional
hezes of type (IV).
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A.5 Dense near polygons of order (3,¢) with a nice

chain of convex subpolygons

Corollary A.6 can be generalized. Define

Ca
C;

C
Dy
D;

D
N

Let V¥

{15 (M)},

U ¢ @iy if i > 3,
2<5<i—1
CQ U Cg Uy,
{DH(5,9)},
{DH(2i—1,9}u |J D; ® Dit1 if i >3,

2<5<i—1

DyUDsU---
{0, Ly} U{DW(2n—1,3)|n>2}U{DQ(2n,3)|n>2}UCUD.

denote the set of all near polygons which are the direct product of £ > 1
elements of \V.

Theorem A.13 ([47]). A dense near polygon of order (3,t) has a nice chain of
convez subpolygons if and only if it is isomorphic to an element of N'*.

Conjecture. Every dense near polygon of order (3,¢) has a nice chain of convex
subpolygons and hence is isomorphic to an element of N .
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